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MAGNETISM. 


CHAPTER I. 

ELEMENTARY THEORY OP MAGNETISM. 

371. ] Certain bodies, as, for instance, the iron ore called load- 
stone, the earth itself, and pieces of steel which have been 
subjected to certain treatment, are found to possess the following 
properties, and are called Magnets. 

If, near any part of the earth's surface except the Magnetic 
Poles, a magnet be suspended so as to turn freely about a 
vertical axis, it will in general tend to set itself in a certain 
azimuth, and if disturbed from this position it will oscillate 
about it. An unmagnetized body has no such tendency, but is 
in equilibrium in all azimuths alike. 

372. ] It is found that the force which acts on the body tends 
to cause a certain line in the body, called the Axis of the 
Magnet, to become parallel to a certain line in space, called the 
Direction of the Magnetic Force. 

Let us suppose the magnet suspended so as to be free to 
turn in all directions about a fixed point. To eliminate the action 
of its weight we may suppose this point to lie its centre of 
gravity. Let it come to a position of equilibrium. Mark two 
points on the magnet, and note their positions in space. Then 
let the magnet be placed in a new position of equilibrium, 
and note the positions in space of the two marked points on 
the magnet. 

Since the axis of the magnet coincides with the direction 
of magnetic force in both positions. Lo.-va j-r .. l *» * 

VOL. II. 
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[ 373 - 

In the magnet which occupies the same position in space before 
and after the motion. It appears, from the theory of the 
motion of bodies of invariable form, that such a line always 
exists, and that a motion equivalent to the actual motion might 
have taken place by simple rotation round this line. 

To find the line, join the first and last positions of each of 
the marked points, and draw planes bisecting these lines at 
right angles. The intersection of these planes will be the line 
required, which indicates the direction of the axis of the magnet 
and the direction of the magnetic force in space. 

The method just described .is not convenient for the practical 
determination of these directions. We shall return to this subject 
when we treat of Magnetic Measurements. 

The direction of the magnetic force is found to be different 
at different parts of the earth's surface. If the end of the axis 
of the magnet which points in a northerly direction be marked, 
it has been found that the direction in which it sets itself in 
general deviates from the true meridian to a considerable extent, 
and that the marked end points on the whole downwards 
in the northern hemisphere and upwards in the southern. 

The azimuth of the direction of the magnetic force, measured 
from the true north in a westerly direction, is called the 
Variation, or the Magnetic Declination. The angle between the 
direction of the magnetic force and the horizontal plane is called 
the Magnetic Dip. These two angles determine the direction 
of the magnetic force, and, when the magnetic intensity is 
also known, the magnetic force is completely determined. The 
determination of the values of these three elements at different 
parts of the earth's surface, the discussion of the manner in 
which they vary according to the place and time of observation 
and the investigation of the causes of the magnetic force and its 
variations, constitute the science of Terrestrial Magnetism. 

373 ] Let us now suppose that the axes of several magnets 
have been determined, and the end of each which points north 
marked Then, if one of these magnets be freely suspended and 
another brought near it, it is found that two marked ends repel 
each other that a marked and an unmarked end attract each 
other, and that two unmarked ends repel each other 
If the are in the form of long rods or wires 

uniformly and lo.git.dinally magnetized, (,e» below, Art. SStj 
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374 *”' 




it in foultd that tin' greatest mHtiifeHtnthm of turn*- ore urn whi n 
the end of uHr magnet in held near the end uf the other, and 
that ill*" jdirnomeim a an he amounted fur hy »U|*|»uhing that 
like ends of 1 1 1 * • um^in'tn repel eaeh other. that unlike rndn 
nit rant, eurh other, and that the intermediate {nirtn of the 
umguot» Imvi' no M-tmihle mutual art ion. 

Til!' rodn uf il hmg thill magnet tun ruiiiMnitly railed ita Pnlui4, 
In thr‘ raw uf an mdufimtuh thin magnet, uniformly magnetised 
throughout it length, the « xtrrmtiieti net m rent re* uf futw, and 
the tr;»i uf the magnet appear* devoid of magnetic notion. In 
all art tml magnet* the magnetisation deviates from uniformity, 
mi flint iin single run l>e taken m the |>ulan. < 'oulotith, 

however, hy using long thin rod a magnetized with ms%\ *umwdt*il 
in oaiithltHhiitg the law uf force l*rtwmm two like magnetic 
{a»lnn* {flie medium Udwini them being air}. 

The rr/Uf/io*?n hetnrrn ( / \kr mn*jnr(ir putr# U in (hr t*(mi*jht 
lint joining t hrm , h mi in #i n mr nrtitty nfual $*t (hr prtkluvl 
of (hr p( mojthn of (hr f*Xr# thvoirtl \nj (hr mpmtr of (hr di$* 
tn nrr (*r( nrr n (hrm. 


* 174 ..) Thin law, uf eourwe, nmnmm that the strength uf each 
polo in measured in term* uf a certain unit, the magnitude uf 
which may l*e deduced from the term* uf the law. 

The unit" jade i* f* J«de winch point# north, and in at udi that, 
when {dimed at unit distance in air from another unit jade, it 
repel* it with limt uf fur re, the unit of furtie being defined m in 
Art. «*. A {Mile whirll jMUUta south I* reckoned negative. 

If 4 in, mid m s are the strengths uf two suagiirlir jadr*, I the 
rlialatir * 1 hrtwwn iht III, and f the force uf topttlaion, ail o\prc**tat 
numerically, then m 

t ■ J * 

t* 


Put if | m). | A | and j #* ) he the concrete uuita *if nmgiietir \%%\%\ 
length and fot «*«■»,. then 

.an 

whence it follow* that 

l-'l I ' i/-‘ '“fj. 

».r (i,,| ■* | or om\. 

* r "mitwnbt tjrmi t / # 4 * |», a<Nl« tn 4 la < 4 * I’tyaj nap* i a 

n a 
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Tho dimensions of tho unit-polo nrv tlmtvforr .? m regard* brnglh, 
(—1) as regards time, mid J ns regard m mass, These dimmcdum* 
are the same as those of tin* chetrtmtntie unit «f electricity, 
which is specified in exactly the same way in Arts. II, l *?. 

375 .] The accuracy of this law may U« eamvl n d i»* have 
been established bv the experiment* of i ‘milumb with the Torsion 
Balance, and confirmed by the experiment* of fuitms and Weber, 
and of all observers in magnetic oh** i vatorie*, win* are every d»v 
making measurements of magnetic quant hie*, <utd who obtain 
results which would he inconsistent with each other if the Inw 
of force had been erroneously n**nn»ed. If derive?* additional 
support from its consistency with the law* *#f idcctrotnngiieiir 
phenomena. 

375.] The quantity winch we have hitherto culled the Mtreiigth 
of a pole may also he called a quantity id * Mngtietiatu/ pt ov&ded 
we attribute no properties to * Magnetism " except tho*n observed 
in the poles of magnets. 

Since the expression of the law of force Jtetwe0.11 given qtmn. 
titles of ' Magnetism * has exactly the same mathematical furiii 
as the law of force between quantile* of* Klretrtmfy * of equal 
numerical value, much of the mathematical treatment «f m*.*, 
netism must he similar to that of electricity There urn, however, 
other properties of magnets which mum l*e Un no m mind, n.nd 
which may throw some light on the electrical property# of bodies 

JMatton hrhweu the J'ute# of *1 Mutfnri. 

377.J The quantity of magnet ism nt mm |w*|e of a magnet *« 
always equal and opposite to Unit at the other, or mom generally 
thus 

2% every Mtujnvt the total quantity uf i>rck<»fw«l 

algebraically) is zero. 

Honco in a iirld of form which is uniform nn>l jwnihd through- 
out tho Mpaco omiph'd l»y the inugm-t, tJ»« f«»ro« wtin,' ,41 Ui« 
marked end of tho miigmit is ixmtlv otjunJ, opjMsito mid I 

to that on tho unmarked end, a., that the resultant of the f„rr« * 
is a statical couple, Umdiug t« pin™ the axis of the magnet m «* 
determinate direction, hut not t« M<m> the nmgn.i m * whole m 
any direction. 

Una may he enmlyprov.nl hy putting the magnet into a *inatl 
voneel and iloadng it in water. Tie- vo„„l will turn m a cum 
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mi ii#4 in firing thp n\v< of fhr uin^u* ! <*m iimr m, |f»»q4hlr 
ft* tin* iiuvHiun uf flu' inifh n umgn* t ir liitrr, lot! flu-tv will !»p 
liu Hint i« »t* iif flip vp»*pI ns ii \v1i«»1p in any «iit*rihm ; mi flmf 
thm* mil lip Uti t'Xi't<nn iff fhr form* townnU th«* north m tv tlilif 
t<»wi»r«i» flip m*tith, ur flip rrv« r»o, If may aim* slwwn hum 
flip furt flmf tiyigimti/iug n |*irr»* uf Mori »|u«m nut nil * r %in wright. 
If «i<H * nhi r flip ii| || *141 * t »un uf il i r r uf tv uf 14 1 ii v i! v* mu.-uni' 

if in flir-.w Iiif.il in Im in ahift nhmg tho n\k* fuwitok* t!»r north. 

Hip *'» uf tp oi iiipfinn iif# i|pirr*iuiip«l |i\ flip phpitnmi im uf ruin 

t h»n, ii’mniiiM unnlirt* »l, 

It thr niohlh* uf ii U*n$ thin ntitgnrt hr* p\iiiiiiiiu4» it 
h* fouml In |m»a<wa in* imignotir j*rojM*rt hut if flip mugnot hr 
hrukpii nt timt jwnlit, mrli uf f ho }»i«?«um in futttnl tn Imvr a ning- 
iii'tiP jtolr lit flip JiSurn uf fmiUurn, Rini thin Ui»w jmlo in u%iw tly 
rajiitii liSui ti|i|«ontt-4! tn tin.? nthur Jiolr liololigitig In timt pivtw, It 
in iiiijiii,niiihlu # pittipr by um^uHimtum, m by breaking miigiii't*, c»r 
by any oihor itioiuut, tu juunirr n iimgiirt whom? jiuIp# urn tmr*|»fih 
If’ w p hrmk thp long thin umrimt into i* nusuhrr of nhort 
jiip.rrn wp * hull ohtnin n mum of abort nmgm'U, unrh uf whirl* 
him J h, 1ph til 1 1 put' !y tliu ftfttito «lrrii|*th in? II*om» of tin* origififil 
huig iniigiiot Thi* multi|?l4pntiuii of jiulm m not urmioifuily n 
i*tv$ itiuii til of ip f|#y , fur wp si » siwt rntiiPiiihor that nft-nr hrptiking 
thu fimgtmt w*i h*v«* to tin work lu wijmmtp tin? jytrf#*, in coin 
tirtj inn uf tlitiir uti mi?t iun fur mm Atmthor. 

*!»’kj I«*’t Mi now juit nil tin* jupfon of the* fiiiigfipi togPilwr it*» 
fit hrtit. At imch I’Miit it of junction thorn will lw* two |mU»* 
otarlly mmi of ojijumifo kitok, j4nep4 in untiiiitM, m* timt 

iSuur uinloti mHbm m\ any otln r |»u!«* will )»p null, Thu tnn^mt, 
ihtn* rolaiilt* lit# Umintfoto tin* nnttin ]*rn|H*rti«w an ill tirnt, numbly 
iw*» otiP ml pfi^h oink ^«|MhJ nti<( uj»jMmUu to phpI i uthur, iititl 

th« J*Hft lw*tW*w|| thmm |n?lr» p^hihita tin iungti«*tin firtioli. 

Hi urn ^ in thi# < m#«» %%«? know tin? long fiifigiiol u* hr iihoIp tiji t*f 
iittlr ftlioti fiiiignrt#, mol t».inr« ih<* j»h« nuiiipnii nr«? fl*r hwiuo mm in 
t.h« »m»p i: if tin* liiilirokm nmgtiri, wo may r«?g«rri| thr iiingiip^ 
<*VOil t»rl tit’ll InMtijg hrifkotl* &* nm4* U jf of miifill Jiiirttclm. *Minh of 
W'hirll llH4 two «fJtlH,l mot J*olr#», If wo *fiti JiJfOflP nil 

nm0wtm til Imi nj» of utioh |ia,rtir 5 lm„ it in oviiloiit timt 

thr ijitaiitity of timgiirt$»in in wu?h j.«i.rtii4«? in mm% 

tli« «|tliiftlity III tlto whuio timgiirt will niwi 1«* tmn, uf ill otlirr 
wuriU, it# will \m uf rtjtmi utrongtli but of wjijci4t« kitnb 
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Theory of * Shejoft m Motif 

380.] Since the form of the law of umgm-he m-tmn ■ ■ t *• |J| 
with that of electric action, the same vvimnr* whirl. e^i h* 
for attributing electric phenomena to the «diM» -f - ,!m ’ 1 

or two ‘ fluids 5 can also he used in hivmn »«! to* * ^ ^ 

magnetic -matter, or of two kinds of f! ^ 1 ' J 

otherwise. In fact, a theory of nugget m nmtn-i, - * Jl !? 

purely mathematical Hcnse, cannot fail i»* 1 ,: : 

provided now lawn are freely ijitrtuiue«ni iu ivi'eeur. so * 

facts. 

One of those new lawn must he that the ma^ie-im ilui'O f 

pass from one molecule ta* part ii*le ill the nugmm t- <*m>t 

that the process of magnetization eumd *u t > a 

certain extent the two Hu ids within each jmriw’e. «n-l «'*o-v4g: 
the one fluid to bo mom concentrated at one *nd tm ovrj 
fluid to bo more concentrutod at the other *nd <--i ih«' j te- • 
This is the theory of Poisson. 

A particle of a magnetizable l*>dy is, t»u the* «!»«-< .ry , an* .,*■ ^ 
to a small insulated conductor without whwh *■!» 

two-fluid theory contains mdolhtitidy hug*- hot n», \\y 
quantities of the two electricities. Wh* n an «divtr»>o,..*;> , . 

acts on the conductor, it separate t!m eWinrituM, 
to become manifest at opposite aide* nf ihr lo * 

similar manner, according to thin theory, the m?.-. 

causes the two kinds of magnetism, which %%«•!«• > an 

a neutralized state, to he separated, and to apj—^r «c ..pp^^o- 
sides of the magnetized particle. 

In certain substances, such m milt *r-u and ih. n ^ > .. 
substances which cannot he permanently m^noui-.h tie a,**.; 
netic condition, like the tdeetrifumthm »f the tmndueirn*. .h * 
when the inducing force is removed In.ithn •uUuom.r*. vh, 
as hard steel, the magnetic condition U pmdueoi %:* > 

and, when produced, remains after the rrinuval «d the mdu 
forco. 

^ This is expressed by saying tluif in the loiter % hr. t h- sq * 

Cooxcive force, tending to prevent ti Iteration m ihr. m% t :m 
tion, which must be overcome before ih« \ * 

can be either increased or dimiiualie I, In |J*„ r .**< t < 

* t 0 * *» ; 
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38i.] 

electrified body this would correspond to a kind of electric 
resistance, which, unlike the resistance observed in metals, would 
be equivalent to complete insulation for electromotive forces 
below a certain value. 

This theory of magnetism, like the corresponding theory of 
electricity, is evidently too large for the facts, and requires to be 
restricted by artificial conditions. For it not only gives no 
reason why one body may not differ from another on account of 
having more of both fluids, but it enables us to say what would 
be the properties of a body containing an excess of one magnetic 
fluid. It is true that a reason is given why such a body cannot 
exist, but this reason is only introduced as an after-thought 
to explain this particular fact. It does not grow out of the 
theory. 

381.] We must therefore seek for a mode of expression which 
shall not be capable of expressing too much, and which shall leave 
room for the introduction of new ideas as these are developed 
from new facts. This, I think, we shall obtain if we begin by 
saying that the particles of a magnet are Polarized. 

Meaning of the term ‘ Polarization / 

When a particle of a body possesses properties related to a 
certain line or direction in the body, and when the body, re- 
taining these properties, is turned so that this direction is 
reversed, then if as regards other bodies these properties of the 
particle are reversed, the particle, in reference to these proper- 
ties, is said to be polarized, and the properties are said to 
constitute a particular kind of polarization. 

Thus we may say that the rotation of a body about an axis 
constitutes a kind of polarization, because if, while the rotation 
continues, the direction of the axis is turned end for end, the 
body will be rotating in the opposite direction as regards space. 

A conducting particle through which there is a current of 
electricity may be said to be polarized, because if it were turned 
round, and if the current continued to flow in the same direc- 
tion as regards the particle, its direction in space would be 
reversed. 

In short, if any mathematical or physical quantity is of the 
nature of a vector, as defined in Art. 11, then any body or 
particle to which this directed quantity or vector belongs may 
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be said to be Polarized *, because it has opposite properties in 
the two opposite directions or poles of the directed quantity. 

The poles of the earth, for example, have reference to its 
rotation, and have accordingly different names. 

Meaning of the term ‘ Magnetic Polarization ! 

382. ] In speaking of the state of the particles of a magnet as 
magnetic polarization, we imply that each of the smallest parts 
into which a magnet may be divided has certain properties 
related to a .definite direction through the particle, called its 
Axis of Magnetization, and that the properties related to one end 
of this axis are opposite to the properties related to the other 
end. 

The properties which we attribute to the particle are of the 
same kind as those which we observe in the complete magnet, 
and in assuming that the particles possess these properties, we 
only assert what we can prove by breaking the magnet up into 
small pieces, for each of these is found to be a magnet. 

Properties of a Magnetized Particle. 

383. ] Let the element dx dy dz be a particle of a magnet, and 
let us assume that its magnetic properties are those of a magnet 
the strength of whose positive pole is m, and whose length is ds. 
Then if P is any point in space distant r from the positive pole 
and / from the negative pole, the magnetic potential at P will 

"^T positive pole, and — — due to the negative pole, 

or 

r=%r,(r'-r). ( 1 ) 

If ds } the distance between the poles, is very small, we may 
r '—r=zds cos e, (2) 

* # The word Polarization Las been used in a sense not consistent with this in 
Optics,. where a ray of light is said to be polarized when it has properties relating 
to its sides, which are identical on opposite sides of the ray. This kind of polarization 
refers to. another kind of Directed Quantity, which may be called a Dipolar Quantity, 
in opposition to the former kind, which may be called 5 Unipolar. 

When a dipolar quantity is turned end for end it remains the same as before. 
Tensions and Pressures in solid bodies, Extensions, Compressions, and Distortions 
and most of- the optical, electrical, and magnetic properties of crystallized bodies 
are dipolar quantities. 

The property produced by magnetism in transparent bodies of twisting the plane 
of polarization of the incident light, is, like magnetism itself, a unipolar property. 
The rotatory property referred to in Art. 303 is also unipolar. 
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where e is the angle between the vector drawn from the magnet 
to P and the axis of the magnet or in the limit 

Tr mds /oX 

Magnetic Moment . 

384. ] The product of the length of a uniformly and longitud- 
inally magnetized bar magnet into the strength of its positive 
pole is called its Magnetic Moment. 

Intensity of Magnetization. 

The intensity of magnetization of a magnetic particle is the 
ratio of its magnetic moment to its volume. We shall denote it 
by J. 

The magnetization at any point of a magnet may be defined 
by its intensity and its direction. Its direction may be defined 
by its direction-cosines X } /x 5 v . 

Components of Magnetization . 

The magnetization at a point of a magnet (being a vector or 
directed quantity) may be expressed in terms of its three com- 
ponents referred to the axes of coordinates. Calling these 
A,B,C, A -IX. B = I,x, C = Iv, (4) 

and the numerical value of I is given by the equation 

I 2 = A 2 + B 2 + C 2 . (5) 

385. ] If the portion of the magnet which we consider is the 
differential element of volume dxdydz , and if I denotes the 
intensity of magnetization of this element, its magnetic moment 
is I dxdydz. Substituting this for mds in equation (3), and 
remembering that 

rcose = A(£— x) + fi{r\-y)+v(C—, *), (6) 

where £, rj , C are the .coordinates of the extremity of the vector r 
drawn from the point (x, y, z\ we find for the potential at the 
point (£, i] y Q due to the magnetized element at (x, y , z), 

{A(£-x)+B(r l -y) + C((-z)}~dx dy dz. (7) 

To obtain the potential at the point (£, rj, Q due to a magnet of 
finite dimensions, we must find the integral of this expression for 


* {The positive direction of the axis is from the negative to the positive pole.} 
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every element of volume included within the space occupied by 
the magnet, or 

V =JJJ {A(£-x) + B (ij - y) + C((-z)) —dxdyclz. (8) 

Integrated by parts, this becomes 

V = JJ A^dyds+JJ H^dzdx+JJ G~dxdy 




where the double integration in the first three terms refers to 
the surface of the magnet, and the triple integration in the 
fourth to the space within it. 

If l, m, 71 denote the direction-cosines of the normal drawn 
outwards from the element of surface dS, we may write, as in 
Art. 21, for the sum of the first three terms 


//<■ 


'lA + mB + nC) 



where the integration is to be extended over the whole surface 
of the magnet. 

If we now introduce two new symbols cr and p, defined by the 
equations ^ = iA +mB + n fj, 



/ dA dB dC k 
^dx dy dz * 


i 


the expression for the potential may he written 
V fUs+ JJI tdxdydz. 

386.] This expression is identical with that for the electric 
potential due to a body on the surface of which there is an 
electrification whose surface-density is <r, while throughout its 
substance there is a bodily electrification whose volume-density 
is p. Hence, if we assume cr and p to be the surface- and volume- 
densities of the distribution of an imaginary substance, which 
we have called ‘ magnetic matter,’ the potential due to this 
imaginary distribution will be identical with that due to the 
actual magnetization of every element of the magnet. 

The surface-density cr is the resolved part of the intensity of 
magnetization I in the direction of the normal to the surface 
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drawn outwards, and the volume-density p is the ‘ convergence ’ 
(see Art. 25) of the magnetization at a given point in the 
magnet. 

This method of representing the action of a magnet as due 
to a distribution of f magnetic matter 5 is very convenient, but 
we must always remember that it is only an artificial method 
of representing the action of a system of polarized particles. 


On the Action of one Magnetic Molecule on another . 


387.] If, as in the chapter on Spherical Harmonics, Art. 129 b, 

we make d 7 d d d 

—l— — h ni-j — h n-j- > (1) 

dh dx dy dz 

where l , m, n are the direction-cosines of the axis h , then the 
potential due to a magnetic molecule at the origin, whose axis 
is parallel to h li and whose magnetic moment is m x , is 

rr __ d nn 1 r m x , , 

Fi= -^t=p^’ (2) 

where A 1 is the cosine of the angle between h t and r. 

Again, if a second magnetic molecule whose moment is m 2 , 
and whose axis is parallel to h 2 , is placed at the extremity of 
the radius vector r, the potential energy due to the action of 


the one magnet on the other is 


m dV i 

Wz=zm ' 2 dh 


d 2 


dh^dh^ 


©■ 


m,-m 2 . x 

73 0*12 — 3 ^1^2)* 


( 3 ) 

(4) 


where p 12 is the cosine of the angle which the axes make with 
each other, and A x , A 2 are the cosines of the angles which they 
make with r. 

Let us next determine the moment of the couple with which 
the first nciagnet tends to turn the second round its centre. 

Let us suppose the second magnet turned through an angle 
d<p in a plane perpendicular to a third axis A 3 , then the work 


done against the magnetic forces will be 


dW 

d<p 


dcp, and the moment 


of the forces on the magnet in this plane will be 

dW_ m i' m 2 (dp-12 o v 
d<l> r s 1 dcj>' 


( 5 ) 
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The actual moment acting on the second magnet may therefore 
be considered as the resultant of two couples, of which the first 
acts in a plane parallel to the axes of both magnets, and tends ‘to 
increase the angle between them with a couple whose moment is 


Wjm 2 

/y*3 


sin (A t A 2 ), 


( 6 ) 


while the second couple acts in the plane passing through r and 
the axis of the second magnet, and tends to diminish the angle 
between these directions with a couple whose moment is 


3 cos (rhj) sin (rh 2 ), 


( 7 ) 


where (A), (rA 2 ), (AA) denote tlie an S les between the lines r, 
h v h*. 

To determine the force acting on the second magnet m a 
direction parallel to a line A 3 , we have to calculate 
dW d 3 ,1^ 

13! Y 

= !=--? , by Art. 129 c, 


( 8 ) 


_ 3 AA 2 { A x /x a3 + A 2 fx 31 + A 3 p . l2 — 5 A 1 A 2 A 3 }, by Art. 133, (9) 






If we suppose the actual force compounded of three forces, R, 
E 1 and E 2i in the directions of r, and h 2 respectively, then the 
force in the direction of h z is 

a. 3 B + ^3 E-^ -f- H 2 . (11) 


* {If 9 1 , are the angles which the axes of the magnets make with r, ip the angle 
between the planes containing r and the axes of the first and second magnet 
respectively, then 

/*i 2 — 3 \ 2 — — 2 cos 0 X cos 0 2 + sin 9 x sin 0 2 costf. 

Thus the couple acting on the second magnet is equivalent to a couple whose axis 
is r and whose moment —dW/dip tending to increase ip is 

iWf m>n . . . . . 

-" - 3 - sin am 0 2 sm ip t 

together with a couple in the plane of r and the axis of the second magnet whose 
moment - dW / d 6 % tending to increase $ 2 is 

m* , ' . „ . . . 

— { 2 cos 9 X sm 6 2 + sm 0 X cos 0 2 cos if/ j . 

These couples are equivalent to those given by (6) and (7).} 



388.] 


FORCE BETWEEN TWO SMALL M AGNETS. 


13 


Since the direction of h s is arbitrary, we must have 


R 


H, 




H 0 


3 


r 


( 12 ) 


The force H is a repulsion, tending to increase r; I?] and H 2 
act on the second magnet in the directions of the axes of the 
first and second magnets respectively. 

This analysis of the forces acting between two small magnets 
was first given in terms of the Quaternion Analysis by Professor 
Tait in the Quarterly Math . Journ . for Jan. 1860. See also his 
work on Quaternions , Arts. 442-443, 2nd Edition. 

Particular Positions . 

388.] (1) If and A 2 are each equal to 1, that is, if the axes 
of the magnets are in one straight line and in the same direction, 
M 12 = 1, and the force between the magnets is a repulsion 

R+E.+H^ '• (13) 

The negative sign indicates that the force is an attraction. 

(2) If X x and A 2 are zero, and jjl 12 unity, the axes of the magnets 

are parallel to each other and perpendicular to r, and the force 
is a repulsion 3 m.m* 

M 

In neither of these cases is there any couple. 

(3) If \ = 1 and A 2 = 0, then jjl 12 = 0. (15) 

3 7Tb 07b 

The force on the second magnet will be — ~ — -in the direction 
of its axis, and the couple will be - tending to turn it 



Fig. 1. 


parallel to the first magnet. , This is equivalent to a single force 
3 m m 

— ^ — - acting parallel to the direction of the axis of the second 
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magnet, and cutting ' > lt 11 ** f u * U l ^ th 

from 

Thus in the figure (1) two magnets are mad.- to <Wt <»« wnU-r. 
m„ being in the direction of the u\U -f m„ hut having it* own 
axis at right angles to that of »»,. if t«.i |«*inls, .1, />, rigidly 

connected with w, and m, resjH-ctiv. lv, nr.. i l v n»-an« 

of a string T, the system will !*• in e.giUihrium, !<*«‘vid.d V cuts 
the line at right angles at a JH.mt ■ •»*- thiid th. di«Unr. 

from wi! to wu* 

(4) If wo allow th** second magnet t*» turn fr* *d y a hunt iu 
centre till it com oh to a posiiion <*f niuthhmttn, H will 

then ho a minimum m regard* h % mud ih«*rnfurn th«* tv**dvrd 
part of the force due to vi r taken in tin* direction nf h t , will he 
a maximum. Hence, if wo wish to produce the gri-fU«'«i 
magnetic force at a given point- in a given direction hy mmm «f 
inagnetHj the positions of whose rentrr* arc gt v«*n, linen, in order 
to determine the |*roj**r di rerliotm *>f 
the axon of flow tiiiigtiel** t« |>r« idlin' 
thin effect, wr lmvc only It* jdsice m 
nmgnel in the given at the 

given point, ntid to the direr, 

tiun of ntahl<* «^jiiili!*ritiiii *»f t to* axis 

of a second nmgtiei when ita centre #« 

pi tier* 1 nt eneli i»f the other given 
Th** nmgoeU tninit thru !*** plttrcd wit h 
Ilnur a\» h in the direction* mdinnicd 
hy that- *»f tin* second nw^n^l. 

Of course, in performing thi* f*%|**mticut wv mmi t#%ke arr<*tmt 
of terrestrial magnetism, if it e*ht#< 

Let the second magnet hi* in a position of stable iiitti 

as regards its direction, then since therm* pie acting *•»» tl vaind**-.^ 
the axis of the second magnet must 1«* in the .**t«»n filmie with 
that of the first Hence 

{/ij/id - (A| rl t |>& # h 1 1«1) 

* {in cawi (3) the first It **M t* U ***>4 m* «« life# *e**<i*4. ***4 ife* 

second * Inroadmdr mi * l<» th«* wr ran c*»ity \ *»*«> fc* C, ■ **«| rt . *H*| «f 

tlio find imqtimt wmti 4 »*n l« liar wer*^ I o. « . 1 1 * , ??, i t, * f * - *, 1 1 * 

WjWjj/r a ^ f l IhuN tho ooiijdr wlirn thr iluHrctn*^ §# ' «a 4 ^ ‘ i* ^#*^1 

as whon it Ih 4 brujMUuJi. »m, C iftun )im j-f ■»*% **•! iK#.i If iW law- -of f*%f it*-. 
versoly n« tins th jwiwn* »»f flip CinUiiirp lib® |«4** |W t* Wn |4»# 

doftocting magnet J« * otiil *»n * wimld |*p |« «* ^tr#! «• *■« #i «# * • t ^ 4 

Jty oomp.uing the o<»Ujdn* in iIipw’ .•• * ^- 4 ■% 1 i e. 

squaro morn iururatrly tlmti i# t*y Mm | 



Fig. ‘2. 
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\vo fin*! whi’ii tlu.it i.tt /«•*<» 

Uiim /«,!') ■ ;! tan (rAj, 1 1 14 ;jr 

nr tm\ii % rnjt \* tnn U tn J // . I 1 «* ) 

Will’ll thin jrnMl mu lilO* Inn'll Inkm U|» h\ t hr m-rotnl mitgltrl 
ihr Vfilllr t*f II 1 Hvrt t j j* 

*ih\ * 

w h*rr /* , »** ilt th * 1 *hf*rt inti «*l th r linn of fuiw tlur U# n»j lit m it 

tH\ : *it\* t/r ,.- 1 


II min 


tr 
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Hmim t!i« mwntni u mg not will tmnl to tiiovo toward* jihuwji 
nf grtmfrr rmii limit f orm, 

Th« form on ihr itiMrofiil nmgitri limy hr *lnrot*i|*imn*I into n 
form It, whirls iii t lii« man in al wt» yn nltrarti vr toward* thr firat 
inngiirt, and a furtm H x jmmlhd to thr a\b of ihr find umgmd, 
wlirro 


U 


% V # l 
% a* * i 


a* 


m | m , 


A| 


* * ( • 1 ) 

1 ' .1 A," i 1 


In Fig, XI \ t nt t !ir» not of t Iii o vutmm\ thr linm of form 
and oijni}»oiontial *tirfarm in too diiii«n;»ionii urn drawn, Tlio 
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in tSio iliirrlioti of tlm arrow n, 

If wo loinoiiilmr that tin ro U a trjodoh along th®* liitm of form, 
it i.« ra*y to mn* that mrh nmgtn l will t* lot to turn in thr 
dirrriton of thr motion of I ho handn of a w afrit. 

That oti tin* right hand w ill at no, iui a wholly trod to snovr 
toward* thr toj» # mot that on tho 1* ft hand toward* tlir hot tom 
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is ds, be placed so that its positive pole is at a point where 
the potential is V, and its negative pole at a point where the 
potential is F, the potential enei-gy of this magnet will he 
m (Y— V'), or, if ds is measured from the negative pole to the 

P° sitiTC ’ m W ds - (!) 


If I is the intensity of the magnetization, and A, /x, v its direc- 
tion-cosines, we may write, 

mds = Idxdydz, 

, dV dV . dV dV- 
and di = ^ +lx d^ +v l^’ 
and, finally, if A, B, 0 are the components of magnetization, 


A = AJ, B = C=vl i 

so that the expression (1) for the potential energy of the element 
of the magnet becomes 



To obtain the potential energy of a magnet of finite size, 
we must integrate this expression for every element of the 
magnet. We thus obtain 

< 3 > 

as the value of the potential energy of the magnet with respect 
to the magnetic field in which it is placed. 

The potential energy is here expressed in terms of the com- 
ponents of magnetization and of those of the magnetic force 
arising from external causes. 

By integration by parts we may express it in terms of the 
distribution of magnetic matter and of magnetic potential, thus, 

W=fJ(Al+B n+ Cn) ( 4 > 

where l y m, % are the direction-cosines of the normal at the 
element of surface dS If we substitute in this equation the 
expressions for the surface- and volume-density of magnetic 
matter as given in Art. 385, the expression becomes 

^ r= ff VcrdS+ JJj Vpdxdydz. (5) 
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This expression may be expanded in terms of spherical har 
monies, with their centre at the origin. We have then 

r=r 0 +v 1 +v 2 +& 0 ., 


( 2 ) 


where V 0 = -,r being the distance of (£ 17 , 0 from the origin, (3) 


Tr gx+tiy+& 

1 ^.3 

Tr 3 (jx + r 1 y + Cz) 2 -(x 2 + y 2 + z 2 ) (g+V±_^) 

y ■ — — — — — ~~ 


"2 

&C, 


(*) 

( 5 ) 


To determine the value of the potential energy when the 
magnet is placed in the field of force expressed by this potential, 
we have to integrate the expression for W in equation (3) of 
Art. 389 with respect to x, y and z, considering £, t?> C and r as 
constants. 

If we consider only the terms introduced by V 0 , and V 2 the 
result will depend on the following volume-integrals, 

IK— JJJ- Adxdydz, mK= JJJ Bdxdydz, nK= J'J'J Odxdydz; ( 6 ) 
L = JJJ. Axdxdydz, M= JJJ Bydxdydz, AT = J ' J'J'czdxdydz-, (7) 
P=JJJi ( Bz+Cy)dxdydz , Q = JJJ(Gx + Az)dxdydz, 

R =JJJ(Ay+ Bx)dxdydz. (8) 

We thus find for the value of the potential energy of the 
magnet placed in presence of the unit pole at the point (£, rj, Q, 

W — K i£ +mr i + ' n C 

^*3 

a 2 A-Jf-A 0 + T7 2 (2ilf-W-Z) + C 2 ,( 2 jV-Z-if) + 3(P„C+Q^+Jg^ 

^5 

+ &C. 

This expression may also be regarded as the potential energy 
of the unit pole in presence of the magnet, or more simply as 
the potential at the point £, 77 , ( due to the magnet. 
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This is tbe simplest form of the first two terms of the potential 
of a magnet. When the axes of y and 0 are thus placed they 
may be called the Secondary axes of the magnet. 

We may also determine the centre of a magnet by finding 
the position of the origin of coordinates, for which the surface- 
integral of the square of the second term of the potential, extended 
over a sphere of unit radius, is a minimum. 

The quantity which is to be made a minimum is, by Art. 141, 
4 (X 2 + M- 2 + N 2 — MN- NL-LM) + 3(P 2 + Q 2 + R 2 ). (16) 

The changes in the values of this quantity due to a change 
of position of the origin may be deduced from equations (11) 
and (12). Hence the conditions of a minimum are 
2 l (2,L—M—N) + 3 n Q + 3mR = 0, \ 

2m(2 M—N—L) + 3 l R + 3 nP = 0, v (17) 

2n(2F— L— M) + 3mP+3 l Q = 0. ‘ 

If we assume l — 1, m, = 0, n = 0, these conditions become 
2i — M—N = 0, Q= 0, R = 0, (18) 

which are the conditions made use of in the previous investi- 
gation. 

This investigation may be compared with that by which 
the potential of a system of gravitating matter is expanded. In 
the latter case, the most convenient point to assume as the 
origin is the centre of gravity of the system, and the most con- 
venieift axes are the principal axes of inertia through that point. 

In the case of the magnet, the point corresponding to the 
centre of gravity is at an infinite distance in the direction of 
the axis, and the point which we call the centre of the magnet 
is a point having different properties from those of the centre of 
gravity. The quantities L , If, N correspond to the moments of 
inertia, and P, Q, It to the products of inertia of a material body, 
except that L , M 3 and IT are not necessaidly positive quantities. 

When the centre of the magnet is taken as the origin, the 
spherical harmonic of the second order is of the sectorial form, 
having its axis coinciding with that of the magnet, and this 
is true of no other point. 

When the magnet is symmetrical on all sides of this axis, 
as in the case of a figure of revolution, the term involving the 
harmonic of the second order disappears entirely. 

393.] At all parts of the earth's surface, except some parts of 
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394-] 


the Polar regions, one end of a magnet points towards the 
north, or at least in a northerly direction, and the other in a 
southerly direction. In speaking of the ends of a magnet we 
shall adopt the popular method of calling the end which points 
to the north the north end of the magnet. When, however, we 
speak in the language of the theory of magnetic fluids we shall 
use the words Boreal and Austral. Boreal magnetism is an 
imaginary kind of matter supposed to he most abundant in the 
northern parts of the earth, and Austral magnetism is the ima- 
ginary magnetic matter which prevails in the southern regions 
of the earth. The magnetism of the north end of a magnet is 
Austral, and that of the south end is Boreal. When therefore 
we speak of the north and south ends of a magnet we do not 
compare the magnet with the earth as the great magnet, but 
merely express the position which the magnet endeavours to 
take up when free to move. When, on the other hand, we wish 
to compare the distribution of imaginary magnetic fluid in the 
magnet with that in the earth we shall use the more grandilo- 
quent words Boreal and Austral magnetism. 

394.] In speaking of a field of magnetic force we shall use 
the phrase Magnetic North to indicate the direction in which, 
the north end of a compass needle would point if placed in the 
field of force. 

In speaking of a line of magnetic force we shall always sup- 
pose it to he traced from magnetic south to magnetic north, and 
shall call this direction positive. In the same way the direction 
of magnetization of a magnet is indicated by a line drawn from 
the south end of the magnet towards the north end, and the end 
of the magnet which points north is reckoned the positive end. 

We shall consider Austral magnetism, that is, the magnetism 
of that end of a magnet which points north, as positive. If we 
denote its numerical value by m, then the magnetic potential 

and the positive direction of a line of force is that in which V 
diminishes. 



CHAPTER It 


MAGNETIC FORCE AND MAGNETIC INDUCTION. 


395.] We have already (Art. 385) determined the magnetic 
potential at a given point due to a magnet, the magnetization of 
which is given at every point of its substance, and we have 
shewn that the mathematical result may be expressed either in 
terms of the , actual magnetization of every element of the 
magnet, or in terms of an imaginary distribution of ‘ magnetic 
matter,’ partly condensed on the surface of the magnet and 
partly diffused throughout its substance. 

The magnetic potential, as thus defined, is found by the same 
mathematical process, whether the given point is outside the 
magnet or within it. The force exerted on a unit magnetic pole 
placed at any point outside the magnet is deduced from the 
potential by the same process of differentiation as in the cor- 
responding electrical problem. If the components of this force 


are a, /3, y, dV Q dV dV 

a dx 3 ^ dy 3 ^ dz 

To determine by experiment the magnetic force at a point 
within the magnet we must begin by removing part of the 
magnetized substance, so as to form a cavity within which we 
are to place the magnetic pole. The force acting on the pole 
will depend, in general, on the form of this cavity, and on the 
inclination of the walls of the cavity to the direction of mag- 
netization. Hence it is necessary, in order to avoid ambiguity 
in speaking of the magnetic force within a magnet, to specify 
the form and position of the cavity within which the force is to 
be measured. It is manifest that when the form and position 
of the cavity is specified, the point within it at which the 
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magnetic j«« 4«* U placed tmtui he regarded m nn longer within 
thf» Huhatfuice of the magnet, and therefore the ordinary method* 
cjf determining the force become at once applicable, 

31Mk’| Let u*4 now consider n jH*rlion of n magnet in which 
1 1 m direction and intensity of the ntngueit/ntiou urn uniform. 
Within thin port ion 1**1 a cavity ho hollowed out m the form 
of a cylinder, tlm nxi* of which hi parallel to the direction of 
magnet i/.nt ion, and let a magnetic pole of unit n\ length he placed 
at the middle point of the nxi*, 

Since the generating 1 inert of thin cylinder are in the direction 
of miiguef i/atiou, there wit! I*e no aujwuliciiil did rihutuiti of 
magnetism on the curved amt aititw tlm circular ends of 

the cylinder arc perjmtulimilar to tlm direction of iiuigrmttmtioii* 
there will Im a uniform ftojtorfirml distribution, of which tlm 
Hurfacc detmity w / for the negntivi* end, and - l fur the 
jmmltvo end. 

Let the length of the n\S of the cylinder he 2 and it* 
radius n. Then the foice arising from thin mipeHicial dhtrilnn 
item on a magmatic pole placed at the middle point of the nxia 
tu that dm' to the it t traction of the dink on the positive aide, mid 
the repulsion of the dink oft the negative mile, These two forced 
are tujtmi and in the sumo direction, and their sum u« 

A* t «r / { I — ^ )• {21 

Front this t*%prvmmn it apjatara that tlm force dejuuidft, tint 
on the absolute dimi’tiftioti* of the cavity, lint on tlm ratio of the 
length to the diameter «#f the cylinder, lienee, however small 
wc n Mike the cavity, tlm force mining from the surface dintiihm 
fioii mi it* wall* will remain* in general, finite. 

3U7, J We have hitherto supposed the umgtioti ration to i*e 
uniform and in the r»atim direction throughout the whole of the 
jairtioii of tlm magnet from which tho cylinder in hollowed out. 
When tins nmgiiciimtinii la not thm§ restricted, there will tn 
general he a dintributiou of imaginary magnetic matter through 
flic a til ai fill icif of thw Ml fig not, The cutting out of the cylinder 
will rciimvu jmrf of this distribution, hut since in similar a**lid 
flgtirw tlm formal at cwm^jaiiiding (aiiiita arc pmjniitioniiJ t« the 
linear ditiuttmUma tif flic figures, fliii alteration of the fW« nit 
flic inn giiel in | wit* due In fliti vnluiiHfuJanaiiy of nmpwim iiimtter 
will diminish imhdluiUdy an Ilia si m of Utc cavity m diminished. 
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■while the effect due to the surface-density on the walls of the 
cavity remains, in general, finite. 

If, therefore, we assume the dimensions of the cylinder so 
small that the magnetization of the part removed may be 
regarded as everywhere parallel to the axis of the cylinder, and 
of constant magnitude 7, the force on a magnetic pole placed at 
the middle point of the axis of the cylindrical hollow will be 
compounded of two forces. The first of these is that due to the 
distribution of magnetic matter on the outer surface of the 
magnet, and throughout its interior, exclusive of the portion 
hollowed out. The components of this force are a, ft and y, 
derived from the potential by equations (1). The second is the 
force B } acting along the axis of the cylinder in the direction of 
magnetization. The value of this force depends on the ratio of 
the length to the diameter of the cylindric cavity. 

398.] Case 7. Let this ratio be very great, or let the diameter 
of the cylinder be small compared with its length. Expanding 

the expression for B in powers of ^ 5 we find 


B ~ 471 



3 a* 
8 6 * 



(3) 


a quantity which vanishes when the ratio of & to a is made 
infinite. Hence, when the cavity is a very narrow cylinder 
with its axis parallel to the direction of magnetization, the 
magnetic force within the cavity is not affected by the surface 
distribution on the ends of the cylinder, and the components of 
this force are simply a, j3 y y, where 


(0 


__dV dV dV 

dx’ dy' ^ ~ dz' 

We shall define the force within a cavity of this form as the 
magnetic force within the magnet. Sir William Thomson has 
called this the Polar definition of magnetic force. When we 
have occasion to consider this force as a vector we shall denote 
it by £. 

399.] Case II. Let the length of the cylinder be very pro a l l 
compared with its diameter, so that the cylinder becomes a thin 

disk. Expanding the expression for R in powers of - , it becomes 

a 

- f b ib 3 
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401.] 


the ultimate value of which, when the ratio of a to b is made 
infinite, is 4 ttI. 

* Hence, when the cavity is in the form of a thin disk, whose 
plane is normal to the direction of magnetization, a unit mag- 
netic pole placed at the middle of the axis experiences a force 
4 7 r I in the direction of magnetization, arising from the super- 
ficial magnetism on the circular surfaces of the disk *. 

Since the components of I are A, B and C, the components of 
this force are 4 nA, 4 7tjB, and 4 tt C. This must be compounded 
with the force whose components are a, /3, y . 

400.] Let the actual force on the unit pole be denoted by the 
vector 33, and its components by a, b and c, then 

Cl = a + 4 7T A, j 

b = p + 4ttjB, ( (6) 

c = y + 4 7T G. ) 

We shall define the force within a hollow disk, whose plane 
sides are normal to the direction of magnetization, as the Mag- 
netic Induction within the magnet. Sir William Thomson has 
called this the Electromagnetic definition of magnetic force. 

The three vectors, the magnetization 3, the magnetic force 
and the magnetic induction 33, are connected by the vector 
equation S3 = £ + 4*3. (7) 


Line-Integral of Magnetic Force. 

401.] Since the magnetic force, as defined in Art. 398, is that 
due to the distribution of free magnetism on the surface and 
through the interior of the magnet, and is not affected by the 
surface-magnetism of the cavity, it may be derived directly from 
the general expression for the potential of the magnet, and the 


* On the force within cavities of other forms. 

1. Any narrow crevasse. The force arising from the surface- magnetism is 
4 tt JT cos c in the direction of the normal to the plane of the crevasse, where e is the 
angle between this normal and the direction of magnetization. When the crevasse 
is parallel to the direction of magnetization the force is the magnetic force Jq ; when 
the crevasse is perpendicular to the direction of magnetization the force is the 
magnetic induction 

2. In an infinitely elongated cylinder, the axis of which makes an angle « with the 
direction of magnetization, the force arising from the surface-magnetism is 2 tri sin <, 
perpendicular to the axis in the piano containing the axis and the direction of 
magnetization. 

3. In a sphere the force arising from surface magnetism is j trl in the direction of 
magnetization. 
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line-integral of the mn>,m-tie fere.' token al<m K any curvn fr.m 

the point A to the point /i in 

” ,! . i lx i/'/ 

•* .t ; > 
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where V { and 1 * denote the potential* »t A «>»l II " »p .'in.'i,v 


f M . '*? % 1 f j 

\ tlfi If* 1 M 


Hurfda'-lnU'ijrai of Afu./nWiV 

402 .] Tim magnetic induction through the mtfm m A m defined 
as the value of the integral 

V f I ** < %uft t d,V, I o ! 

where ® denotes tim magnitude of the magnetic induction mi the 
element of surface tlS, and # the tingle l*eiwe«*ti the dirwfiutt *4 
the induction nml the normal to Urn * loim at uf Mirfiwx and the 
integration is to be extended over Urn wind** nmfmem, which t*m> 
1)0 cither closet! or bounded by a cloned curve 

If ft, />, e denote the component* of tl»«* itiagmeiic nidttrlioi*, and 
m, n the dirndwin-wwine# of the normitl, the mtim'v -mi*' ^%nl 

may be written gf 

y ss j j if a f m J* f n ••) 4 S. f I o I 

If wo substitute for the com j* went* «f the nm^iietie induction 
their values in terms of thaw of the magnetic! f**ire, and the 

magnetization as given in Art. too, we find 

(J = J'j {! ti + m ft 4 n )4 d .V f -I * j j ( 7*1 f m H -t nf** tf®V, (III 

Wo shall now suppose that tin? Marfa*** over which the ittirgfm* 
tion extends is a closed turn, Mid wn shall iiiv«**tijfftl«i tti« valun* 
of the two terms on the right* hattd side uf tin* mjiiatmin 
Since the mathematical form of th® r^lalinn falwtwtt 
forces and free magnetism i» the main# a* that fatwawii «d«4fk* 
force and free electricity, we may apply ll»» n^tilt given in 
Art. 77 to the first term in the value uf y by atiUpli tilting «*, /i, y t 
the components of magnetic force, fur X, F, Jt t tW roinpoimiit* 
of electric force in Art. 77, and J/, the *J#«bnur mm *4 tlm fvm 
magnetism within the closed fur t, the nlgtthr^h? mm* *4 

the free electricity. 

We thus obtain the equation 


Ja u * III Ji 4 ny) AS *5 I *.V, 


( 1 - 



mi i:i'U’l vs 




Sine*' every nmgnetm j»niiiete him twn [mien, whteh an* equal 
in mmierieiil mngmt u«|e hut «»t uj*j>efitte nigm*, the ulg« hmiu Hum 
of tin* magnet intii of the jiiut it’ll' if# zero. Hettee, thone fiurtit'len 
whieli lire entirely within the rhmni mil fare S run ruhtrihute 
nothing to the ftlgehnvie miiu of the magnetism within S The 
virtue of .V tnunt therefore thjH*ml »»u! y utt l huae nmgnetie 
pfiritrlen whieh lire eui !»\ tin** mii* fare S, 

< \»!»Mtier ft Mtiftll elrfUeUt uf the tilftgllet l»f length H 1111*1 t ffimu 
verm* Mention k\ magnet i/j ’4 an tin* *1 i* return of ifn length, mi that 
the htrength i*f itft j ***!»?* in m. The nmimiii uf t tiin mimU 
magnet will ho m# t ami the iiitriimty of it#* ttmgm firing 

the rutin uf the magnetic* tnuiueiit to the volume* will he 


l*ei thin Miiiiil magnet W nil hy the mirfiirn S t mi timt tho 
flirtation uf magnetization nmk« «** an angle ** with the normal 
ilriiwn mitwfttnln from the mu hire, then if tiS liomitefi the tl.rvti of 
tl*«' U (11) 

The negative Jiule — m of tin a magnet lien within the Ml! flier *S\ 
lhme*\ if we iletiute hy V the |mrt uf the free miigtteihmi 
within #S* whirl* m rontrihiite*l hy t ti in little magnet, 

t!M m : Ik h 

/ etm *%/X 115 } 

To fin* l M t the algehrair Mint of the free magnet i*m within the 
eh me* l jtttrfacm ** t we munt integrate thin oxprrftfttutt over the 
rliifinl ntirfaw, no itifii 

Jf - — j I I reft t %/iV, 

or writing *1, ll» t 1 fur theeufnjmnrni^ uf tanguef t&ulion, amt /, m, n 
flit* ttin «|irert,i!iii«r*.iiiiiirft uf the tietuuU «liftwii ntttw&nla, 

4 * 

M - j j </.t ♦ in U f »(’)./ S. tl«;> 

ThU give* tin the mine uf the integral in the mumml term «tt 
the riglii -’Imtnl Mile uf equation (It). The value uf tj in thui 
tmjimtiijit tnny lit ereiWo he fmimt from equation?* t * « ) mnl (III)* 
v ■ I it 3/ - I a M (IT) 

or, ifm *if f/u* imn/oftftT rmlu*i$i*n thvtmyh «n*y 

#%%rJwcQ t# feru. 



Og M.U1KKTK* rnn.-K \M> H‘ ‘ 1 

4():n If we assume n- «h" ch**d ‘Hat '*«’ «•»*’ ' i,,fr! 

ontial t'l.-xm-nt of volume >U dyd.. 

■hr .»v 

This is the solci.uidftl cumUium, which nlwny ■.nlu.lud Is 
the components of the iim^ii.-tic in ’ iu, ' t! " n 

Since the distribution of i, «**!•', o.uhd, *! < 

induction through »»> su.fa." T und-i tv n run, 

depends only on the l»n« »»d »• «»>« chm,d curve, : 

not on that of the surface it -.. If, 

404.] Surfaces at e\ * r\ point <>i » hreh 

/.I , lot , IO <> * 1 '* > 

aw called surfaces of no induction, and the interaction <*f two 
fivich Kurfaees is called n lin* of induction The condition** that 

a curve, a, may l*e a Hue of induction ate 

1 ' li 1 'h m 1 '{■ 

ti *1# f* »/# i* 4# 

A Hynkm of linen of imiuetmn ihnmgtt «»v*ry |«nnt 

of a cloned curve forum a tubular ttstf^re m!le4 n 1 ul*o «*J 

induction* 

The induction acncm nnv neeimn ourli a tu!«r>' ia tfm ***«•■ 
If the induction in unity tin* InW i* ralle4 i% l nil till** *»f **» 

duetion. 

All that Fata* lav * m\n about 1 *!»«*> *»t tniifftiHLta fortte ttml 
magnetic sphondv hud* in m&ifoueaUo-uiIIy I.rn*% if nfi4*w%f«-«4 **$ 
the linen ami tuUm of ttmgm-Ur imUiett-‘»ti. 

The magnetic force amt the magnet se tmttieiiiiis it« 
outaide the magnet, Init within the of lli» nmgfmt tinny 

muHt he carefully diatingtimhed, 

In a airaight uniformly magnet l^r the tiMgiwU** fWer, 
due to the magnet il&el! in frui n the end w li id* j$t4t*b» tooth, 
which we call the pieulive j ndr # tow&r'l* Qk» *muUi eit4 tw 
pole, both within the jongtirl ami in iW 

’Fhe magnetic iuduriitui, on the «:»ci-4«-r baml* m U**m thr. 
positive pole to the negative utti»i4« lla tnagti^t , att*l front tW 
negative pole to the |M>t%itivr within tlm * „ % 

and tubes of induction nre rt«»r.n taring «*■ 


* titp* JO * » mmm ***tii: 
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405 .] 

The importance of the magnetic induction as a physical 
quantity will be more clearly seen when we study electro- 
magnetic phenomena. When the magnetic field is explored 
by a moving wire, as in Faraday’s Exp . Res. 3076, it is the 
magnetic induction and not the magnetic force which is directly 
measured. 


The Vector-Potential of Magnetic Induction. 


405.] Since, as we have shewn in Art. *403, the magnetic in- 
duction through a surface bounded by a closed curve depends on 
the closed curve, and not on the form of the surface which is 
bounded by it, it must be possible to determine the induction 
through a closed curve by a process depending only on the 
nature of that curve, and not involving the construction of a 
surface forming a diaphragm of the curve. 

This may be done by finding a vector 21 related to 33, the 
magnetic induction, in such a way that the line-integral of 
21, extended round the closed curve, is equal to the surface- 
integral of 33, extended over a surface bounded by the closed 
curve. 

If, in Art. 24, we write F \ G, H for the components of 2[, and 
u, b , c for the components of 33, we find for the relation between 
these components 

_dE dG h _dF dH _dG dF 
a ““ dy dz* ~~ dz dx* ° ~~ dx dy * 


The vector 21, whose components are F, G, E , is called the 
vector-potential of magnetic induction. 

If a magnetic molecule whose moment is m and the direction 
of whose axis of magnetization is (A, g, v) be at the origin of 
coordinates, the potential at a point (&, 2 /, z) distance r from 
the origin is, by Art. 387, 


a d 


d ds l 
dx ' r dy + V dz' r 5 


c m \^dxdz + ^dydz^ V dz 2 'r 3 
which, by Laplace’s equation, may be thrown into the form 
d /d d\ 1 d , d d x 1 
m dx ^ dz v da) r~~ m dy\ dy ^ dz'r 


The quantities b may be dealt with in a similar manner. 
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Hence 


r, 


V " 

m |*i : -• r y) 


From thin expression (t and H tuny W found |*y »y imuolr\ . 
Wo thus nee that the vector jmti ntmi ai n g*v«-n j^ini, dim 
a magnetized particle plromd at the origin, m mim^m-ally 
to the magnetic moment of t!i«» partieio divided J>v tho A ,j U nro 
of the radiim vector ami muHajdwd by the ?dtw of tht* m,g| r , 
between the ax in of magnetization and the radio*? and tlm 

direction of the vector- potential in |*’rf**ndit*uUr to tlm |d n | lc , |J( f 
the axis of magnetization ami the mdu*» vector, and i* .?>t*eti tfmf 
to an eye looking in the jinnitivn dirretioi* t*.L, f *g the A \i« a 
magnetization the vector potential i« drawn in fh« *|iri'rtiuti of 
rotation of the hands* of n watch. 

Hence, for a magnet of any form in which 4, H t c* mv iho 
componentn of magnetization at the point ^ y, s y 
nonts of the vector-potential at the jmine (£ f| # £ \ t mw 


ji =fffi* .L - 11 !l 1 . 


H xzjJJ ( A - H 1 , 

where?) w put. f»r rnnoiwtmM, h.r th«, n-«j „f *h„ .lUfauin. 
wtwoen the points (f <) am! u . ji. mi 4 ii**» » r » 

extended over the Hjwee occupied t.j tV ii*» k mioI 

A ,ftV? U ’ Nmlftr, 1 ° r W,limr 2’ t***M>»l »»•««*«* f w ,c 

Alt. 385, becomes when exjirnuMnl in U»« *wu»».-» „«,ui.un, 

V: =//'/’( 


ItoinembmuM- that 

<6- 


l > w* 1 ! that tJi« iiit< 


^“ur’iiLi^.y ,1.™“ , u ’" 'f" 1 u - * ° ■■ 

~ i “ elu,ld ' IA > «•« «» r/ZI ;£ «•, ", 
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406 .] ■- 

we find for the value of the ^-component of the magnetic 
induction, 

dH dG 


a — 


dr, dc 


-/jyv + • - 8 *** 


-///^(£ + £ +£>*** <*•> 

dF 

The first term of this expression is evidently — ^ > or, a the 
component of the magnetic force. 

The quantity under the integral sign in the second term 
is zero for every element of volume except that in which 
the point (f, 97, f) is included. If the value of A at the point 
(£, V, C) is (A), the value of the second term is easily proved 
to be 4 7r (A), where (A) is evidently zero at all points outside 
the magnet. 

We may now write the value of the ^-component of the 
magnetic induction 

a = a+ 4 7r (A), (25) 

an equation which is identical with the first of those given 
in Art. 400. The equations for b and c will also agree with 
those of Art. 400. 

We have already seen that the magnetic force <£) is derived 
from the scalar magnetic potential V by the application of 
Hamilton's operator V so that we may write, as in Art. 1 7, 

$=-V7, (26) 

and that this equation is true both without and within the 
magnet. 

It appears from the present investigation that the magnetic 
induction 23 is derived from the vector-potential 21 by the 
application of the same operator, and that the result is true 
within the magnet as well as without it. 

The application of this operator to a vector-function produces, 
in general, a scalar quantity as well as a vector. The scalar 
part, however, which we have called the convergence of the 
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vector-function, vanishes when the vector-function satisfies the 
solenoidal condition 


OF dG dE_ 
d£ + drj + d( "" 


(27) 


By differentiating the expressions for F, G, H in equations (22), 
we find that this equation is satisfied by these quantities. 

We may therefore write the relation between the magnetic 
induction and its vector-potential 

23 = v 21. 


which may be expressed in words by saying that the magnetic 
induction is the curl of its vector-potential. See Art. 25. 



CHAPTER III 


MAGNETIC SOLENOIDS AND SHELLS* 

On Particular Forms of Magnets. 

407.] If a long narrow filament of magnetic matter like 
a wire is magnetized everywhere in a longitudinal direction, 
then the product of any transverse section of the filament 
into the mean intensity of the magnetization across it is called 
the strength of the magnet at that section. If the filament 
were cut in two at the section without altering the magnetiza- 
tion, the two surfaces, when separated, would be found to have 
equal and opposite quantities of superficial magnetization, each 
of which is numerically equal to the strength of the magnet 
at the section. 

A filament of magnetic matter, so magnetized that its strength 
is the same at every section, at whatever part of its length the 
section be made, is called a Magnetic Solenoid. 

If m is the strength of the solenoid, is an element of its 
length, s being measured from the negative to the positive pole of 
t/he magnet, r the distance of that element from a given point, 
and e the angle which r makes with the axis of magnetization 
of the element, the potential at the given point due to the 
element is m ds cos e m dr ^ 

7 ^ 3 # 

Integrating this expression with respect to s, so as to take 
into account all the elements of the solenoid, the potential 
is found to be / 1 1 s 



being the distance of the positive end of the solenoid, and r 2 
;h.at of the negative end from the point where V is measured. 

* See Sir W. Thomson’s ‘ Mathematical Theory of Magnetism/ Phil. Trans., J une 
.849 and June 1850, or Reprint of Papers on Electrostatics and Magnetism, p. 840. 

VOIx. II. D 



d rnrY«> the r». tiri.1 due t«* ** 

iJjnl suoh a *i* | t^iiSi f m ® 


34 maunkth* sih.i:n^ii*> s, H ,>s - 

Ilwico tlu* potential .in, <•■ » »• 3 ’ »’ H " ‘i‘" 

,n it« ''-i- "• l ,;" 1) "’v" 

position of its wuls. amt «.«*«« » 33 "* { " ,,n - " **. U>. > 

or curved, between the*, point.* 

lienee the ends of n wh-imad may 1- <»!.. i m » ! 

its poles. 

If ft solenoid hil-HiS ft el», 
is zero at every point, 
magnetic. action, nor run it* i.mgnelwaln.ii 1** "ith.ut 

breaking it. at M>me point »»'l !’ nnv,!,1 n »!»«> • «t> l«* . 

If a magnet euit l>e dn id. d in!.. **>h n-i W, »U „f wbiel, ■ •«».. > 

form cloned curves or )<av, il.-n , ntwiiin,.., *,* *»<•’ ' 

surface of the magnet, the magm ti/ation o> «u>i «. * 1-- *<d.*»t«i.l»l, 
ami, since the action of th>< nia^n-t d< }»*nd» i-i*tir*4y uj«.h it«»i 
of the cl it Is of the mdein»id», lb- *.f imaginary 

magnetic, matter will 1«> entirely nupeilhrial 

Hence the contlition of the mngneiswiii .u Ii-inj* «..l. n.4.lal >« 

>i,\ >111 <i<‘ „ 

, 4- 4 , ,. 0 , 

ti,r tf v *1: 

■whore A f H t (* art* t!i« ct»M|*»iKnla «f the tiiA£m'»t hi unv 

point of tin* magnet, 

40K. j A longiitadinally imigneii/rd filumetrlL, «*f wldeli th« 
strength vurioH at part* *4 it* length, m . my I *** rmu^n l 

to he made up of a handle <4 *u!«tu*hU of «lift«unr»t»l lengthy 
the sum of tin* nt rengtha of nil the m h wi* ir?t% j %mm tin ntigh 

a given section Indng tin* imtgnriif fttr* ngth r*f filntnetit mt 

that section* Hence any l^ngitu lumllv »*«4 

may ho called a Complex K<4rimid, 

If the strength of ti complex &t *t » yr mn*lum ** m t 

then the potential duo to ii** net ion i« 


V 




no 


«/* win re m m v mt 

i* I • / m . 

J r *£# 


This shewn that Inside# the m'lum *»f lit** iwn p*i 4#, *■)*}« .# 
may in thin cane In* of different tlirn* *** tin iietkui due 

to the distribution of itjwgm*ry inagiioli^ n#«i|ri aJhog i.v- 
filament with a linear denmty 

4 m 



Mi t if tit f 1 # * /if *'///>*, 

409,] If ft thin ?d*o!t of mugimtit* itmttor in nmgnoii#od in a 

direct ion ovary whom normal to ita aurfiiro, tho intrmify of tin* 
iimgmdi/4iiHm nt any jdnm multijdiod Hy tlm thiokmw* of tho 
nlndt lit that fdnro in ml In I tho Stivngth uf tin* magnolia nhidt 
nt that jdnoo, 

If tho rdrongth of n dodl i« ovorywhoro f ho hiwuo, if in <*ni 1«m { n 

Simjdo magnolia aho!i ; if it vario* from jmint to jaunt it may Hr 
rtmroivod to ho urndo uj* of ii muuHrr of Himjdo *holU mijyot jm*od 
and ovoriapjdng ntudt <»tln r. It m thoroforo rid lod ft fumjdn* 
magnolia «htdH 

l ml it #N‘ ho am rloiiiriit of tho aurfitro of flu* nhotl at amt *1* 
tho Htroiigtli of Ilia Hindi* thou tin* {Niloiifinl at any {mint, /% duo 

to ilia obinottt of tin* tdicdl, in 


ti I* ' *f* if S dm t , 

wlu*ro t in tin* nnglo ho|\v*M ii tho vootor r # and tho itoriniU 

drawn tiutwitrda from tho j*« >nttt v«^ iddo of tho ahoth 

Hut if iim in tho mil id ting to tuiHitoidod Hy tl S at tho {mint l* 

r ¥ tim i/NrnSf, 

' vh "*' w ,tv u , 

and thoraforo in tho mnv of n Himjdo miigtirlio ahull 

V - *««, 

or, th# pilrmiml time In n nmi/urf *«? tfirll at uni/ /mint U the 
/n't*/ tut ttjf itfi *frr?i*///i i/t/o f/io m4ul f nttjfrt rutted A-iy tin td*fe- 
tit the f|iwi }*nnt *, 

410. J 11m aiiino rofuilt may Ho uHtiunod in a ditlWofit way Hy 

M»|»|»«iAftttg tho titngnoim ahrll jdarod in any hold of magnolia 
fmw, and <lo|ormii$itig tho j*ot< iitiu! otiorgy duo ti# ffio jMimtiim 
of tho ttltidk 

If P in tlio jiotaiitia! lit. tho tdotuotil dS t thou tho otiotgy dim 
to thin oioiiiont m 


n l 


iiv 

tU 


I III 


,f P 


t » 


tir 

«ij * 


•w. 


or, t/io fmxtu*4 **f Ma *tr*-n*jth tjf ^ ir i nt o f/m /#»rf the 

mrft$rr*iniwjr**l *f tl V/dv it me to f/#*? rlriiinif «/$ o/ fl#? *Af&. 


4%k tlMNiVtfm I# iIm I# iforntmtl Tkmwp fWrw#ttm§ Jftgmriimit | tti, 

tl a 
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JI2. 


Hence, integrating with respect !** all stieli elements, the 
energy due to the position of the sbrll in the fi*dd h * «| uni to 
the product of the strength td the shell and the Httrfnre intern! 
of the magnetic induction taken over the »mfare «*f the «ln*H, 
Since this surface-integral W tit** wirne for ntiy two fttirfnecii 
■which have the same hounding edge and do not include between 
them any centre of force, the nciimi of the umguctic shell 
depends only on the form of it* edge, 

Now suppose the field of fence In he tl Hit dtto to ft magnetic 
pole of strength m. We have m««-i i (Art 7*i t (or) thnt the 
surface-integral over a nurhuv bounded I » y n given edge in the 
product of tin* strength of the pel* 1 and the f*o|id tingle subtended 
by the edge at tin* pole. Hence the energy due to the mutual 
action of the pole and the shell in 

«t» m ’tw, 


and this, hy (Sreeids theorem, i» w|tia3 to the product of the 
strength of tin* pole into the potential due u» the *d»«dl n t the 
polo* The potential due to the 4**41 in tlierrfbrp *P m , 

41 L] If a magnetic pole m start* frmn ». j^ini on the negtitive 
surface of a magnetic shell, ntid travel* along mty put!* in ^juirr* 
so as to come round the edge to n punt rio,?*e i«» when* %t Hurled 
but on the positive side of the 4**41, ih«i redid #uigle will vary 
continuously, ami will increase In in dining the j truce**. The 
work done hy the pole will !«• ls s he ; , imd the !*«*!«' nt i ill a! Ativ 
point on (he p< wit-ivc side «f the 4i4! will evrmed ihml ml the 
neighbouring point mi the negative aide by | 

If a magnetic shell forms n cWrd mitU^Ah^ {Mtionlia! «»ui/dd*< 
the shell is ever) where jmro, nod that m the within t n 

uvery where 4rnl\ being punitive when tl iti J**t#.§&tVe fude tif the 
shell is inward. Hence mirh % ftlndl exert* n«» urthm *#n any 
magnet placed either nutNidi? or |j tie ati*4i 


41 d.] H a magnet can l»* divided inti* Mi.tijd«? tungnetta fitted |* t 
oithoi closed or hav ing their oljjm eit file aurfais** *>f tli<i iiingiiot.. 
the distribution of nmgnetbiii h railed lamellar. If $ b the mitt* 
of the Strengths of nil the shell* lu»n«r«l by » jHiixit in pacing 
from a given point to n point (*. v, yt hy % lute* drawn w itlim 
the magnet, then the condi! inn* of Uiiudimr ipAg'ii^timtiaii 


4 - a 

* x ~ » * *9 -m . » I * f 

<U dj/ 

Xho quantity, */<> which than wuuj*!* t*Jy 


ih# mag. 
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4-15.] POTENTIAL DUE TO A LAMELLAR MAG-NET. 

xietization at any point may Ibe called the Potential of Magnet- 
isation. It must be carefully distinguished from the Magnetic 
Potential. 

413.] A magnet which can be divided into complex magnetic 
slaells is said to have a complex lamellar distribution of mag- 
netism. The condition of such a distribution is that the lines of 
magnetization must be such that a system of surfaces can be 
clzrawn cutting them at right angles. This condition is expressed 
the well-known equation 

dC dB\ dC\ n 




,dB dA 
^ dx dy 


Forms of the Potentials of Solenoidal and Lamellar Magnets . 


414.] The general expression for the scalar potential of a 
magnet is 



“where p denotes the potential at ( x , y , z), due to a unit magnetic 
pole placed at (£, rj, f), or in other words, the reciprocal of the 
distance between (£, r?, 0, the point at which the potential is 
measured, and ( x , y , z), the position of the element of the 
magnet to which it is due. 

This quantity may be integrated by parts, as in Arts. 96, 386, 

V = / fpUl+Bm + Cn)dS-f f [p(~ + ^ + ^) dxdydz, 

W"here l> m, n are the direction-cosines of the normal drawn out- 
wards from dS , an element of the surface of the magnet. 

When the magnet is solenoidal the expression under the 
integral sign in the second term is zero for every point within 
“tiie magnet, so that the triple integral is zero, and the scalar 
potential at any point, whether outside or inside the magnet, is 
gi-ven by the surface-integral in the first term. 

The scalar potential of a solenoidal magnet is therefore com- 
pletely determined when the normal component of the magnet- 
isation at every point of the surface is known, and it is 
independent of the form of the solenoids within the magnet. . 

415.] In the case of a lamellar magnet the magnetization is 
determined by cp, the potential of magnetization, so that 
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The expression for i' nmy thon-forn 1«- Hiiu.-u 
r_ i'l'h ' 1 ' 1 " 1 ' 1 4 , ,/vW/ ‘:,/r , 

~~ J J J -'((j'iij' «/v *i; *i: 

Integrating thin expression hy partm w«* im 4 


/*/ #/;. 


+•%<•>* -i.w- 


. 


The second term in zero unle** th*' point i/ 


-**r ^ " 


ft, t/i m iiirliiilnl 

in the magnet, in which can.* it Imvoui*-* s %vhmv { ;) m tho 

value of </> at the point (£. »\ O lh* am hum ml j*l nmy Ihi 
expressed in ternm of r. the hn«- drawn from ^ , >, t u% < y •>, (h 
and 0 the angle which thin him nmkm* w it h tin* iiotiual 4r«t%tt« 
outwards from <IS, m that the pmmitml mm W written 

1* ll * 3 ’/> cii-.h fi 4 ,V | -i « | ^ * f 

whore the second term it* *4 course iwro when tlu* point {■£, *j 4 
in not included in the Huhntiume of the tnn^imt. 

The potential l\ ex jinked l»y ihh ewjtmti'-n, in rottimttotie 
even at the surface of the magnet, wlmr%* $* U*ri»iiii*n t.,ti44«-nlv 

zero, for if wo write 




*fs I* tuft ft its. 


and if ll t in the value of u at a pmni jimt wit, hm tt*^ mt'lkee, 
and i2o that at a point close to the fsiiit hnt 4 In* fmf4ac<e 

li. : ilj •* i 

or r. V v 

r !he (juantity il ih not continumi* at thr maim'-** t*f t3m ttiJurtiHh 
Xhe components ui magnetic inductum &?*? t*f'i«ttr«| f« 14 |*%- 
the equations t 

„ _ J */u */u 

* dy * r ' «#, * 

416*j In the ease of a lime liar distribution * *f ftiagtieiiiitti %%«■> 
may also simplify the vector jmtrntUI ui liv induction, 

.Its ^-component may l*« wnitm 

// fff i* 1 *' '*!' 

JJJ - tis ify e'-»*/.v«o. 

liy integration l*y pints w«< way pm tins m ll«» form «f ||»« 

Hurfacr-intogmi 

' *£>"• 



s»*t. 11* \Nt,u:s. 


The other of t ho \ ac! or-pnt ant usd tuny he \vi it ten 

down from ihena a v{u a * lion * hy timk mg 1 he { *r* *j mu’ mihM iuitiotjH, 


ttii J 

• 1 1 7 . j W ii I in vo ult **H»ly jntfvo*! that at any j*« nut /* the 
jinfriifinl dim tii ii w U » *« j *iu t !»* tlm mdi I tingle 

Htil *t ended I * % the l«ji' ut tha hIi» 4 I until i I * 1 1 *-* 1 hy tlm ?u length 
of t ho r 4 i«-|l, Ah Wr ? hall ha va ocnodoii It* t of* r to Ho]td !&ngle ?4 
in the theory of riot'll ir cm renin, we .nhirll How e\|*bun how 
I hoy tuny ho na n an ed. 

fh'ii nitu*n, Tlm mdid attain mthieuded at a given {mini hy a 
r lu.^in| curve in memmred hy the ami of ii jijilmrieiil surface 
win wo contra is* ilia given {mint und wIiohc no tins in tin it v * the 
outline of which in tmeed hy tha iutarwaction of ilia rinlikiH 
vector with tile aphrre m ii t mean tha eh wet I curve. Thin urea 
t h to ha reckoned Jioidtive *u in gilt i Va nee* *rding m ii lie# o{| ilia 
tafi or tha right Anita i »*! tha j»nfh ai tha ruditn* vector #n* naan 
tioin tha given jMiint *, 

hi I If, »n () l*e t hr given {mint, und let (r, */, :) ha ii point oil 
I ha eh wail cm V a. Tha coot* I i Hill an J\ y, ; lira function* of **, tha 
length of tha curve reckoned from ti given {mini, They nr a 
periodic fimctiiuiH of t courting whenever i* in itiemwed hy the 
whole length of tha dote 4 curve. 

We limy eiilinilnle tha ?a*lhl angle **» directly from the 4afi* 
uition linn*, rising #|»hurir«tl cuurdinntc.# with centre nt (* t »| ( 
m a I putting 

j • ( vn rmn 0v*m*{>, y n r nin d run * C croatf, 
wa find the Aren of ntiy curve on the »j*hai e hy integrating 


m ' j ( I Ct*?t 0) tl *$*, 
or* lining ilia riiriiiiigiilar eootdmule**, 

j . , u- r " ty * iy »#r J 1 5 ' J 

tin* integration I wing r>st«»u«lcd round the curve #», 

If the nn. i«t of 4' pfne%m once through the closed curve the fir#t 


* J If* mldh U«« iMtlti! *1 Uy % i» u* 

iLmr «*» « tiffin Hr mI it«f» n^flni o* ifn^pl 

t‘'«ni4 lii» in tiitt «*«*»* 4iiwW4», Uw iMfc-# *«u Ut* *» 

ii n i« mu Umi *i*l» «it iIh* #ln>n it** »4 if**? «t«4 **f if** aidra* 

iwtet |m»fn« wknm mm f Mm ih« «#nU , « 4 it W ii «ti ito* .j 
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term is 27 r. If the axis of z does not pass through it this term 
is zero. 

418. ] This method of calculating a solid angle involves a 
choice of axes which is to some extent arbitrary, and it does not 
depend solely on the closed curve. Hence the following method, 
in which no surface is supposed to be constructed, may be stated 
for the sake of geometrical propriety. 

As the radius vector from the given point traces out the 
closed curve, let a plane passing through the given point roll on 
the closed curve so as to be a tangent plane at each point of the 
curve in succession. Let a line of unit-length be drawn from 
the given point perpendicular to this plane. As the plane rolls 
round the closed curve the extremity of the perpendicular will 
trace a second closed curve. Let the length of the second 
closed curve be <r, then the solid angle subtended by the first 
closed curve is 

CO = 2 7T — (T. 

This follows from the well-known theorem that the area of a 
closed curve on a sphere of unit radius, together with the 
circumference of the polar curve, is numerically equal to the 
circumference of a great circle of the sphere. 

This construction is sometimes convenient for calculating the 
solid angle subtended by a rectilinear figure. For our own 
purpose, which is to form clear ideas of physical phenomena, 
the following method is to be preferred, as it employs no 
constructions which do not flow from the physical data of the 
problem. 

419. ] A closed curve s is given in space, and we have to find 
the solid angle subtended by s at a given point jP. 

If we consider the solid angle as the potential of a magnetic 
shell of unit strength whose edge coincides with the closed 
curve, we must define it as the work done by a unit magnetic 
pole against the magnetic force while it moves from an infinite 
distance to the point P. Hence, if or is the path of the pole as it 
approaches the point P, the potential must b© the result of a 
line-integration along this path. It must also be the result 
of a line-integration along the closed curve s. The proper form 
of the expression for the solid angle must therefore be that of a 
double integration with respect to the two curves $ and or. 

When P is at an infinite distance, the solid angle is evidently 
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420.] 


zero. As the point P approaches, the closed curve, as seen from 
the moving point, appears to open out, and the whole solid 
angle may be conceived to be generated by the apparent motion 
of the different elements of the closed curve as the moving point 
approaches. 

As the point P moves from P to P f over the element do, the 
element QQ' of the closed curve, which we denote by ds, will 
change its position relatively to P, and the line on the unit 
sphere corresponding to QQ' will sweep over an area on the 
spherical surface, which we may write 

dco = Yldsda. (1) 

To find n let us suppose P fixed while the closed curve is 
moved parallel to itself through a distance do equal to PP ' but 
in the opposite direction. The relative motion of the point P 
will be the same as in the real case. 

During this motion the element QQ' will generate an area in 
the form of a parallelogram whose sides are parallel and equal 
to QQ' and PP'. If we construct 
a pyramid on this parallelogram as 
base with its vertex at P, the solid 
angle of this pyramid will be the 
increment dco which we are in 
search of. 

To determine the value of this 
solid angle, let 0 and 6' be the 
angles which ds and do- make with 
PQ respectively, and let <j> be the 
angle between the planes of these two angles, then the area of 
the projection of the parallelogram ds.dcr on a plane perpen- 
dicular to PQ or r will be 

ds da sin 6 sin O' sin </>, 
and since this is equal to r 2 d<o, we find 

dco = Udsdo- = sin 6 sin 6' sin </> ds do-. ( 2 ) 

1 

Hence n = ^ sin 6 sin 6' sin c/>. ( 3 ) 

420.] We may express £he angles 6, O', and c p in terms of r , 

and its differential coefficients with respect to $ and <r, for 

dy* dT d 2 y* 

cos 0 =-t -5 cos 0 '=- 7 ~j and sin 0 sin cos <b = r- — 7 -. 

ds do- ds do 



(4) 
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421 .] The value of te v tie mdid »hgl« pttUtm*b *4 by the ehm«4 

curve at tins point /*, may now l«< wmi^n 
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where tie integration with n» * s* t«* Ui mm%-’ 

plolcly round tin* cIohimI n»rv«, an*l llmt with r«tii|*r**4 Im ** frtmc 
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the value of the wdid tingle Hi the jM#mt A It i*» **- ru if A i» nl 
uu infinite dmtanee from the closed r«irv<* 

The value of m ni any point I * in mdejaemleiil of tl»« fur in **f 
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through the magnetic dudl itself. If ft*r 4%*4I \m fii§j»|f**»*n4 
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the edge of the shell, m iSnit J*A l* m * h u* winch will# |W 
infinitely abort line 1 * 1 * httm * ekwr 4 mmm% iniibt»iti|| fW 

* { 1 1*' dtfii **f H 1* j(*»i ly n*«4’I*ri*qf m *m*m. i4#l *4 ♦ 

.dkk miigm-tiziHl at right su^lra w It* |4#%* 1* f*<r ilf*# pmfwm* j 
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edge. The value of go at P exceeds that at P' by 4 7 r, that is, hy 
the surface of a sphere of radius unity. 

Hence, if a closed curve be drawn so as to pass once through 
the shell, or in other words, if it be linked once with the edge 

of the shell, the value of the integral / I Yldsdo- extended round 
both curves will be 4 7 r. J J 

This integral therefore, considered as depending only on the 
closed curve s and the arbitrary curve J.P, is an instance of a 
function of multiple values, since, if we pass from A to P along 
different paths the integral will have different values according 
to the number of times which the curve AP is twined round the 
curve 5 . 

If one form of the curve between A and P can be transformed 
into another by continuous motion without intersecting the 
curve s, the integral will have the same value for both curves, 
but if during the transformation it intersects the closed curve 
n times the values of the integral will differ by 4 nn. 

If s and o- are any two closed curves in space, then, if they 
are not linked together, the integral extended once round both 
is zero. 

If they are intertwined n times in the same direction, the 
value of the integral is 4 t 7W. It is possible, however, for two 
curves to be intertwined alternately in opposite directions, so. 
that they are inseparably linked together 
though the value of the integral is zero. 

See Fig. 4. 

It was the discovery by Gauss of this very 
integral, expressing the work done on a 
magnetic pole while describing a closed curve 
in presence of a closed electric current, and 
indicating the geometrical connexion between 
the two closed curves, that led him to lament the small progress 
made in the Geometry of Position since the time of Leibnitz, 
Euler and Vandermonde. We have now, however, some progress 
to report, chiefly due to Kiemann, Helmholtz, and Listing. 

422.] Let us now investigate the result of integrating with 
respect to s round the closed curve. 

One of the terms of n in equation' (7) is 

£—xdr\dz dt] d Adz* 
r 3 dads~~dcrd£^rds' 



( 8 ) 
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In like manner 


G 


H 




M = 


MS 


Substituting these values in the expression for JST W© find 
, dx dx' dydy' dzdz\ 7 

taa-' + *37 + S3?)^ cfe - (15) 

where the integration is extended once round a and once round 
s' This expression gives the potential energy due to the mutual 
action of the two shells, and is, as it ought to be,, the same when 
8 and s' are interchanged. This expression with its sign re- 
versed, when the strength of each shell is unity, is called the 
potential of the two closed curves 5 and s'. It is a quantity of 
great importance in the theory of electric currents. If we write 
e for the angle between the directions of the elements ds and ds\ 
the potential of s and s' may be written 

n cos € 


fp- 


- dsds 


It is evidently a quantity of the dimension of a line. 


( 16 ) 



CHAPTER IV. 


INDUCED MAGNETIZATION, 


424.] We have hitherto considered the actual distribution of 
magnetization, in a magnet as given explicitly among the data 
of the investigation. We have not made any assumption as to 
whether this magnetization is permanent or temporary, except in 
those parts of our reasoning in which we have supposed the 
magnet broken up into small portions, or small portions removed 
from the magnet in such a way as not to alter the magnetization 
of any part. 

We have now to consider the magnetization of bodies with 
respect to the mode in which it may be produced and changed. 
A bar of iron held parallel to the direction of the earth’s magnetic 
force is found to become magnetic, with its poles turned the op- 
posite way from those of the earth, or the same way as those of 
a compass needle in stable equilibrium. 

Any piece of soft iron placed in a magnetic field is found to 
exhibit magnetic properties. If it be placed in a part of the field 
where the magnetic force is great, as between, the poles of a horse- 
shoe magnet, the magnetism of the iron becomes intense. If the 
iron is removed from the magnetic field, its magnetic properties 
are greatly weakened or disappear entirely. If the magnetic 
properties of the iron depend entirely on the magnetic force of 
the field in which it is placed, and vanish when it is removed 
from the field, it is called Soft iron. Iron which is soft in the 
magnetic sense is also soft in the literal sense. It is easy to 
bend it and give it a permanent set, and difficult to break it. 

Iron which retains its magnetic properties when removed from 
the magnetic field is called Hard iron. Such iron does not take 
up the magnetic state so readily as Soft iron. The operation of 
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hammering, or any other kind of vibration, allows hard iron 
under the influence of magnetic force to assume the magnetic 
state more readily, and to part with it more readily when the 
magnetizing force is removed * Iron which is magnetically hard 
is also more stiff to bend and more apt to break. 

The processes of hammering, rolling, wire-drawing, and sudden 
cooling tend to harden iron, and that of annealing tends to 
soften it. 

The magnetic as well as the mechanical differences between 
steel of hard and soft temper are much greater than those 
between hard and soft iron. Soft steel is almost as easily mag- 
netized and demagnetized as iron, while the hardest steel is the 
best material for magnets which we wish to be permanent. 

Cast iron, though it contains more carbon than steel, is not so 
retentive of magnetization. 

If a magnet could be constructed so that the distribution of its 
magnetization is not altered by any magnetic force brought to 
act upon it, it might be called a rigidly magnetized body. The 
only known body which fulfils this condition is a conducting 
circuit round which a constant electric current is made to flow.. 

Such a circuit exhibits magnetic properties, and may therefore 
be called an electromagnet, but these magnetic properties are not 
affected by the / other magnetic forces in the field. We shall 
return to this subject in Part IV. 

All actual magnets, whether made of hardened steel or of load- 
stone, are found to be affected by any magnetic force which is 
brought to bear upon them. 

It is convenient, for scientific purposes, to make a distinction 
between the permanent and the temporary magnetization, defining 
the permanent magnetization as that which exists independently 
of the magnetic force, and the temporary magnetization as that 
which depends on this force. We must observe, however, that 
this distinction is not founded on a knowledge of the intimate 
nature of the magnetizable substances : it is only the expression 
of an hypothesis introduced for the sake of bringing calculation 
to bear on the phenomena. We shall return to the physical 
theory of magnetization in Chapter VI. 

* {Ewing {Phil. Trans., Part ii. 1885) has shewn that soft iron free from vibrations 
and demagnetizing forces can retain a larger proportion of its magnetism than the 
hardest steel. }■ 
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425. | At pnwnt \vn nliii.ll invoHtigatu tho tnmpnrary 
heat inn on flu* fiamtmptmh ilmt tho uuigitot i/ation of nn\ part id u 
of tho auhatfinoo « 1# wnloly on tho magnotir form noting on 

that purtiolo. Thin magnet in furor may iirino jm.it \\ from nxtorual 
ohuhoh, ami partly from tho temporary magnet i/ntion of neigh- 
bouring part idea. 

A ho<ly thuw i/.e«l in virtno ut tho notion of mitgnnUo 

furoo m Haiti to ho tioiguoti/.nil hy imluetmu, ami tho magnet i/mtiuit 
i h Haiti to ho imlurptl hy tin* magnetizing form, 

Tho magnet r/nt mn imlueetl hy n given magnetizing fore** < lit fern 
in different mhataneoH. If ia grout oat in tho parent am! Hofte?4 
iron, in whirls tho nit it* of tho ttiagiiotiwitmii to tlm nmgnvtm 
furoo may m&nh tho value 32, or oven 45*. 

C Hber Hulwiatim** mj«1 * m tho metal* tttekel iiinl oohitlh are 
ruptihlo of uti inferior degree of itmgnnti/.iiticin, nml nil milmtaucoH 
when wit ly noted to it miflfomntly strong magnet in three nro found 
to give isnltmtioiiN of polarity. 

When tlir magnet ualinn m in tho mum dirertinii m tho mag* 
not in foroo, m in iron, uiekol, eohatt* A*o. ( tho inilmtunro 1 n nailed 
I’nriutmgnetin, Kerromugnei w, or umir tninpiy Mngn* lie Whon 
tho induced m»igin4i/,ntiiiii in in tho directum opposite to tlm 

magnetic force. m in hUmuth, Ao . tho Mtb*iattoe in *aid to l*o 
Diamagnetic, 

In nil 1 1 toi4o tliatimgiioiio atiled-juicefi tlm rutiuof tho isnignof $«t* 
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#i*»hH, being only iiJioiit — 44 , «*\ 4 «- t « in tlie rttim of hiniitufti, which 

In tho m«»*t highly diamagnetic atitwiiinro known 

In oryHliUlized, Htrnined, ainl organized ?ndeAano« j% tho direction 
of tho niagiiotimtion doe* 1**4 always coincide wit.li flint of tho 
tti iigi to tin foroo which produce* it, Tho relation between tlm 
tiiitnfitifioiitii of magm tiznimn* tvfetred to n%on tUed $n the 
niii.1 ileum of tho jiiiigiirtio fo ree, limy be e\pre?u*rd hy 1 % n \ #tem 
of thrift linear mjirntmuff. Of tho tittle coefficients involved lit 
them? ctpmiiom* wo ahull ftliinv that un I) m% aro independent, 
Tho phenomena of l*»dtc* nf ilm kind am e hunted under tin? tmtitn 
of MiigmwyatalHn phenomena, 

Whon placed in a field of magnetic f«nw* orynt4ilH toiwl In t*nt 
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themselves so that Uh* n\ii* *<f ^ 3 „M»ma KU „« i.-, ..r »f 

(Uama;jiiei.ie, imiuetioit is |v»ralM 1<> *5‘- hn™ of 1 -r, . 

See. Art. Kill. 

In Boft iron, tho dirociiott «»f t\»' n»nin4ri with 

that of tho magnetic form nt th«- ami f.. r *m*H v*lttr» of 

tho magnetic form tho iimgiioti*nim« t* i«ro|**trU‘»tuil t»* u # 

As tho magnetic form h-^w, th» in 

creases more slowly* find it wmili ii|*|«-iir fr«»«n « ^ftoriitioiit* 
described in (Imp. VI, ilmi th. v* n limiting *»f lh* 

magnetization, beyond which n v^nmd )>.««, \% lmi«'trr ho Id- 
value of tin* magnetic h»r*v 

In the following * »u t It n«* « *f tW ilo-^ry *»f uulttt****! ssttigtoArnm, 
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tho magnetic force, and in the mitiio hn<» «tllt if. 
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dueed Magnetisation, 

Denoting thin euidltrsoitt hy *, !k ftifi4iifn*%fiijil *4 

induced magnetism in 

A * AV i ! ii 
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Tho form Ay itrUea j airily from tho ftdimti of 
to tho hmly magnetize t hy mdueinry mol {»**tu U**. 

induced magiM»iir.nt$oii of ik t«*ly it^Sf )l«4b ]»%tu 
tho condition of having n p-unrsisal 

427,| hot I ho tho J**4.«’!liS$tl *htr !« IJ|i|gn«HLiftm r; % I |*» 
tho body, and lot 1! f*r that dor V; ili-r itidit*’ 
then if l in tho actuiil }w»l^iiisnl 4n^ t«i i^4ii 

I ■ T i %l, i ^ v 

],<d tho oojiijmniml# of tlir f-rr.^ 4%^. r*im^4vr4 ill ||^ 

* jhnnt iu.vtri«ln nn. r ; , ,, rj^. Ht?, ^ ti,^ u,* 

fum* tis lis#« i| lf ,i, t \ „t ii a #> ht#n,.4au& *&#**m^ ih* . m 

h i»n»j»ur amuttl m ih«> st4», ai*4 »% i- ^ v /jt 
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rnoiu.KM ap mai;nktization\ 


at 


(3) 


ditwiimw of ,t\ *1, a I**' ii, /i % )s mill lot tin mo of Urn nm^nvt 
imtitm 3 ho A , /I, t \ tlmn l»y atjutUiun (1), 

/I Mi, | 

It *.Ay / 

f *y, ) 

Multi}*!) in^ flow ri}unti«nH by */»!■, </y, */: roHjK'rtivolv, nmi 

mUimg, wo tun I 

* A thr i Hdtj i ( '*1 * * (utij* i t y f f»)» 

Hut miioo a, A Hint y nr*' tlorivt«l from tho potoiitial t\ wr 
nmy writo tho wwtiil itumibor ~**d(\ 

Hono*\ if k In m»f mt tint throughout thn mtimt&mus ilm ftmt 
nmmbor muni nines l»o it complain tlftlfortmtia! of tt fuuotioti of ,r t 
// ami which wo nlmll call *;*, ami tin* orptatiott hncoimm 

*l*t> * */ f\ at) 

tl.r 


win It' 


.t 


n 


*i*i' r tl 'i> 

tiij ’ it 2 


(») 


Tin* mustn't i t tin-r* r*»r«- tnun'llitr, nn ih’flttt'ii in Art, -U3. 

it wh» iilu’Wii in Art. 3*ft tlint if t > in tint vtiiunic tiriinity of 
frw mngiH'tistin, 

fit a ,itt ,tr 
' T “( dr ‘ .I;, * ,/> 
which liccttitstm ill virtu*' of otjimt it mu (:t) # 


</ti dft dy 


Hut, by Art. TT # 

Itcfitw 

whmtco 


' { *u 1 ./,/ * 


fill d ii tl ¥ 

t/.r */ !/ * */ * 




I f!|». 


(1 f | if ft)/* »s 0, 


P ’■« « f«) 

throughout iiii* mibatiuiro, nml the mngrmtimlioii i* therefore 
Hotomiidal a# wall mm lamellar. Hen Art, *107, 

There in ihorofort* no free magntTUfii e inept mi ilio hounding 
Hiirfaoo of tin* hodv If r bo I ho normal drawn inward* from 

m' 

tlm ttttrfiiw*, tin* nmgiiniit! *urf»e«-«l«>«i*ity w 

*t tfi m% 
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H ’ ; 


The potential 12 due t« thi* *t *«> O'"* 1 ,,m > 

therefore he found from the aurftc-mi.- ■««» 


il jj 


The value of 12 will !«■ finite and r > * * 1 ' rr rt " 

will satisfy UpIaeeV e., nation « w.rv j-nt I ih 
without the surface. If we didmK^h U »» ».—,i . - • 

of 12 outaide the surface. and if ,• 1«« l»- dr**., 

we have at the surface 

11' It ; *’'* 

till + <lll' _ Rrfi )>v Vrt. 7 0, 


{/ If f/ / 


t/ *|* * * 

<Ii? , » I'V i * *. 

U r 

dV % . 

: —*<»« * » hv {O, 

II* * 

,«/r *hjl t 

f * * ( . ■*■ , ) hj, %}■• 

H k '* V 


Wo may therefore wriio llio *oo*»n4 fturf*** # * v, o.<m4*u?'' 

tin *i*S . 4T 

(1 -f- **«l > f j 1 1 1 ' *' 




Honeo the dotorminatiou **f ihf magiK'***#** m4o**vl m «% 
homogonomw inotropic K*4y, }«»i$ti4<-4 l»j -a *\ ^«4 i^ir-4 

upon hy external nutjpit'lic f«*tr<^ tth**#*-- jw*i**4»a 1 *» l !*> 

reduced to the following innUioiimiirid g n44c4«, 

Wo munt find two fimcthmn II mol *4 **U*fy *a# U>* 
condition** : 

Within tho aurfacw *H\ II muni W finite m»4 m%4 

munt Hatinfy Laplace* eqtminm* 

Outnido tho mi r taro S, 11 liitmt \m U ■ mi4 *****Mi. it 

muni vaninh at an infinite dmliuun^ &*»4 mnini Lm§4m^® 

equation. 

At every point of tho mirfiwv itarlf, il ■ it; amt tl»« % m*a««r» 
of 11, il' and V with ronjwt to iW 11 ** 11 * 1 *} non: ^ .n'- - ,*> 

( 10 ) ; 

Thin mothoil of treating tho prutdatn *4 If. 

is due to Poisson. The .j«*u*tity i mhteh h» it*** »n |»., > 

is not the same its ., hut in related tn it m fuduwn 

■t a » jt — I ) t 3 1 «* n. 
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Tim ©ouflwmtti * which wi» hnvo hrrn muni wiw int rothnuMl hy 
K. K, Neumann. 

42H,'j The problem of imlumti um^imtUm mny be treated in 
11 (iifi a rr<*ut by introducing the quantity which we Imw 

milling with Fnmdny* f 1 1 « ^ Magnetic Induction. 

The ivlutiofi hot wren the magnetic induction, (ho mu^ 
notin force, mill a* tin* iiiH^mti/at ion, in rxprrHwed hy the 
eqimfion f 4 a 3* (hi | 

The equation which r* prewar » the induced mn^uot tuition in 
toruiH of the magnetic for no in 

(hi) 

Hence* eliminating w«» find 

** *■ (1 4 4 * 0 tf (H) 

nn th© rotation l*otw©on the magnetic induction and the magnetic 
fore© in ttuiiaiartcotf whone magnetization in induced hy magnetic 

f i*m\ 

In the moat general ciihc * umy ho it function* not only of the 
| it mi lion of the point in the aiilwtiuire, hot of tin** direction of the 
vector »yq hut in the ©»i*e which we are now cojuddering * in rt 
numerical quantity, 

If Wi< it«*t writ*’ *, I j I »*, (15) 

wo umy define p &* the ratio of the magnetic induction to the 
magnetic force* and we umy mil llii» ratio Urn inagtxeiitt induc- 
tive capacity of the Htitmt&tico, thtm diatifiguiahiixg it from ** the 
coefficient of induced mitgiiotiaittiun. 

If wo write V for the total umgixrliti potential coin pounded 
of f\ the potential due to external eatmea, ami It Unit due to 
tlm induced magncti/ation, wo umy c* prana u, t* t »\ the com* 
pulton t* of magnetic induction, ami *#* ji, y* the component** of 
timgtieitc form, 11 * follow* : 

dV ■* 


tl ■ |«U 

## S9 pf ! 



m 


dV 


r ** gy «* t/# * I 

Tit© ©ctiitjmitunta fi # A, r wiiiafy the mtannitUil mndillon 

tin ill# fir 
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Hence, the potential TJ must satisfy Laplace’s equation 

^,^+^=0 ( 13 ) 

dx 2 dy 2 dz 2 

at every point where jjl is constant, that is, at every point within 
the homogeneous substance, or in empty space. 

At the surface itself, if v is ' a normal drawn towards the 
magnetic substance, and v one drawn outwards, and if the 
symbols of quantities outside the substance are distinguished by 
accents, the condition of continuity of the magnetic induction is 


dx , dy dz ,dx i7/ dy ,d& 

a d, +l I +c d, +ai d? +b £' +e d?=° 


(19) 


or, by equations (16), 


dU ,dU' 

* dv +M dv' z 


( 20 ) 


/ /, the coefficient of induction outside the magnet, will bo 
unity unless the surrounding medium be magnetic or dia- 
magnetic. 

If we substitute for U its value in terms of V and 1 1 , and for 
fx its value in terms of /c, we obtain the same equation (10) as 
we arrived at by Poisson's method. 

The problem of induced magnetism, when considered with 
respect to the relation between magnetic induction and magnetic 
force, corresponds exactly with the problem of the conduction 
of electric currents through heterogeneous media, as given in 
Art. 310. 


The magnetic force is derived from the magnetic potential, 
precisely as the electric force is derived from the electric 
potential. 

The magnetic induction is a quantity of the nature of a flux, 
and satisfies the same conditions of continuity as the electric 
current does. 

In isotropic media the magnetic induction depends on the 
magnetic force in a manner which exactly corresponds with 
that in which the electric current depends on the electromotive 
force. 

The specific magnetic inductive capacity in the one problem 
corresponds to the specific conductivity in the other. Hence 
Thomson, in his Theory of Induced Magnetism (Reprint, 1872, 
p. 484), has called this quantity the 'permeability of the medium. 
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We are now prepared to consider the theory of induced mag- 
netism from what I conceive to be Faraday’s point of view. 

When magnetic force acts on any medium, whether magnetic 
or diamagnetic, or neutral, it produces within it a phenomenon 
called Magnetic Induction. 

Magnetic induction is a directed quantity of the nature of a 
flux, and it satisfies the same conditions of continuity as electric 
currents and other fluxes do. 

In isotropic media the magnetic force and the magnetic in- 
duction are in the same direction, and the magnetic induction, 
is the product of the magnetic force into a quantity called the 
coefficient of induction, which we have expressed by p. 

In empty space the coefficient of induction is unity. In bodies 
capable of induced magnetization the coefficient of induction is 
1 + 4 ttk = ix, where k is the quantity already defined as the co- 
efficient of induced magnetization. 

429.] Let p, / be the values of p on opposite sides of a‘ surface 

separating two media, then if V, V' are the potentials in the two 

media, the magnetic forces towards the surface in the two media 

dV . dV' 
are and • 
dv dv 

The quantities of magnetic induction through the element of 

d,V dV' 

surface dS are ix — dS and p dS in the two media respeet- 
d v dv 

ively reckoned towards dS. 

Since the total flux towards dS is zero, 
dV ,dV' n 

ix j—+fx —j-? = 0. 

dv dv 

But by the theory of the potential near a surface of density cr, 

dV d v ' A 

-r- + 77 + inor = 0. 

dv dv 

Hence w-Yl ~ ~/) + <t7rflr = 0. 

dv x j/J 

If k l is the ratio of the superficial magnetization to the normal 
force in the first medium whose coefficient is fx, we have 

„ t x ~ m ' 

4tt Ki = — r -- 
fx 

Hence Kj will be positive or negative according as p. is greater 
or less than p. If we put p = 4vk + 1 and // = 4ttk' + 1, 


4t tk + 1 
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In this expression k and k are the coefficients of induced 
magnetization of the first and second media deduced from ex- 
periments made in air, and is the coefficient of induced 
magnetization of the first medium when surrounded by the 
second medium. 

If / is greater than k, then k x is negative, or the apparent 
magnetization of the first medium is in the opposite direction 
to the magnetizing force. 

Thus, if a vessel containing a weak aqueous solution of a 
paramagnetic salt of iron is suspended in a stronger solution 
of the same salt, and acted on by a magnet, the vessel moves 
as if it were magnetized in the opposite direction from that ih 
which a magnet would set itself if suspended in the same place. 

This may be explained by the hypothesis that the solution in 
the vessel is really magnetized in the same direction as the 
magnetic force, but that the solution which surrounds the vessel 
is magnetized more strongly in the same direction. Hence the 
vessel is like a weak magnet placed between two strong ones all 
magnetized in the same direction, so that opposite poles are in 
contact. The north pole of the weak magnet points in the 
same direction as those of the strong ones, but since it is in 
contact with the south pole of a stronger magnet, there is an 
excess of south magnetism in the neighbourhood of its north 
pole, which causes the weak magnet to appear oppositely mag- 
netized. 

In some substances, however, the apparent magnetization is 
negative even when they are suspended in what is called a 
vacuum. 

If we assume k = 0 for a vacuum, it will be negative for 
these substances. No substance, however, has been discovered 

for which k has a negative value numerically greater than — , 
and therefore for all known substances p is positive. 4 77 

Substances for which * is negative, and therefore* /jl less than 
unity, are called Diamagnetic substances. Those for which k is 
positive, and fx greater than unity, are called Paramagnetic, 
Ferromagnetic, or simply magnetic, substances. 

We shall consider the physical theory of the diamagnetic and 
paramagnetic properties when we come to electromagnetism 
Arts. 832-845. ' 5 
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430.] POISSON’S THEORY OP MAGNETIC INDUCTION. 

430.1 The mathematical theory of magnetic induction was 
first given by Poisson*. The physical hypothesis on which he 
founded his theory was that of two magnetic fluids, an hypothesis 
which has the same mathematical advantages and physical 
difficulties as the theory of two electric fluids. In order, how- 
ever, to explain the fact that, though a piece of soft iron can be 
magnetized by induction, it cannot be charged with unequal 
quantities of the two kinds of magnetism, he supposes that the 
substance in general is a non-conductor of these fluids, and that 
only certain small portions of the substance contain the fluids 
under circumstances in which they are free to obey the forces 
which act on them. These small magnetic elements of the sub- 
stance contain each precisely equal quantities of the two fluids, 
and within each element the fluids move with perfect freedom, 
but the fluids can never pass from one magnetic element to 
another. 

The problem therefore is of the same kind as that relating to 
a number of small conductors of electricity disseminated through 
a dielectric insulating medium. The conductors may be of any 
form provided they are small and do not touch each other. 

If they are elongated bodies all turned in the same general 
direction, or if they are crowded more in one direction than 
another, the medium, as Poisson himself shews, will not be 
isotropic. Poisson therefore, to avoid useless intricacy, examines 
the case in which each magnetic element is spherical, and the 
elements are disseminated without regard to axes. He supposes 
that the whole volume of all the magnetic elements in unifc of 
volume of the substance is k . 

We have already considered in Art. 314 the electric conduc- 
tivity of a medium in which small spheres of another medium 
are distributed. 

If the conductivity of the medium is p l9 and that of the 
spheres /x 2 , we have found that the conductivity of the com- 
posite system is 

__ % /q + /x 2 + 2 fc (fx 2 — /q) 

Putting /J-! = 1 and ^ = 03 , this becomes 

1 +2k 


* Mtmoires de VImtitut , 1824, p. 247- 
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This quantity [x is the electric e<m.tuetivil\ «•< a u- inim r, 
sisting of perfectly conducting spheres iliss. nuimt.-.l thv.-u^U »t 
medium of conductivity unity, the * gut* ' » dum* i 1 h 

spheres in unit of volume being k. 

The symbol g also represents the cortlicinit «»! nmgimiie in- 
duction of a medium, consisting of sphnvs fur \\U ml* f 1*.' |-r 
meability is infinite, disseminated through u u^nmn Un \\ In.-h 
it is unity. 

The symbol i\ which we shall call VAwu* Magnetic Co- 
efficient, represents the ratio of the volume •■!' fh- nmgimtio 


elements to the whole volume of the suhstane** 

The symbol k is known as Neumanns < netUemu! «»| Mngm-t* 
Nation by .Induction. It is more mnv* nirtit than 1‘ni^.ou’w. 

The symbol g we shall call the tWflieh m i.f Magnetic Indue 
tion. Its advantage Is that it fwdlitntc* the trnn d«unmtinn of 
magnetic problems into problems relating to idreiumty and bent, 
The relations of these three symbols are ns fallows 


4 7T V 

A- = 

4 it k 4* 3 1 


M - 1 f 


4 IT 


1 +2ifc 


1-Jfe * 



If we put k 2 = 32, the value given by Tin* hub * «• vpmiurtit * 
on soft iron, we find K-; } S t- This, nrcnniiug i»* iVi’OH»n > * 
theory, is the ratio of the volume of the uingmum imd«n-nlr.n to 
the whole volume of the iron, it is inipufebbh’ h* pack a sptuHi 
with ocjual spheres so that the rutin of then volume to thm whole 
space shall he bo nearly unity, and it m exceedingly nojuobable 
that so large a proportion of the volume of m»n m oe«*u|>ied by 
solid molecules, whatever I»e their form, Tin* O mm teuton 
why we must abandon Poisson's liyjauh* *4*, < uh* * * mill b« 

stated in Chapter VI. Of eountc the value of lt»$-a?Nud* soaithe^ 
matical investigations remains unimpaired, m they d«* ti«*i rr># 4 
on his hypothesis, hut on the axperttiicuul sWf, *.f mduml 
magnetization. 


* Itvchrrohu mv lm propri'h* *!*/<*, ,V*mn t ,! <,$4* ! I oa 
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A Uolltnv Spht tit at Shell* 

43 1 .] Til K first example of the complete solution of §i problem 
In magnetic induction was that given by Vuimtm fur the «»«' 
of a hollow spherical shell acted on hy any inagiialir forces 
whatever. 

For simplicity we shall suppose the origin of the magnetic 
forces to he in the spare outside t hr shell. 

If V denotes the potential due to the externa) magnetic 
system, wo may expand I* in a aerie* of solid harmonic#! of the 
form V ®- t ; S u i ( \ S % r I kt\ t f .* r' t , . . , HI 

whew r Ih the distance from tin* centre of the shell* S t in a 
Hurfaco harmonic of order *, and <* i n a cmdltcicnt. 

Thin aerie# will ho convergent provided r in \em than the 
cliHtanco of the nearest magnet of the system which producer 
thin potential, I fence, for the hollow spherical sludl and the 
apace within it, thick expansion m converge**!. 

Let the external rad inn of the shell l*e a i and the inner radius 
Op anti let the potential due to it* induced magnet into he u. 
The form of the function U will in general he duhrent m the 
hollow apace, in the mi balance of the aboil, and in the spare 
beyond, if wo expiimt t liene functions in hanimnir wnririt* then, 
confining our attention to those term* which involve the inn lace 
harmonic S it we shall find that if U t i* that which twrottpuiidfi 
to the hollow apace within the shell, the expansion of y t iiiinil 
he in positive harmonica of the form A * S, r\ l*oeau*o tlw pro 
tentiat must not become infinite within the spline whu#e r&diti* 
in 

In the aulnttantiti of the shell, whore r lies between *i t and m i4 
the seritiH may eon tain both positive and negative jaiwcm of r» 

of ti» form , * + H t r t< * «i. 
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Outside tlie shell, where r is greater than a 2 , since the series 
must he convergent however great r may be, we must have only 
negative powers of r, of the form 

The conditions which must be satisfied by the function £1 are : 
It must be 1° finite, and 2° continuous, and 3° must vanish at 
an infinite distance, and it must 4° everywhere satisfy Laplace's 
equation. 

On account of 1°, B 1 = 0. 

On account of 2°, when r = a v 

(A 1 -A 2 )a l !ti+ '-B 2 = °, (2) 

and when r = a 2i 


(A 2 -A,)a 2 2i+1 + B o ~B z =0. (3) 

On account of 3°, A 3 = 0, and the condition 4° is satisfied 
everywhere, since the functions are harmonic. 

Eut, besides these, there are other conditions to be satisfied at 
the inner and outer surfaces in virtue of equation (10), Art. 427. 
At the inner surface where r = oq , 


(\ 1 a \dQj 2 dl dV~ 

( 1 + 4 ™)^r~^r+ 4 ™-^ = °. 


( 4 ) 


dr dr 

and at the outer surface where r = cc 2 , 

( .dil 9 dfl» dV 

-( 1 + 4 ")*r'+TF-‘"5r = 0 - « 

From these conditions we obtain the equations 
(1+4™) {iA. 2 a 1 *<+i-(i+i)B 0 J-iA 1 a*< + i+4v K iC i a* i+1 == 0, (6) 
(1 + 4«) {iA 2 a 2 2i+1 ~(i + 1) B 2 } + (i + 1) B s + 4 , K iO t a*"' = 0 ; (7) 
and if we put . 


A r f = - 1 

(l+4 ! TK)(2i + l) i! + (4jr/c) 2 i:(i+l)^l_^ 2l+1 y 
we find 2 

* 4 i = -(4«)*i(»+ l)(l -(J) 2<+1 )jf.^ 5 


( 8 ) 

( 9 ) 


A = -4* ( ci[2i+i + 4«(t +1 )^i_^ 1 ')] JVr iC r <3 ( 10 j 

J 1 «4«i(2i+l)a 1 «+ij|r < (7 t , 2 , n) 

^3 _ - 4w*t {2i+ 1+4™ (* + 1)} (a^+i-a^+i)^ <7 f 12 j 

give «pamion, 

I II T f , P otf ' , iU<'il due to the magnetization of the 
shell. The quauhtp Jr i, , lw , ys , + 4 ” ™ 
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never be negative. Hence A x is always negative, or in other 
words, the action of the magnetized shell on a point within it is 
always opposed to that of the external magnetic force, whether 
the shell be paramagnetic or diamagnetic. The actual value of 
the resultant potential within the shell is 
(Ct+A^sy, 

or (1 + 4 7 tk) (2 l) 2, N i C i S i r*. (13) 

432. ] When k is a large number, as it is in the case of soft 
iron, then, unless the shell is very thin, the magnetic force 
within it is but a small fraction of the external force. 

In this way Sir W. Thomson has rendered his marine galva- 
nometer independent of external magnetic force by enclosing it 
in a tube of soft iron. 

433. ] The case of greatest practical importance is that in 
which i — 1. In this case 


N x = 


9 (1 +4wk) + 2 (4-jtk) 2 ^1 — (^) ^ 
4 1 =-2(4x K ) 2 (l-(|/)W 1 (7 1 , 

A 2 — — 4irK^3 + 87TK^ — l(J) 


(14) 


(15) 


B 2 = 1 2 ttkO^IFj Cp 

= —4 77 K (3 + 8 7Tk) (a 2 3 —Ctj 3 ) N 1 C l . ) 

The magnetic force within the hollow shell is in this case 
uniform and equal in magnitude to 

n a 9 (1 -f 47T k) 

C 1 + A l ^ L —rC r (16) 

9 (1 + 477 k) + 2 (4 7T/c) 2 ^1 — (~) ^ 

If we wish to determine k by measuring the magnetic force 
within a hollow shell and comparing it with the external mag- 
netic force, the best value of the thickness of the shell may be 
found from the equation 

a 2 3 91 +4 t tk , , 

2 (4 ttk)^ ' 

cl cl ( A ) 

(This value of A makes jl + a maximum, so that for 


a given error m 


(C 1 + A,) 


O, 


the corresponding error in k is as 

small as possible.} The magnetic force inside the shell is then 
half of its value outside. 
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Since, in the ease of iron, k is a number between 20 and 30, 
the thickness of the shell ought to be about the two hundredth 
part of its radius. This method is applicable only when the value 
of k is large. When it is very small the value of A x becomes 
insensible, since it depends on the square of k. 

For a nearly solid sphere with a very small spherical hollow 


A=- 


2(4 ik) ! 


a. 2 = 


b 3 = 


(3 4- 47T k) (3 -h 8 7T/c) 
4 7TK 




3 + 4tt/c 1 


Cl. 


4:TTK 
3 4“ 4 7T K 


C x a 2 \ 


(18) 


The whole of this investigation might have been deduced 
directly from that of conduction through a spherical shell, as 
given in Art. 312, by putting \ = (1 + 4:ttk) h 2 in the expressions 
there given, remembering that A 1 and A 2 in the problem of 
conduction are equivalent to C 1 + A x and G 1 4* A 2 in the problem 
of magnetic induction. 

434] The corresponding solution in two dimensions is graphi- 
cally represented in Fig. XV, at the end of this volume. The 
lines of induction, which at a distance from the centre of the 
figure are nearly horizontal, are represented as disturbed by a 
cylindrie rod magnetized transversely and placed in its position 
of stable equilibrium. The lines which cut this system at right 
angles represent the equipotential surfaces, one of which is a 
cylinder. The large dotted circle represents the section of a 
cylinder of a paramagnetic substance, and the dotted horizontal 
straight lines within it, which are continuous with the external 
lines of induction, represent the lines of induction within the 
substance. The dotted vertical lines represent the internal equi- 
potential surfaces, and are continuous with the external system. 
It will be observed that the lines of induction are drawn nearer 
together within the substance, and the equipotential surfaces 
are separated farther apart by the paramagnetic cylinder, which, 
m the language of Faraday, conducts the lines of induction 
better than the surrounding medium. 

. ^ we consider the system of vertical lines as lines of induc- 
tion, and the horizontal system as equipotential surfaces, we 
have, in the first place, the case of a cylinder magnetized trans* 
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435-1 

versely and placed in the position of unstable equilibrium 
among the lines of force, which it causes to diverge. In the 
second place, considering the large dotted circle as the section 
of a diamagnetic cylinder, the dotted straight lines within it, 
together with the lines external to it, represent the effect of a 
diamagnetic substance in separating the lines of induction and 
drawing together the equip otential surfaces, such a substance 
being a worse conductor of magnetic induction than the sur- 
rounding medium. 


Case of a Sphere in ivhich the Coefficients of Magnetization are 
Different in Different Directions . 


435.] Let a, j3, y be the components of magnetic force, and 
A, B , C those of the magnetization at any point, then the most 
general linear relation between these quantities is given by the 
equations J, — Tjl a + p 3 ft + q 2 y, j 

B = q 3 a + r 2 p+p iy> I* (1) 

(7 = jo 2 a + ?i i 8 + r 3 y ) ) 

where the coefficients r, p , q are the nine coefficients of magnet- 
ization. 

Let us now suppose that these are the conditions of magnet- 
ization within a sphere of radius a , and that the magnetization 
at every point of the substance is uniform and in the same 
direction, having the components A, B } C. 

Let us also suppose that the external magnetizing force is 
also uniform and parallel to one direction, and has for its com- 
ponents X, F, Z. 

The value of V is therefore 

-(Xx+Yy + Zz), (2) 

and that of IF, the potential outside the sphere of the mag- 
netization, is by Art. 391, 

= ^{Ax + By +Cz). (3) 


The value of 12, the potential within the sphere of the mag- 
netization, is 4 .^ 


12 


(Ax + By + Cz). 


(4) 


The actual potential within the sphere is F-K2, so that we 
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shall have for the components of the magnetic force within the 
sphere a = X—^A, ) 

p=Y-i*B,\ ( 5 ) 

y = Z —%nC. j 


Hence 

(1 +%T7T^)A J r l 77 ?2^ f — T \X + 

%irq 3 A + (l+^r 2 )B + UPi C = q 3 X + r 2 7 +p x Z, ■ 
■I rp 2 J.+ |vg 1 £+(l+iirr 3 )C , = ^2^+2’ir+^3^- > 
Solving these equations, we find 

A = r/X + p/Y+ q^Z. 

B = q 3 'X + r 2 'Y+p 1 'Z, ■ 

C=pJX + q 1 'Y+r z 'Z, 


( 6 ) 

(?) 


where X>V/= r 1 + t 7 r(r 3 r 1 -i ? 2 ? 2 + r 1 r 2 ~-^3 ? 3) + (f ir) 2 D, N 


( 8 ) 


&C., ; 

where D is the determinant of the coefficients on the right side 
of equations (6), and D r that of the coefficients on the left.. 

The new system of coefficients p\ q\ v' will be symmetrical 
only when the system p, q , r is symmetrical, that is, when the 
coefficients of the form p are equal to the corresponding ones of 
the form q. 

436.] *The moment of the couple tending to turn the sphere 
about the axis of x from y towards 0 is found by considering 
the couples arising from an elementary volume and taking the 
sum of the moments for the whole sphere. The result is 
L = (yB— fiC) 

= iPi'Z 2 ~ ?/ + { r 2 “ r z) YZ+X (q s 'Z—p 2 'Y)}. (9) 


* [The equality of the coefficients p and q may be shewn as follows : Let the forces 
acting on the sphere turn it about a diameter whose direction-cosines are A, p, v through 
an angle 86 ; then, if W denote the energy of the sphere, we have, by Art. 486, 
—SV= §ira 3 {(ZB—YC)\ + (XC—ZA)n + (YA—3?J3)v}$6. 

But if the axes of coordinates be fixed in the sphere we have in consequence of the 
rotation 

$X = {Yv^Zp)86 } etc. 

Hence we may put 

-8W~§-na*(AtX + B8Y+C8Z). 

That the revolving sphere may not become a source of energy, the expression on the 
right-hand of the last equation must be a perfect differential. Hence, since A, B, C 
are linear functions of X, Y, Z, it follows that W is a quadratic function of X, Y, Z t 
and the required result is at once deduced. 

See also Sir W. Thomson’s Reprint of Papers on Electrostatics and JYCaanetism. 
pp. 480-481.] J 9 
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If we make 

X=0, Y—FcosQ, Z~F sin0, 

this corresponds to a magnetic force F in the plane of yz, and 
inclined to y at an angle 0 . If we now turn the sphere while 
this force remains constant the work done in turning the sphere 

r* 

will be / L d6 in each complete revolution. But this is equal to 

4 7i 2 a 3 P*(Pi-qi). (10) 

Hence, in order that the revolving sphere may not become an 
inexhaustible source of energy, = q{, and similarly p 2 = q( 
and p 3 ' = 

These conditions shew that in the original equations the co- 
efficient of B in the third equation is equal to that of G in the 
second, and so on. Hence, the system of equations is sym- 
metrical, and the equations become when referred to the prin- 
cipal axes of magnetization, 



£ = | .. /2 ^ . 3 , YZ . ( 12 ) 

(l + |Trr 2 )(14-|'7rr 3 ) v ' 

In most caches the differences between the coefficients of 


magnetization in different directions are very small, so that we 
may put, if r represents the mean value of the coefficients. 


Z = 1 7r a 3 7 -- - - - — F 2 sin 2 6. (13) 

(1+|tt rf v 1 

This is the force tending to turn a crystalline sphere about 
-the axis of x from y towards 0 . It always tends to place the 
^Lxis of greatest magnetic coefficient (or least diamagnetic co- 
efficient) parallel to the line of magnetic force. 

The corresponding case in two dimensions is represented in 
IFig. XVI. 

If we suppose the upper side of the figure to be towards the 
cxorth, the figure represents the lines of force and equipotential 
surfaces as disturbed by a transversely magnetized cylinder 

von. IX. 3T 



00 MMiXI.ru* l-K' *1 I I w • ' X 

placed with the north m.U* Th ’' ,v '' * t ' , ‘' ^ ' *' *“ i 

to tun. inen ,n.l to n,.th l^- ; , ^ ‘ - ». 

Ire,.!, action of a .*viu,i,r „f a — - 

which has a larger c«.hH,,. „« of >»• iurn.n a =- ^ , 

north-cast to south-west than nh-ug m> ’** „ ’ * * 

south-east. The dotted line within n„ » 

linos of imluctmu ami tl»> njusj«>te»*ti.» 5 ‘ * n 

case are not at right angle* to • »«d. other . I - - *«’* • - a! ‘ 
on the cylinder tends evidently U> t«i.u u «*•'«> '«* 

437.] The case of an ellipsoid placed mat' : - ’>< •* • *», *»»„, 
parallel magnetic three has I**.-,, solved ><> • 
manner by Poisson, 

If T is (ho potential Rt the **■ $■ *'• ,,1 “’ ,M %Ut ’’ t?*** 1 ** 

,, ft* 

tion of a l Haly of any form uf uniform •><*»**) . . «*«»» ^ 

ia the potential of the magnetism of the wui»« h* It »f wtufoMuly 
magnetized in the direction of -r with th« itilnmiy 7 - ,* 

For the value of - '[* nt any point »» s3 »-' »»«*» ,-f th*. 
tlx 

value of V, the potential of the l«*ly. »)«*■> <• * *■' 

the potential when the body i» nn«v.d 

of 


hir/ 

m I lx> « | * f «vr % | * *•£ ^ 


If wo HUppoHi'd tin* hm\y *hilV4 through «U*umw*» ■■ *> 
and its density changed fr»»m *» l«* #» dh.*£ ** **> mt t t«***i«* m f* 

j f ^ 

repulsive instead of nttmr!»vr umiirr^ ^ w*ml4 W 

the potential due U* tin* two hmhm, *» 

Now consider any elementary |**fiiw*i *4 «!»<* *u4Rt*4««it»§g 

at, volume da, Its «|uiuitity t» p4*\i*i*d Mfr»j^i#48i^ I* si t ir- 
is an element of tin* shift**! I*udy wlm* •jimt’a - it ■ •. 
distance Tho effect uf iti w«* I wo «di'tssrt«it u , **. »& >, * I# > 

that of a magnet of strength pkv wid length l# t 1 . ^ & mi% 

of luagnolmium is found i*y dividing maginriMi 
an element hy its volotuu. Tin? tmuh i# 
f/ f f 

Hence — . Sat is the nmginHic j- ■. ■ s t: t. •.% ,* . 

,3,/ ’ 11 t | | » 
notized with the intensity t >h je in tho 4 M > 4 ^ 

ia that of the hoily magtietixed with iniciMily f . 

This potential may !«* also cuts . . 

Tody was ahifkal through tlo- oi ii.ii. 
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— ~/i, Throughout that part of apace common to the hotly in it h 
two pomiions the denmfy in jmrn, fur, aa far m attraction in 
concerned* the two equal and opposite dcnaitina annihilate each 
other* There remain* therefore a tdudl of punitive matter on 
one aide and of negative mat h r on tin* other, and we tuny 
regard tin* modi ant potential na duo to thorn*. The thick uckh of 
tin* ahull at a point wh«nr tho normal drawn outwards make* 
an un^lo # with tho n%\n of >r in fi t rvm t and if* density in #»* 
Tho aurfaee-iieuaity in therefore pfhr eon «, am I* in tho ease in 

which tho potential in ^ * the mudoee dentdiy in pvxm «. 

in this way wo can find tho magnetic potential of any hotly 
uniformly magnetised parallel in a given direction, Now if 
this nnifonn nmgneiisiitioii in duo it* magnetic induction,. tho 
magnetising form at nil point* within tho body must also lm 

uniform and parallel. 

This force eonmni* of two pasta, one duo to external ohuhoh, 
and the other due to the magnetisation of the hotly* If there- 
fore the external magnetic force it* uniform and parallel, the 
magnetic force due to the m&gtu*Umikm must #d»o la* uniform 
and parallel for all point* witliirt tho kwly* 

lienee, in order that fids method rnay lend to a solution of 

i! l f 

tho pt ohh'in of magnotio imhmtkm, ^ must l«> a limmr function 

of tho oooniiimtoH rf, »/» s within tho Ixsly, ami thoroforo I' must 
Ihj ii <|im(imtio function of tho Poonlumto*. 

Now tho only oust s with which wo arc K<*|tmiuto<i in which I' 
is «, fjuiulmtio funotioii of tho coord mnto» within tho hotly nr«< 
those iii whioh tho hotly is liminUi’d hy a Ooinjiloto surfnoo of 
tho Hooond tlogri'o. mol th«' only rush in whioh mich n l«nly is of 
finito tlimotwiomt is whon it is nn ellipsoid. Wo shall thoroforo 
apply thu mothotl It* tho nun* of an ellipsoid. 

. v* a 3 

iM , <* + '[■»+ 1 C) 

1»« tin* mjtmtinn of the ollijwohi, ami lot 4* tt tionoio tho definite 

integral 

r - . •"**> . ... . ,,, 

Jw «/(♦!* f 4 s 4 ^ 


Bm Thmmm mh! 1W* NMmmi % # | lii ¥ i»*I KMtkm* 

r a 
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Thon if we make 

L = 4ir«6f 
d(a i ) 


M ~ -I 


«M\ 


■! I* 


the value of the potential within the ellipsoid « 


ill 1, 


l r P lLr i i M<i* * A".; 3 ' > fosnt 

u *“ 2 V 


1 


If the ellipsoid in magnetized with unif.-im »num 
direction making angina whoae n>«uwi are h » .* 
of X , y, a, ho that the conipi un ntx *.f nmgueliMiv n a * • 

A * It, II lm. »’ 

tho potential duo to thin niagiieti/Ation « .1! :n th< 

Will bt) ii ss — / (1,1 A- i M m y t A nf % 

If tho external magnetizing force u .*y, and tf ii.« <•« 

are X, 7 , Z, its potential will U< 

r * r ;/ iZ 4 im 

The components of the Actual uiagt»rti«ing f«t.v .»>. ** . j , )»t 

within the body are therefore 


i Ao > 1 
» -V* 
IK'IiIa 


A’ + J* * //.V, 


. 1 

f * 

Tho most general relations Mw«. 

All illt’ 

! ? £■; 

:%!» ‘Si mi 3 4 

tho magnetizing force are givm 1 

• V llitr 

it's 


involving nine coefficients. It in n« 

, 

lion 8‘ % -f- « 1 

:,n 

to fulfil the condition of the e«*nv f 

'* Att«»f» 

rsf rftr* j,** 

» . m 

tho case of magnetic induct inn three 

i»f ill*': 


b *0 * 4 - 1 " 4 ^| 

respectively to other three. *<» that b« 

aIiouM 

im % r> 


A ss k j ( A A /. 1 * 5 { l 4 ll\l ’ 




B = / ;i (X + Al,)^jY t HSfi 

4 "' i if 

♦ * \vy . 

| 

0 » K' t (X + AL) t *’,(}' ♦ Ifjtf) 

* *» 1/ 

4 m : » 



m 


From thoBo eijuationa wo may determine .1. /# ais 4 < 

oi X, F, /, and this will give the »«*wt g<*M«d <w»Un ■...»> tt»« 

problem. 

Tho potential outaido the .llijuMijd w d 5 t|*e„ |« 4 .,,. 

the magnetization of the *» 4 s, , ittv h , 

tne oxtom&l inagtiotte fufc*#, 

488.J I’he only ease of practical ini}«»rtauir« «» tj«a , n 

S* Jf, # g » * || ( 
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We have then 


A = 
B = 
0 = 


l — Kj L 


k 0 M 


( 10 ) 


\—K 3 N 


If the ellipsoid has two axes equal, and is of the planetary 
or flattened form, a 


Vi — < 




vT 


■ sm“^ ) 3 


M=F, 


-27 r (- 


v 1 — e 2 


^ -) 

ps / 


If the ellipsoid is of the ovary or elongated form, 


a = 6 = \/l — 


6TC ; 


x = jf=- 2w f4-±3|:iogi±f) 

2« 3 ° I - 


2e 3 °l-«' 

1 , 1+e 


( 11 ) 

( 12 ) 

(13) 

(14) 

# 

(16) 


JV=-4^(^-l) (-log — -!). 

In the case of a sphere, when 6=0, 

L = M = jar = — |-7r. 

In the case of a very flattened planetoid L becomes in the 
limit equal to — 4 tt, and M and N become 

c 

In the case of a very elongated ovoid L and M approximate 
to the value — Ztt, while N approximates to the form 


^%( lc 


2c 

a 


l )> 


and vanishes when e = 1 . 

It appears from these results that — 

(1) When k, the coefficient of magnetization, is very small, 
whether positive' or negative, the induced magnetization is 
nearly equal to the magnetizing force multiplied by k, and is 
almost independent of the form of the body. 

(2) When /c is a large positive quantity, the magnetization 
depends principally on the form of the body, and is almost 
independent of the precise value of k, except in the case of a 
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longitudinal force acting on an ovoid so elongated that JSTk is 
a small quantity though k is large. 1 

(3) If the value of jc could be negative and equal to — we 

should have an infinite value of the magnetization in the case 
of a magnetizing force acting normally to a flat plate 01 * disk. 
The absurdity of this result confirms what we said in Art. 428. 

Hence, experiments to determine the value of k may be made 
on bodies of any form, provided k is very small, as it is in 
the case of all diamagnetic bodies, and all magnetic bodies 
except iron, nickel and cobalt. 

If, however, as in the case of iron, /c is a large number, 
experiments made on spheres or flattened figures are not 
suitable to determine k; for instance, in the case of a sphere 
the ratio of the magnetization to the magnetizing force is as 
1 to 4*22 if k = 313, as it is in some kinds of iron, and if k were 
infinite the ratio would be as 1 to 4*1-9, so that a very small 
error in the determination of the magnetization would introduce 
a very large one in the value of k. 

But if we make use of a piece of iron in the form of a 
* very elongated ovoid, then, as long asJ/c is of moderate value 
compared with unity, we may deduce the value of /c from a 
determination of the magnetization, and the smaller the value 
of A the more accurate will he the value of k. 

In fact, if Fk. he made small enough, a small error in the 
value of A itself will not introduce much error, so that we 
may use any elongated body, such as a wire or long rod, instead 
of an ovoid *. 

We must remember, however, that it is only when the 
product Fk is small compared with unity that this substitution 
is allowable. In fact the distribution of magnetism on a long 
cylinder with flat ends does not resemble that on a long 
ovoid, for the free magnetism is very much concentrated 
towards the ends of the cylinder, whereas it varies directly as 
the distance from the equator in the case of the ovoid. 

The distribution of electricity on a cylinder, however, is really 

iparable with that on an ovoid, as we have already seen 
152. 

results also enable us to understand why the magnetic 

' s are used their length should be at least 300 times their diameter.} 
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moment of a permanent magnet can ho made so much greater 
when the magnet ban an elongated form* If wo were to 
magnetize a disk with intensity / in a direction normal to 
its surface* and than leave it to itself, the interior particles 
would experience a constant demagnetizing form equal to *lW, 
and thin, if not sufficient of itself to destroy part of the mag 
netization, would noon do ho if aided by vibrations or changes 
of temperature 

If wo worn to magnetize a cylinder transversely the domag- 
noticing force would ho only 2 n /. 

If tho magnet worn a sphere the demagnetizing force would 

ho it /. 

in a clink magnetized transversely tho demagnetizing force is 

v u ~ I\ and in an elongated ovoid magnetized longitudinally it 

(t tt u l£r 

in leant of all* being \ it ^ / log ^ . 

Hence an elongated magnet i a Iona likely to lose tin magnetism 
than a .short think one. 

The moment of the form noting on an ellipsoid having 
different magnetic coefficients for the three axe* which tends 
to turn it about the axis of *r, m 


| ire die { HZ — (/ K) ss 


it 


*Y.) 

-R^J/jlt - * a *Vf 


linnets if Kg and K a are ftmtiil, this force will depend principally 
on the erystidline quality of th« body and not m% its *ha|a«, pro- 
vided its dimontdorm are not very unequal, but if #3 and * a are 
considerable, m in the case t*f iron, the force will depend 
principally on the shape of the body, and it will turn mi m 
to set its longer axis parallel to the lines of force. 

If a sufficiently strong, yet uniform, fhdd of magnetic force 
could \m obtained, an elongated isotropic diamagnetic Imdy 


* { This iieigtielk? fora* i» tin? M#k — X ♦ A L 

X 

md fttaot h «»4w In ilil« «•% tt»# nMftgnvlki fmm It 

X 

Ulif* 

Than iiit nifttfiwtiit inti wtltm Uif»r§fl* tit# 4M I# I, tire Vila# It wank! ti* v* In tit* air 
if th« dink warn mavfwA , } 
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would also set itself with its longest dimension parallel to the 
lines of magnetic force *. 

439.] The question of the distribution of the magnetization of 
an ellipsoid of revolution under the action of any magnetic 
forces has been investigated by J. Neumann f. Kirchhofft has 
extended the method to the case of a cylinder of infinite length 
acted on by any force. 

Green, in the 3 7th section of his Essay, has given an investiga- 
tion of the distribution of magnetism in a cylinder of finite 
length acted on by a uniform external force X parallel to its axis. 
Though some of the steps of this investigation are not very 
rigorous, it is probable that the result represents, roughly the 
actual magnetization in this most important case. It certainly 
expresses very fairly the transition from the case of a cylinder 
for which k is a large number to that in which it is very small, 
but it fails entirely in the case in which * is negative, as in 
diamagnetic substances. 

Green finds that the linear density of free magnetism at a 
distance x from the middle of a cylinder whose radius is a and 
whose length is 2 Z, is 

px px 

Q g CL 

A = VKXpa— 1 — — ± , 
e a +e~* a 


where p is a numerical quantity to be found from the equation 

The following 

0-231863 — 2 log. p+ 2>n = — — . 

*** 1 TIKp* 

are a few of the corresponding values of p and 

K 


K. 

Z> 

00 

0 

ll'-802 

0-07 

336-4 

0-01 

9-137 

0-08 

62-02 

0-02 

7-517 

0-09 

48-416 

0-03 

6-319 

0-10 

29-476 

0-04 

0-1427 

1-00 

20-185 

0-05 

0-0002 

10-00 

14-794 

0-06 

a-oooo 

00 



negative 

imaginary. 


the IrsfDowrtf ? t^. ds °“ the sq . uare of the forces investigated in § 440 depend upon 
wiU exeeptTn eLeSr 06 * 18 8ma “ for Magnetic bodies the latter fovZ 

bd. „. P .« ( 18 18 r —** *• 
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When the length of the cylinder is great compared with its 
radius, the whole quantity of free magnetism on either side of 
the middle of the cylinder is, as it ought to be, 

M = ira 2 kX. 

Of this on the flat end of the cylinder*, and the distance 

of the centre of gravity of the whole quantity M from the end 


of the cylinder is - ■ 

V 

When ac is very small p is large, and nearly the whole free 
magnetism is on the ends of the cylinder. As k increases p 
diminishes, and the free magnetism is spread over a greater 
distance from the ends. When k is infinite the free magnetism 
at any point of the cylinder is simply proportional to its distance 
from the middle point, the distribution being similar to that of 
free electricity on a conductor in a field of uniform force. 

440.] In all substances except iron, nickel, and cobalt, the 
coefficient of magnetization is so small that the induced mag- 
netization of the body produces only a very slight alteration of the 
forces in the magnetic field. We may therefore assume, as a 
first approximation, that the actual magnetic fore© within the 
body is the same as if the body had not been there. The super- 
ficial magnetization of the body is therefore, as a first approx- 
imation, k where— ^ is the rate of increase of the magnetic 


potential due to the external magnet along a normal to the 
surface drawn inwards. If we now calculate the potential duo 
to this superficial distribution,, we may use it in proceeding to a 
second approximation. 

To find the mechanical energy due to the distribution of 


* {The quantity of free magnetism on the curved surface on the positive side of the 
cylinder 

= j \dx= ira?/c3£ ^1 — sech 

The quantity on the flat end, supposing the density to he the same as on the curved 
surface when x = l, is incXpa ± . pi 2 

— ■ tanh • wr. 

2ira a 


Thus the total quantity of free magnetism is 

irattcX ^1 — sech “ + tanh 
When pi fa is large this is equal to 
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magnetism on this first hj*j*n 
integral • ' 


M m:< :> i ? v ‘ 

»\in*Mo>n * ■ Ji - ;1 1 

!■: i I h v 

taken over the whole surfnc- *4 i5 “' , *' i ' % 
in Art. 100 that this is nptnl t*. th- 

, V ,‘ .i t ./>'* ■> 

»«-»///*«*■ ' ■ ■ 
taken through the whole space »••••■;;• »’-i 
the resultant magnetic h»ve, 


/•; 


It! 


.Iri 


Now since the work dene 1*.' ? h" 11 a - ! 
during a displacement is ^ ' " 1 ' * ’ ^ 

force in the direction of , and •>»*>••• 


j.XUlK r. 


>11 at ant. 


t-m-CfjJ'**"** u !" " 

which shown that tlm foiw flmritm ««n th- ifl 4V - 
of it tended to movo from jdium* wb‘^ ^ 1,1 v; i 
it in greater, with a force which **u »’*<■*,' nuA * ■ 

4 ti,li 
I * . ■ 


If k in negative, in* in dminngimue h4:< n 

Faraday first shewed, from t l*» 1:5 ' 

magnetic field, Must of tlm tmimn* >d«w*t*c i ,r, ri>< <* r; 
diamagnetic bodies dejiend on ihi* pn»j* U) . 

Sh t pi* ■* 

44 h] Ahmmt every part, of nmgtmlm nn>W 

navigation. Tim directive action of th« *’.**.* tb « m 

the compass-needlo in the only umUe*i of ftKokiiiisi,: 
course when tlm nun and star* arc hot TU-. *4 

noodle from tlm true meridian m**rnm4 at fit** t«* * Ki!»4rt 

to the application of tlm corn}***** v» i»%innii on. hut afu* 
difficulty had boon overcome |»y the cvm*inmt)**n *4 
charts it appeared likely that tlm drdinuts fill li?» *f '*» < U t A 
the mariner in determining hU *ht|»’i» |iin**«- 
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Tho groatont ditHtuilfy in navigation had idwaya boon to uhcit- 
taut tho longitudo ; htit ainrn tho dtudmutiun in dillhroni at. 
diiforonfc point* on tho tmuw {atmUtd of latitude, tut oimnrvatiun of 
tho dwTmation togothor with it knowlmign of tho latitude would 
iumldo tho marinor to lind Im pnaitiou on tho mnguntu* chart, 

Hut in rocont tiimai iron in m> Inrgidy mini in tho construction 
of ship* that it him become imporndb!^ to tom iho rout pint* at nil 
without taking into account tho notion of tho ahij*, m a magnetic 
body, on tho mwclhs 

To determine tho distribution of uittguctiam in a mmn of iron 
of any form undor the influence id tho earth V magnetic force* 
even though not wily octet! to mechanical at ruin or other disturb- 
ancon* ia, an wo have ami* n vary difficult problem. 

In thin mm\ however* the problem in simplified by tho following 
oonaidorationn. 

Tho oomjmpa m Hiipjawed to ho placed with its centre at a fixed 
point of tho ship, and mi far ftmu any iron that tho magnetUm 
of tho nootllo does not induoo any jwroptihlo magnetism in the 

whip. Tho nm* of tho Cinopasiu needle in Ml jijamotl so small that 
wo may regard tho ntitgiiHie fort** at every jsdniof tho floodlit m 
tin* name, 

Tho iron of tho whip in mipjamotl to l*e of two kind* only, 

(I) Hurd iron, uuignoti^d in n miwtaiit nmimiu*, 

{2 1 Soft imo, tho ni«gii«4imt ion of whtoh in induced by tho 
oarth nr other magnets, 

In nw'wtmmn wo fiiu»t admit that the Imrdoai iron in not only 
capable of induction hut that it limy hum part of its moralhni 
permanent fiifigiioti»fii*n in various way a 

Tho Hoftc*t iron m najmldo of retaining what \n called rcuidtntl 
magtioiimfion* Tho jtrttml pruj^rtief* of iron ran not lm iimtralidy 
represented by supposing if romjioiitidt^l of tho hard iron and 
tho an ft iron id *o vo tleflned, I Hit it Ima Uum found that when a 
midp in acted on only hy tho oarth** tiiugneiic force* and tint 
subjected to any oxtracirtlmary utrwa* of weather* tho atippofiitimt 
that tfm magnetism uf ilia ship in due partly to permanent mag* 
indication and j unity t» Imlmiimt lends to unffhdettily accurate 
romiltft whan «tppU**d to tho oorrootioii of tti*i ctmii****. 

Tho equation* on which tho tlmory of the variation of ib# 
etmtpMi is founded worn given hy l $ mmrn in the llftli volume of 
tho Mimmrm 4$ I'lnMiimi, p, §33 (lift). 
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The only assumption relative to induced magnetism ‘which, is 
involved in these equations is, that if a magnetic force X due to 
external magnetism produces in the iron of the ship an induced 
magnetization, and if this induced magnetization exerts on the 
compass needle a disturbing force whose components are X', 3 
Z\ then, if the external magnetic force is altered in a given ratio, 
the components of the disturbing force will be altered in the 
same ratio. 

It is true that when the magnetic force acting on iron is very 
great the induced magnetization is no longer proportional to the 
external magnetic force, but this want of proportionality is 
insensible for magnetic forces of the magnitude of those due to 
the earth’s action. 

Hence, in practice we may assume that if a magnetic force 
whose value is unity produces through the intervention of the 
iron of the ship a disturbing force at the compass-needle whoso 
components are a in the direction of x, d in that of ?/, and g in 
that of 2 , the components of the disturbing force due to a force JV 
in the direction of x will be aX , dX , and gX. 

If therefore we assume axes fixed in the ship, so that x is 
towards the ship’s head, y to the starboard side, and z towards 
the keel, and if X , F, Z represent the components of the earth’s 
magnetic force in these directions, and X\ Y\ Z f the components 
of the combined magnetic force of the earth and ship on the 
compass-needle. 


X' = X + aX + bY+cZ+P 9) 

Y / = Y+dX + eY+fZ+Q, l ( 1 ) 

Z’ = Z+gX+hY+kZ+lt) 

In these equations a, b, c, d, e,f, g, h, 7c axe nine constant co- 
efficients depending on the amount, the arrangement, and the 
capacity for induction of the soft iron of the ship. 

JP, Q, and It are constant quantities depending on tho per- 
manent magnetization of the ship. 

It is evident that these equations are sufficiently general if 
magnetic induction is a linear function of magnetic force, for 
they are neither more nor less than the most general expression 
of a vector as a linear function of another vector. 

It may also be shewn that they are not too general, for, by a 
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proper arrangement of iron, any one of the coefficients may be 
made to vary independently of the others. 

Thus, a long thin rod of iron under the action of a longitudinal 
magnetic force acquires poles, the strength of each of which is 
numerically equal to the cross-section of the rod multiplied by 
the magnetizing force and by the coefficient of induced magnet- 
ization. A magnetic force transverse to the rod produces a much 
feebler magnetization, the effect of which is almost insensible at 
a distance of a few diameters. 

If 'a long iron rod be placed fore and aft with one end at a 
distance x from the compass-needle, measured towards the ship’s 
head, then, if the section of the rod is A, and its coefficient of 
magnetization k, the strength of the pole will be AkX, and, if 

A = — , the force exerted by this pole on the compass-needle 

K 

will be aX. The rod may be supposed so long that the effect of 
the other pole on the compass may be neglected. 

We have thus obtained the means of giving any required 
value to the coefficient a. 

If we place another rod of section B with one extremity at 
the same point, distant x from the compass toward the head of 
the vessel, and extending to starboard to such a distance that the 
distant pole produces no sensible effect on the compass, the dis- 
turbing force due to this rod will be in the direction of x, and 

equal to , or if B = — , the force will be b Y. 

X tc 

This rod therefore introduces the coefficient b. 

A third rod extending downwards from the same point will 
introduce the coefficient c. 

The coefficients d ) e , / may be produced by three rods 
extending to head, to starboard, and downward from a point 
to starboard of the compass, and g , h, 1c by three rods in parallel 
directions. from a point below the compass. 

Hence each of the nine coefficients can be separately varied 
by means of iron rods properly placed. 

The quantities P, Q, R are simply the components of the 
force on the compass arising from the permanent magnetization 
of the ship together with that part of the induced magnetization 
which is due to the action of this permanent magnetization. 

• A complete discussion of the equations (1), and of the relation 
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between the true magnetic course of the ship tmA the vnnmv 
as indicated by the compass, in given by Mr, A rehibald South in 
the Admiralty Man unf at the Ik nation the t 

A valuable graphic method of invent igut ing Mm problem o* 
there given. Taking a fixed point m origin, a him i* diawn 
from this point representing in direction and umgnif mb-* the 
horizontal part of the actual magnetic force on the rompa**. 
needle. Ah the ship is swung round mi a * t«» hung her h«<ttd 
into different azimuths in succession, the extremity **f thin line 
describes a curve, each point of which correipomh iu n pur. 
ticular azimuth. 

Such a curve, by means of which the direction and magnitude 
of the force on the compass is given in term* of the magnetic 
course of the ship, is called a Dygogram. 

There are two varieties of the Dygograin. In Mm fimt, the 
curve is traced on a plane fixed in spare m the Mop turns 
round. In the second kind, the mtrvo in traced on a plain- 
fixed with respect to the ship. 

The dygogram of the first kind is the of 

that of the second kind is an ellipse. For the elicit ruction 
and use of these curves, and for many theorems u,n mt* -renting 
to the mathematician as they are important to the navigator, 
the reader is referred to the Admiralty Mu nun! the lhrru$,U*m 
of the, (hmpim 
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WKHF.UH TIIKOKY OF INIUIOKO MAUNKTISM. 


Wr haw won that Poiaaon auppoaed flit* magnetization 
to eonaiat in a aopamthm of the magn**tie thii*S« within 
agnatic molecule* If we winh to avoid flu* nemmptum 
existence of magnetic fluidn* we may atnte the «une 
in another form, l*y Having that each tnsdemtle of the 
nit tin* magnetizing force acta on it, beaomcit a magnet. 
vn theory di flora from thia in ttmtnditg that the mole. 

the iron are a) way* magnet*, oven before the tipple 
»f the magnetizing tome* hut that in ordinary iron 
pan tin axon of the gmdnctiloa are turned imliflhrmtly in 
motion, no that the iron m a whole exhibits no magnetic 

OH. 

a magnetic form net# on tint iron it torn la to turn the 
the molomilim all in one direction, and #o to vmmo the 
% whole* to become 11 magnet, 

- mm of all the molecule* warn aet parallel to each 
m iron would exhibit the greatest intensity of mag 
n of which it \n capable* Henee \\*v\wr n theory implies 
ftncti of a limiting iittemdiy of itmgiietimti«ii # and the 
mini evidence that mini* n limit exiivta in therefore 
f to the theory* Experiment* allowing an approach 
ting vain© of inagiietimlion have been mmh by 4 utile*, 
•f, and Ewing and Low f. 

aimriinenta of IWti§ m electrotype Iron «loj»m*ited 

\nmfo t$f MkHrlmty* iv, |», lit, Ilia ; PM* M*$* 1 4 1 lit a. fit 
t Pega * Am, kit*, |i* Wt liia 

Trim*. tili* A, it, fttli. | pugg, #.*i !.»«#, 


80 weber’s theory oe induced magnetism. [ 44 2 * 

under the action of magnetic force furnish the most complete 
evidence of this limit : — 

A silver wire was varnished, and a very narrow linn on the 
metal was laid bare by making a fine longitudinal scratch on 
the varnish. The wire was then immersed in a solution of a 
salt of iron, and placed in a magnetic field with the scratch 
in the direction of a line of magnetic force. By making the 
wire the cathode of an electric current through the solution, 
iron was deposited on the narrow exposed surface of tho wiro, 
molecule by molecule. The filament of iron thus formed was 
then examined magnetically. Its magnetic moment was found 
to be very great for so small a mass of iron, and when a power- 
ful magnetizing force was made to act in the same direction 
the increase of temporary magnetization was found to be very 
small, and the permanent magnetization was not altered. A 
magnetizing force in the reverse direction at once reduced tho 
filament to the condition of iron magnetized in the ordinary way. 

Weber’s theory, which supposes that in this case the mag- 
netizing force placed the axis of each molecule in the same 
direction during the instant of its deposition, agrees very well 
with what is observed. 

Beetz found that when the electrolysis is continued under 
the action of the magnetizing force the intensity of magnet- 
ization of the subsequently deposited iron diminishes. The 
axes of the molecules are probably deflected from tho line of 
magnetizing force when they are being laid down side by side 
with the molecules already deposited, so that an approximation 
to parallelism can he obtained only in the case of a very thin 
filament of iron. 

If, as Weber supposes, the molecules of iron are already 
magnets, any magnetic force sufficient to render their axes 
parallel as they are electrolytically deposited -will be sufficient 
to produce the highest intensity of magnetization in the de- 
posited filament. 

If, on the other hand, the molecules of iron are not magnets, 
but are only capable of magnetization, the magnetization of the 
deposited filament will depend on the magnetizing force in the 
same way in which that of soft iron in general depends on 
it. The experiments of Beetz leave no room for the latter 
hypothesis. 
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44,1.] Wo shall now nsHumc, with Weber, that in every unit 
of volume of the iron tier© nr** a magnetic molecule^ and that 
the magnetic mniiM*nt uf ouch In m. If the axon of nil the 
molcculcH wort* placed parallel to one another, tin* magnetic 
moment uf the unit of volume won 14 l»o 

M ii m , 

ami thin would ho flu* great u*t intensity of umgnetr/ati<m of 
which the iron in capable. 

In the uuumgnetbed state of ordinary iron Weber supposes 
the axes of it - h molecules to ho placed indifferently in all 

directions. 

To c xprewi this* wo may suppose a sphere to he described, 
and a rinliun drawn from tin* centre parallel to the direction 
of the axis of each of the n molecules, The distribution of the 
extremities of these radii will represent that of the axes of the 
molecules, In the case of ordinary iron these a points are 
equally distributed over every part of the surface of the sphere, 
ho that the number of moleruh h whose fixes make tut angle Jew 
than ct with the axis of r in 

(I — e<*$ eh 
2 1 

and the number of molecule** whose axes make angles with that 
of it between ** and a $ dm m therefore 

ii . * 

t| nm *»««, 

m 

This m the arrangement of the moleculea in a piece of iron 
which lint! never been magnet ixed. 

lad* uh now suppose that a magnetic force X is made to 

act on the iron in the direction of the axis of it, and let m 
consider a molecule whose axis was originally inclined u to the 
ax in of ax 

If this molecule m jterfeelly free to turn* it will place itself 
with ite axis jmmllel to the avia of *r t and if all the tmilmtlm 

did ho, the very a tightest magnet i/Jng force would l»c found 

miftiment to develope the very highest degree of magnet iaaliusi. 
This, howover, in not the rase. 

The molecule* do not turn with their axes parallel to m, and 

thin in either heeattite each tnolecitb in acted «n by a fom* 
tending to preserve it in ita original direction, or Umtmm an 
vou it, u 
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equivalent effect is produced by the mutual action of the entire 
system of molecules. 

Weber adopts the former of these suppositions as the simplest, 
and supposes that each molecule, when deflected, tends to return 
to its original position with a force which is the same as that 
which a magnetic force D, acting in the original direction of its 
axis, would produce. 

The position which the axis actually assumes is therefore 
in the direction of the resultant of X and D. 

Let APB represent a section of a sphere whose radius re- 
presents, on a certain scale, the force D. 

Let the radius OP be parallel to the axis of a particular 
molecule in its original position. 




Let SO represent on the same scale the magnetizing force X 
which is supposed to act from S towards 0. Then, if the mole- 
cule is acted on by the force X in the direction SO, and by a 
force D in a direction parallel to OP, the original direction of 
its axis, its axis will set itself in the direction SP, that of the 
resultant of X and ZL 

Since the axes of the molecules are originally in all directions, 
P may bo at any point of the sphere indifferently. In Fig. 5, 
in which X is less than D, SP, the final position of the axis, 
may be in any direction whatever, but not indifferently, for 
more of the molecules will have their axes turned towards A 
than towards B. In Fig. 6, in which X is greater than D, the 
axes of the molecules will be all confined within the cone TSIT' 
touching the sphere. 

Hence there are two different cases according as X is less or 
greater than Z. 
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Lot a = AOP, tlio original inclination of the axis of a mole- 
cule to the axis of x. 

0 = ASP, tho inclination of the axis when deflected by 
the force X. 

ft = ft WO, tho angle of deflexion. 

SO = X *, the magnetizing force. 

OP = J\ the force tending towards the original position. 
SP = /£, the resultant of X and D. 
m = magnetic moment of the molecule. 

Then tho moment of tho statical couple clue to X, tending to 
diminish the angle 6 y is 

mL = mXsin 0, 


and the moment of the couple due to I), tending to increase 6 , is 

mL =? mJ) sin ft. 

Equating these values, and remombcring that ft = a — 0, we find 

D sin a 


tan 0 = 


X 4- 1 ) 008 a 


(i) 


to determine tho direction of tho axis after deflexion. 

Wo have next to find the intensity of magnetization produced 
in the mass by the force X, and for this purpose we must 
resolve tho magnetic moment of every molecule in the direction 
of x, and add all those resolved parts. 

Tho resolved part of tho moment of a molecule in the direc- 
tion of x is m 008 e. 

Tho number of molecules whoso original inclinations lay 

between a and a + da is n 

~ein a da. 

2 


We have therefore to intograto 

/= r m J ! ‘ cob 6 Bin ada, ( 2 ) 

Jo * 

remembering that 0 is a function of «. 


* (The foreu noting on ft magnetic) pole inside a magnet i* indefinite, depending 1 on 
the shape of the cavity in which tho pole is placed The force X is thug indefinite, 
for since wo know nothing about the shape or disposition of thou© molecular magnets 
there does not seem any reason for assuming that the force is that in a cavity of on© 
shape rather than another. Thus it would seem that unless further assumptions ar© 
mad© we ought to put X X 0 + pi, where X 9 m the external magnetic force and p a 
constant, of which all w© can say is that it must lie between 0 and 4 ir. This uncertainty 
about the value of X is the mar© embarrassing from the fact that in iron I is very 
much greater than X a , ip that the term about which there is the uncertainty may he 
much the more important of the two, j 
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We may express both 6 and a in terms of R, and the ex- 
pression to be integrated becomes 

-4^(X 2 + X*-D*)dR, (3) 

the general integral of which is 

~W^^ + 3Xt - 3 D%) + G ' ( 4 > 

In the first case, that inrwhich X is less than JD, the limits of 
integration are from R = 2)4 X to iJ = D — X. In the secomd. 


case, in which X is greater 
R=:X + I>tQR=:X-I > . 

than D, the 

limits are 

from 

When X is less than D, 

T 2mu 

1 ~ 3 D X ' 

(5) 

When X is equal to D, 

r 2 

1 = - run. 

O 


(6) 

When X is greater than D, 

I = mn (X 

1DK 

"3IV’ 

<7) 

and when X becomes infinite, 

I = mn. 


( 8 ) 


According to this form of the theory, which is that adopted 
by Weber*, as the magnetizing force increases from 0 to D, the 
magnetization increases in the same proportion. When the 
magnetizing force attains the value D, the magnetization is 
two-thirds of its limiting value. When the magnetizing force 
is further increased, the magnetization, instead of increasing 
indefinitely, tends towards a finite limit. 


The law of magnetization is expressed in Fig. 7, where the 
magnetizing force is reckoned from 0 towards the right, and the 



* There is some mistake in the formula given by Weber, Abhandlungen dear Eg. 
Sachs-G-esellschaft der Wissens. i. p. 572 (1852), or Pogg., JLnn., lxxxvii. p. 167 (18520, 
as the result of this integration, the steps of which are not given by him . His formula. 


is 


_ X X* + tX*Z> a + -t.Z> t ' 

1 mn X'+X'JD' + D' 
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magnet ixat ion in expressed hy the vertical ordinates. Welter's 
own experiments give results in satisfactory accordance with 
thin law, It *i4 probable, however, that the value of /) in tint 
the same lor alt the molecules of the same pirn* of iron, so that 
the transition from tin* straight lino from O to E to ilto curve 
beyond E may not ho m abrupt m U horo represented. 

4-44, ) Tim thorny in thin form i von no account of the residual 
magnet i/athm which in found to exist after the magnetizing 
force in removed, 1 ha vo therefore thought it desirable to 
examine tho results of making a further assumption relating to 
the conditions under which the position of equilibrium of 11 
molecule may he permanently altered, 

l*nt us suppose that the axis of a magnetic molecule, if de- 
flected through any angle t 4 less than d tP will return to its 
original jamitioit when the deflecting force is removed, hut that 
if the deflexion exceeds ,i a , then, when the deflecting force m 
removed, the axis will not return to its original position, hut 
will l*e permanently deflected through an angle ft «*/$„, which 
may he called the jtermaneut mt of the molecule *, 

This assumption with resjusst to the law of molecular de- 
flexion in not to lie regarded as founded t»n any exact knmvlot Ige 
of the intimate structure of bodies, hut m adopted, in our 
ignorance of tfie true state of the ease. m an assistance to the 
imagination in following out the sjmculfttion suggested by 
Wetmr. 

1 44 J* ^ /^sin/h** {If) 

then, if the moment of the couple aiding on it molecule in 
less than m l u there will tie no permanent deflexion, hut if it 
exceeds m it there will l*u a permanent change of the position of 
equilibrium* 

To trace the results of this supposition, dcscrtls* a sphere 
whose centre is U and radius UL ■ /#, 

Am tong as X is less than I* everything will l» the same as 
in Ifni cas« already ooticudcrsU, hut as soon as ,Y «xe*s*la f# it 
will begin to produce a permanent deflexion of wane of the 
molecules, 

hut us hike the case of Fig, H, in which X m greater than h 
hut hm than $h Through H as vertex draw a double cone 

* 1 41*» tm\\$ mud# % mmm attl lu It# Una la ifcl* |*riig¥ii|4»» 

Uui ilmi wmitirkM In Hip fm&mi# U* At* Itfk) 
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touching the sphere L , Let this cone meet the sphere D in P 
and Q. Then if the axis of a molecule in its original position 
lies between OA and 0P 3 or between 03 and OQ , it will be 



Fig. 8. 



deflected through an angle less than f3 0 , and will not be perma- 
nently deflected. But if the axis of the molecule lies originally 
between OP and OQ, then a couple whose moment is greater 
than L will act upon it and will deflect it into the position SP, 
and when the force X ceases to act it will not resume its 
original direction, but will be permanently set in the direction 
OP. 

Let us put 

L = X sin 0 o where 0 Q = PSA. or QSB, 
then all those molecules whose axes, on the former hypothesis, 
would have values of 0 between 6 0 and 7 r — 0 o will be made to 
have the value 6 0 during the action of the force X. 

During the action of the force X, therefore, those molecules 
whose axes when deflected lie within either sheet of the double 
cone whose semivertical angle is 0 o will be arranged as in the 
former case, but all those whose axes on the former theory 
would lie outside of these sheets will be permanently deflected, 
so that their axes will form a dense fringe round that sheet of 
the cone which lies towards A. 

As X increases, the number of molecules belonging to the 
cone about B continually diminishes, and when X becomes 
equal to JD all the molecules have been wrenched out of their 
former positions of equilibrium, and have been forced into the 
fringe of the cone round A , so that when X becomes greater 
than D all the molecules form part of the cone round A or of 
its fringe. 
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Wlif'n t li* • force X in removed, then in the cane in which X in 
lens than h evrty thing returna to its primitive Mtaio. When X 
t !4 I H't-Wn'ii h tuitl tK then them in a tame round A wlnme angle 

MU* 

iitiil another cone round H whtmo angle 

nint^ i Ki 

Within these nmc-M the hx cm of the molecules are distributed 
uniformly. Hut all the molecules, the original direction of 
whoso awn lay otilHsdo of hot h these couch, have I teen wrenched 
from their primitive {Mmitiotia and form a fringe round the nmr 
nhcmt A 

If *V ii greater than IK then the none round H in completely 
dispersed, and nil Urn molecule* winch formed it are converted 
into the fringe round A t and are inclined at the angle 

44 fkf Treating this case in the mum' way nn before we find 


* fTHo riwtU* givim In ili»» l*»il m»y W mUummM, with alight fnor*j»tiim, l*y 

il*p Wt»w, ih« tuiomriti *»f ili«* theory iif Art. IM m 

: Th*i ei» *4 ft mugiMHi# Uiulrt ulrt, if jiuflw’tinl thrmtgls jmi iOigi# #1 ihfttt a*, 

will trlntii O* il# I'tiipmU whett ihr ileflwtlllg f»»r*?# la lm| vi }»«•»» 

| lift «ir.tl®ul*4* rtr«MP'«U If, U»« f«»fr»o IwiiUillg 0* thr> #ivr>« Wny nipt 

iMirmiO tl**» i*imWu!» f«» 1*« #MWl*4 itit** lli« *nsn» itimrUuit m lh»*ui whuM* *tf4lr»«|*m 
• •ft,, ****«! t)m *trf|r<-Utis| fufr** i* r<mi**% > **4 lf*r* tnW# t||» ii iUr«*’tlim 

|««%r%Urt u* ilml th» stixhwwle whmm mm ff,* Thi* m*y l*t* 

mU«?4 |H*» jNprii»«n»*»l *#! *4 lt*» 

In iti» i 'mm ,¥>/#</■*, lh*» § fur lti*» wwfiwtk? twomwiU «i*i(i»Uin «f tw«* 

purl*, lUct flrui »tf wt*i*»l* 4* 4 wp 1« ih« imitwiitw* withm flit* mm** 4 01% H**Q, *ttil in i*i 
hv fount! firvolw’ly in Ait, 44*1, «lu« iwgftfU t*#Uig h*l *«» lh«* Jliiiin* uf 
Inferring a* 1%,’ H w» titul f*»r lie* *mmn l |**rl, l« ifif* ulmv# »»f 

Hie , 

, 1|t i*nij«iiii«n i*f (Jt* HA 

I# t'l M * 

Tim %m» fml* a^lti m mtlmn give lt»# n»*ull Is* ill# 

WIihi X >/# # file iiilpgi#! wmifia *4 lw*« jiirt*, «n# «*f %vt*i#li U U* t# lakim 
Ih# *»«!*« J«4l* m» in Art, 4 IS. Tt*# ##* **#*» I jm^fc in, ■ Hg, W , 

. » .#* tVi»|wlM» **i 114***11 114 

I mtmnm AS t *H . 

1 at 

Tli« *4 4 In it»l# wh*w *Utf»oi a«si* tl*# givni *»* iIip i#ti 


I ii til** ttiioi l«n** t v|#„ : we leer# tli*»n 


The effeel *-»f ill in 


1 i * , # 1 f 1 

« .r* ,,f *s v 

ehtMige mm %tm **f nmmrimi vulise* givei* In tin* t#U will h« ihel when »f ** i* 

f it, the r«f?#*|*Mmltns tftinws **f / wit) W t»«# f IU 7 , PHtf,. Thmm elmnge* *I« »«l 
alter ih«i mkMmter mf the mwm «*f Te*ttf««mry §fiv#fi f« 

Wg, li» 

t f ti» tfttn# ef f In the %mm **f Fig, i In 
v f4CC ' 

4 #n » I I Mil <i mtim ♦ I •!» « «h4« 

Th» viktiw **f r In til# «f fig, I tnny he fminil In Uh« J 
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for the intensity of the temporary magnetization during the 
action of the force X , which is supposed to act on iron which, 
has never before been magnetized, 


When X is less than Z, 


When X is equal to Z, 

When X is between Z and D, 
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When X is greater than D, 
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When X is infinite, J = if. 

When X is less than Z the magnetization, follows the former 
law, and is proportional to the magnetizing force^ As soon as 
X exceeds L the magnetization assumes a more rapid rate of 
increase on account of the molecules beginning to be transferred 
from the one cone to the other. This rapid increase, however, 
soon comes to an end as the number of molecules forming the 
negative cone diminishes, and at last the magnetization reaches 
the limiting value M* 

If we were to assume that the values of Z and of Z> are 
different for different molecules, we should obtain a result in 
which the different stages of magnetization are not so distinctly 
marked. 

The residual magnetization, I\ produced by the magnetizing 
force X, and observed after the force has been removed, is as 
follows : 

When X is less than Z, No residual magnetization. 

When X is between L and JD , 


Z' = 


When X is equal to Z), 
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The curve of residual magnetization begins when X = X, and 
approaches an asymptote whose ordinate = -81 M. 

It must be remembered that the residual magnetism thus 
found corresponds to the case in which, when the external force 
is removed, there is no demagnetizing force arising from the 
distribution of magnetism in the body itself. The calculations 
are therefore applicable only to very elongated bodies magnet- 
ized longitudinally. In the case of short thick bodies the 
residual magnetism will be diminished by the reaction of the 
free magnetism in the same way as if an external reversed 
magnetizing force were made to act upon it 

446.] The scientific value of a theory of this kind, in which 
we make so many assumptions, and introduce so many adjust- 
able constants, cannot be estimated merely by its numerical 
agreement with certain sets of experiments. If it has any value 
it is because it enables us to form a mental image of what takes 
place in a piece of iron during magnetization. To test the 
theory, we shall apply it to the case in which a piece of iron, 
after being subjected to a magnetizing force X 0 ,is again sub- 
jected to a magnetizing force X r 

If the new force X 1 acts in the same direction as that in 
which X 0 acted, which we shall call the positive direction, then 
X 13 if less than X 0 , will produce no permanent set of the 
molecules, and when X 1 is removed the residual magnetization 
will be the same as that produced by X 0 . If X t is greater than 
X" 0 , then it will produce exactly the same effect as if X () had not 
acted. 

But let us suppose X r to act in the negative direction, and let 
us suppose X 0 = X cosec e Q9 and X x = - X cosec Q r 

* ^Consider the ease of a pieoe of iron subjected to a magnetic force in the positive 
direction which increases from zero to a value X 0 sufficient to produce permanent 
magnetization, then let the magnetic force diminish again to zero, it is evident that 
on the preceding theory the intensity of magnetization will in consequence of the 
permanent set given to some of the molecular magnets be greater for a given value of 
the magnetizing force when this force is decreasing than when it was increasing. 
Thus the behaviour of the iron in the magnetic held will depend upon its previous 
treatment. This effect has been called hysteresis by Ewing and has been very 
fully investigated by him (see Phil . Trans . Part II, 1885). The theory given in 
Art. 445 will not however explain all the phenomena discovered by Ewing, for if in 
the above case after decreasing the magnetic force we increase it again, the value of 
the intensity of magnetization for a value X 2 <X 0 of the magnetic lore© ought to bo 
the same as when the force was first decreased to X x . Ewing’s researches shew 
however that it is not so. A short account of these and similar researches will be 
given in the Supplementary Volume.] 
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As Xj increases numerically; 6 X diminishes. The first mole- 
cules on which X 1 will produce a permanent deflexion are those 
which form the fringe of the cone round A *, and these have an 
inclination when undeflected of 0 O 4-/3 O . 

As soon as becomes less than 9 0 + j3 0 the process of de- 

magnetization will commence. Since, at this instant, 9 t = 0 O + 2 fi 0 , 
X ly the force required to begin the demagnetization, is less than 
X 0 , the force which produced the magnetization. 

If the values of D and of L were the same for all the mole- 
cules, the slightest increase of X 1 would wrench the whole of 
the fringe of molecules whose axes have the inclination 6 0 + fi 0 
into a position in which their axes are inclined 0 x + /B o to the 
negative axis OB. 

Though the demagnetization does not take place in a manner 
so sudden as this, it takes place so rapidly as to afford some 
confirmation of this mode of explaining the process. 

Let us now suppose that by giving a proper value to the 
reverse force X x we have on the removal of X x exactly demag- 
netized the piece of iron. 

The axes of the molecules will not now be arranged indiffer- 
ently in all directions, as in a piece of iron which has never 
been magnetized, but will form three groups. 

(1) Within a cone of semiangle 6 X — /3 a surrounding the posi- 
tive pole, the axes of the molecules remain in their primitive 
positions. 

(2) The same is the case within a cone of semiangle 0 O — j3 0 
surrounding the negative pole. 

(3) The directions of the axes of all the other molecules form 
a conical sheet surrounding the negative pole, and are at an 
inclination 6 X 4 - j3 0 • 

When X 0 is greater than D the second group is absent. When 
X x is greater than JD the first group is also absent. 

The state of the iron, therefore, though apparently demagnet- 
ized, is different . from that of a piece of iron which has never 
been magnetized. 

To shew this, let us consider the effect of a magnetizing force 
X z acting in either the positive or the negative direction. ' The 
first permanent effect of such a force will he on the third group 


* {This assumes that in figs. 8 and 9 P is to the right of C.} 
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of molecules, whose axes make angles = 6 X + /3 0 with the nega- 
tive axis. 

If the force X 2 acts in the negative direction it will begin to 
produce a permanent effect as soon as 0 2 + /3 0 becomes less than 
B x + j3 0 , that * s > aB soon as AT 2 becomes greater than X x . But if 
X 2 acts in the positive direction it will begin to remagnetize the 
iron as soon as — fi 0 becomes less than -j- fi 0 , that is, when 
0 2 z= d 1 + 2/3 0 , or while X 2 is still much less than X x . 

It appears therefore from our hypothesis that — 

When a piece of iron is magnetized by means of a force A r 0 , 
its residual magnetism cannot be increased without the applica- 
tion of a force greater than X 0 . A reverse force, less than X 0 , 
is sufficient to diminish its residual magnetization. 

If the iron is exactly demagnetized by the reversed force X t , 
then it cannot be magnetized in the reversed direction without 
the application of a force greater than X x , but a positive force 
less than X x is sufficient to begin to remagnetize the iron in its 
original direction. 

These results are consistent with what has boon actually 
observed by Ritchie*, Jacobi f, Marianini J, and Joule §. 

A very complete account of the relations of the magnetization 
of iron and steel to magnetic forces and to mechanical strains is 
given by Wiedemann in his Oalvaimmus. By a detailed com- 
parison of the effects of magnetization with those of torsion, he 
shews that the ideas of elasticity and plasticity which we derive 
from experiments on the temporary and permanent torsion of 
wires can be applied with equal propriety to the temporary and 
permanent magnetization of iron and steel. 

447.] Matteucci || found that the extension, of a hard iron bar 
during the action of the magnetizing fore© increases its temporary 
magnetism % This has been confirmed by Wertheim. In the 
case of soft iron bars the magnetism is diminished by extension. 

The permanent magnetism of an iron bar increases when it is 
extended, and diminishes when it is compressed. 

* I>hiL MW- 1833. + Pogg., Ann., 81, 887, 1834. 

t Ann . de Chimin et de Physique, 16, pp. 436 and 448, 1846. 

§ Phil. Trans., 1856, -p. 287. || Ann. de Chimie et de J Physique, 68 , p. 886 , 1858. 

If J, Villari shewed that this is only true when the magnetizing fore© is less than a 
certain critical value, but when it exceeds this value an extension produces a 
diminution on the intensity of magnetization ; Pogg., Ann. 126, p. 87, 1866. 

The statement in the text as to the behaviour of soft iron bars does not hold for 
small strains and low magnetic fields. } 
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Hence, if a piece of iron is first magnetized in one direction, 
and then extended in another direction, the direction of magnet- 
ization will tend to approach the direction of extension. If 
it be compressed, the direction of magnetization will tend to 
become normal to the direction of compression. 

This explains the result of an experiment of Wiedemann’s. 
A current was passed downward through a vertical wire. If, 
either during the passage of the current or after it has ceased, 
the wire be twisted in the direction of a right-handed screw, the 
lower end becomes a north pole. 



Fig. 11. Fig. 12. 


Here the downward current magnetizes every part of the wire 
in a tangential direction, as indicated by the letters NS. 

The twisting of the wire in the direction of a right-handed 
screw causes the portion ABGD to be extended along the 
diagonal AG and compressed along the diagonal BJD . The 
direction of magnetization therefore tends to approach AG and. 
to recede from BD, and thus the lower end becomes a north pole 
and the upper end a south pole. 

Effect of Magnetization on the Dimensions of the Magnet. 

448.] Joule*, in 1842, found that an iron bar becomes length- 
ened when it is rendered magnetic by an electric current in a 
coil which surrounds it. He afterwards f shewed, by placing 
the bar in water within a glass tube, that the volume of the iron 
is not augmented by this magnetization, and concluded that its 
transverse dimensions were contracted. 

Finally, he passed an electric current through the axis of an 

* Sturgeon’s Annals of Electricity, vol. viii. p. 219. 
f Phil. May., xxx. 1847. 
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iron tube, and back outside the tube, so as to make the tube 
into a closed magnetic solenoid, the magnetization being at right 
angles to the axis of the tube. The length of the axis of the 
tube was found in this case to be shortened. 

He found that an iron rod under longitudinal pressure is also 
elongated when it is magnetized. When, however, the^rod is 
under considerable longitudinal tension, the effect of magnet- 
ization is to shorten it. 

This was the case with a wire of a quarter of an inch 
diameter when the tension exceeded (>00 pounds weight. 

In the case of a hard steel wire the effect of the magnetizing 
force was in every case to shorten the wire, whether the wire 
was under tension or pressure. The change of length lasted 
only as long as the magnetizing force was in action, no altera- 
tion of length was observed due to the permanent magnetization 
of the steel. 

Joule found the elongation of iron wires to be nearly pro- 
portional to the square of the actual magnetization, so that the 
first effect of a demagnetizing current was to shorten the wire *. 

On the other hand, he found that the shortening effect on 
wires under tension, and on steel, varied as the product of the 
magnetization and the magnetizing current. 

Wiedemann found that if a vertical wire is magnetized with 
its south end uppermost, and if a current is then passed down- 
wards through the wire, the lower end of the wire, if free, 
twists in the direction of the hands of a watch as seen from 
above, or, in other words, the wire becomes twisted like a 
right-handed screw if the relation between the longitudinal 
current and the magnetizing current is right-handed. 

In this case the resultaipLt magnetization due to the action 
of the current and the previously existing magnetization is in 
the direction of a right-handed screw round the wire. Hence the 
twisting would indicate that when the iron is magnetized it 
expands in the direction of magnetization and contracts in 
directions at right angles to the magnetization. This agrees with 
Joule's results. 

For further developments of the theory of magnetization, see 
Arts. 832-845. 

.* j Shelforcl Bidwell has shewn that when the magnetizing force is very great, the 
length of the magnet diminishes as the magnetizing force increases. Proc . jRov. Soe. 
xl. p. 109.} * i 
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MAGNETIC MEASUREMENTS, 

449.] The principal magnetic measurements are the deter- 
mination of the magnetic axis and magnetic moment of a 
magnet, and that of the direction and intensity of the magnetic 
force at a given place. 

Since these measurements are made near the surface of the 
earth, the magnets are always acted on by gravity as well as by 
terrestrial magnetism, and since the magnets are made of steel 
their magnetism is partly permanent and partly induced. The 
permanent magnetism is altered by changes of temperature, by 
strong induction, and by violent blows ; the induced magnetism 
varies with every variation of the external magnetic force. 

The most convenient way of observing the force acting on a 
magnet is by making the magnet free to turn about a vertical 
axis. In ordinary compasses this is done by balancing the 
magnet on a vertical pivot. The finer the point of the pivot 
the smaller is the moment of the friction which interferes with 
the action of the magnetic force. For more refined observations 
the magnet is suspended by a thread composed of a silk fibre 
without twist, either single, or doubled on itself a sufficient 
number of times, and so formed into a thread of parallel fibres, 
each of which supports as nearly as possible an equal part of 
the weight. The force of torsion of such a thread is much less 
than that of a metal wire of equal strength, and it may be 
calculated in terms of the observed azimuth of the magnet, 
which is not the case with the force arising from the friction of 
a pivot. 

The suspension fibre can be raised or lowered by turning a 
horizontal screw which works in a fixed nut. The fibre is* 
wound round the thread of the screw, so that when the screw 
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possible with the axis of magnetization. This is the method 
adopted by Gauss and Weber. 

Another method is to attach to one end of the magnet a lens 
and to the other end a scale engraved on glass, the distance of 
the lens from the scale being equal to the principal focal length 
of the lens. The straight line joining the zero of the scale with 
the optical centre of the lens ought to coincide as nearly as 
possible with the magnetic axis. 

As these optical methods of ascertaining the angular position 
of suspended apparatus are of great importance in many physical 
researches, we shall here consider once for all their mathematical 
theory. 

Theory of the Mirror Method. 

We shall suppose that the apparatus whose angular position 
is to be determined is capable of revolving about a vertical axis. 
This axis is in general a fibre or wire by which it is suspended. 
The mirror should be truly plane, so that a scale of millimetres 
may be seen distinctly by reflexion at a distance of several 
metres from the mirror. 

The normal through the middle of the mirror should pass 
through the axis of suspension, and should be accurately . 
horizontal. We shall refer to this normal as the line of colli- 
mation of the apparatus. 

Having roughly ascertained the mean direction of the line of 
collimation during the experiments which are to be made, a tele- 
scope is erected at a convenient distance in front of the mirror, 
and a little above the level of the mirror. 

The telescope is capable of motion in a vertical plane, it is 
directed towards the suspension-fibre just above the mirror, and 
a fixed mark is erected in the line of vision, at a horizontal 
distance from the object-glass equal to twice the distance of the 
mirror from the object-glass. The apparatus should, if possible, 
be so arranged that this mark is on a wall or other fixed object. 
In order to see the mark and the suspension-fibre at the same 
time through the telescope, a cap may be placed over the object- 
glass having a slit along a vertical diameter. This should be 
removed for the other observations. The telescope is then 
adjusted so that the mark is seen distinctly to coincide with 
the vertical wire at the focus of the telescope. A plumb-line is 

VOTr. TT 
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then adjusted so as to pass close in front of the optical centre of 
the object-glass and to hang below the telescope. Below the 
telescope and just behind the plumb-line a scale of equal parts 
is placed so as to be bisected at right angles by the plane through 
the mark, the suspension-fibre, and the plumb-line. The sum 
of the heights of the scale and the object-glass from the floor 
should be equal to twice the height of the mirror. The telescope 
being now directed towards the mirror, the observer will see in it 
the reflexion of the scale. If the part of the scale where the 
plumb-line crosses it appears to coincide with the vertical wire of 
the telescope, then the line of collimation of the mirror coincides 
with the plane through the mark and the optical centre of the 
object-glass. If the vertical wire coincides with any other 
division of the scale, the angular position of the line of 
collimation is to be found as follows : — 



Fig. 14. 


Let the plane of the paper he horizontal, and let the various 
points be projected on this plane. Let 0 be the centre of the 
object-glass of the telescope, P the fixed mark: P and the 
vertical wire of the telescope are conjugate foci with respect 
to the object-glass. Let M be the point where OP cuts the 
plane of the mirror. Let MN be the normal to the mirror; then 
OMN = 0 is the angle which the line of collimation makes with 
the fixed plane. Let MS be a line in the plane of OM and MN ‘ 
such that NMS = OMN, then 8 will be the part of the scale 
which will be seen by reflexion to coincide with the vertical 
wire of the telescope. Now, since MN is horizontal, the pro- 
jected angles OMN and NMS in the figure are equal, and 
OMS = 20. Hence 08 = OM tan 20. 
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We have therefore to measure OM in terms of the divisions 
of the scale ; then, if s 0 is the division of the scale which coincides 
with the plumb-line, and s the observed division, 
s—s 0 =OM tan 2 6 ) 

whence 6 may be found. In measuring OM we must re- 
member that if the mirror is. of glass, silvered at the back, the 
virtual reflecting surface is at a distance behind the front 

surface of the glass = ~, where t is the thickness of the glass, 
H 1 m 

and ijl is the index of refraction. 

We must also remember that if the line of suspension does not 
pass through the point of reflexion, the position of M will alter 
with 9. Hence, when it is possible, it is advisable to make the 
centre of the mirror coincide with the line of suspension. 



Fig. 15. 


It is also advisable, especially when large angular motions 
have to be observed, to make the scale in the form of a concave 
cylindric surface, whose axis is the line of suspension. The 
angles are then observed at once in circular measure without 
reference to a table of tangents. The scale should be carefully 
adjusted, so that the axis of the cylinder coincides with the 
suspension-fibre. The numbers on the scale should always run 
from the one end to the other in the same direction so as to 
avoid negative readings. Fig. 15 represents the middle portion 
of a scale to be used with a mirror and an inverting telescope. 

This method of observation is the best when the motions are 
slow. The observer sits at the telescope and sees the image of 
the scale moving to right or to left past the vertical wire of the 
telescope. With a clock beside him he can note the instant at 
which a given division of the scale passes the wire, or the 
division of the scale which is passing at a given tick of the 
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In tl*p Kow portable apparatus the magnet, In made in 
ittr* form uf n l u !»•*. having nt on** end ii Inin, and nt the other it 
aenlo, nt i ndjtmbed iu4 to ho nt the principal focus of the 
bight in admitted troin behind the ao&le* and after pawing 
through the Iona it i*-i viewed by uioatiH of it telescope, 
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mmlo in optical coincidence with the crons wires of tho loin, wop. 
If it given ill vision of tho hchIo coincides with t ho intersection of 
tho warn- wires, then tho lino joining that division with tin* 
optical centre of fho limn muni bo parallel to tho lino of colli- 
mnt it ft) of tho toloncujio, lly fixing tho magnet and moving the 
telescope, wo may jumeritfcisi tho angular vnluo of tho division* of 
tho wale, ntifl thou, when tho magnet i* suspended mol tho 
{nmit ion of tho telescope known, wo may determine tho position 
of tho magnet nt any instant by reading cdf tho division t»f the 
scale which coincides with tho cross- wires, 

Tho telescope u* supported on an ami which in coni rod in tho 
line of fho fumpmtmoij, fibre, and flio jmmlion of the telescope i* 
rottd tiff by vernier* on tho indmuth circle of tho instrument. 

This arrangement in suitable for n small portable magneto- 
meter in which the whole apparatus is supported on one tripod, 
mid in which the oscillations due to accidental disturbance* 
rapidly subside, 

thietmi n$ti ttm u/ the fh reetum o f the iff the Mn*jnet % 

umi **J the {hreeiitm uf Ter reprint Mmjnrt !*nn, 

452, J Lot a system of axes bo drawn in a magnet, of which 
the a*i* of : i* in tho direction of tho length of the bar, ami 
x liiul tf perpend ictdsr to tho nit ton of the bar Mippaed a pariib 
leliipijaui, 

bet /, iii» n ami h> jn r be the angle* which the magnetic axis 
and the lino <»f cndlimatiott make with these mm rvafieelivtdy. 

bet M be the magnetic moment of the magnet* 1*4. 1/ be the 
horkiiitfiil component of terrestrial magnetism, let M he the 
vertical component, and let h be the mmmlk tit which It ml*, 
reckoned front iltn north towards tint wmt 

bet {be the oWrved azimuth of the line of collmtatioii, Id. n 
la? the oxiimitli of the stirrup, and (t the muling of the index of 
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the torsion circle, then a- [3 is the azimuth of the lower oml of 

the suspension-fibre. _ 

Let y be the value of a— /3 when there is no torsion, then t 10 
moment of the force of torsion tending to diminish a will bo 

r (a — fi — y), 

where t is a coefficient of torsion depending on the nature of tlio 
fibre. 

To determine A a , the angle between the axis of x and the pro- 
jection of the line of collimation on the plane of xz, fix the stiintp 
so that y is vertical and upwards, z to the north and x to the 
west, and observe the azimuth ( of the lino of collimation. 1 lieu 
remove the magnet, turn it through an angle tt about the axis 
of z and replace it in this inverted position, and observe the 
azimuth (' of the line of collimation when y is downwards and 
x to the east, . tt . , - v 

C = a + ~ , (1) 

C = a— (2) 

Hence K = | + ^ (C~Q- ( 3 ) 

Next, hang the stirrup to the suspension-fibre, and place the 
magnet in it, adjusting it carefully so that y may bo vortical and 
upwards, then the moment of the force tending to increase a is 

ilfjTsinmsin (5 — a — | + ^)~r(a— -/3— • y); (1) 

where l x is the angle between the axis of x and the projection of 
the magnetic axis on the plane of xz. 

But if C is the observed azimuth of the line of collimation 

C=a+|-A.„ (5) 

so that the force may he written 

MHsmmsin(b-C+l x -K)-r(C+X x — ~-ft~y). (G) 

When the apparatus is in equilibrium this quantity is zero for 
a particular value of (. 

When the apparatus never comes to rest, but must be observed 
in a state of vibration, the value of C corresponding to the position 
of equilibrium may be calculated by a method which will be 
described in Art. 735. 

When the force of torsion is small compared with the moment 
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of the magnetic force, we may put 5 — C+l x — \ x for the sine of 
that angle. 

If we give to f3, the reading of the torsion circle, two different 
values, yS-L and /3 2 , and if and £ 2 are the corresponding values 

of C ME (Co, - Q sin m = r (Ci - Cs—'Pi + /3 2 ), (7) 

or, if we put 

C —C 

j — f — ^ — ■— = /, then t — t MH sin w, (8) 

. Ci £2 P1+P2 

and equation (6) becomes, dividing by MH sin m, 

b-t+lv-K-r'it+K-l-P-y) = 0 . ( 9 ) 

If we now reverse the magnet so that y is downwards, and 
adjust the apparatus till y is exactly vertical, and if C is the 
new value of the azimuth, and l' the corresponding declination, 

+ = ( 10 ) 

whence + (C+ C O + y)}- (11) 

The reading of the torsion circle should now be adjusted, so 
that the coefficient of t may be as nearly as possible zero, For 
this purpose We must determine y, the value of a — /3 when there 
is no torsion. This may be done by placing a non-magnetic 
bar of the same weight as the magnet in the stirrup, and deter- 
mining a — /3 when there is equilibrium. Since / is small, great 
accuracy is not required. Another method is to use a torsion 
bar of the same weight as the magnet, containing within it a 

very small magnet whose magnetic moment is ~ of that of the . 

principal magnet. Since r remains the same, r will become n /, 
and if ( x and Ci are the values of C as found by the torsion bar, 

= i(ii+fi)+ Wtfi + fi'-aos+y)}.- (12) 

Subtracting this equation from (11), 

2 (n-1) 08 + r) = (»+p)«i + &')-(! +p)(f+n- ( 13 ) 

Having found the value of + y in this way, j3, the reading of 
the torsion circle, should be altered till 

C+C / -2( / 3 + y)=:0, (14) 

as nearly as possible in the ordinary position of the apparatus. 
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Then, since / is a wry small niiti>rrir»i s ' u 1 .» 

coefficient in very small, tlm vnlm * f ih*’ 1 • * 

prcssion for 8 will not vary mrnffi rnmll inw, m t!- % M 
of / and y , which are the c|iifintitir» v«*lm ■■» as-.- b ,vi *tr 

curatoly known, 

Tho value of 8* the itingimtit* d^tdiimSmn, n*a\ f- I u = i sn r-.i 
way with ccmniderahh* nmirary, prm id<-d a k.j * e !<u, 

during the experiments, ho that we mny a.™ *»!»•■■ y 
When great mmtmvy in mjiiiml it n n.-ivn-nu* u, u* 
account of tlu^ variation* of « during th* *• i|» rsnse * 1 u, : . 

purpose observations of nnolher Mi*jwnd»*»l «na H »n< t :d...»*!d i„ 
made at tho name instant* that the ds?!» .rent uihe ■» • ? / ftl , 
observed, and if / are the observed Animitli «d ih<- 
magnet corresponding to £ and (\ and if i mn4 / tho 
spending values of 8, then 

*35 fjh» f|, . | * 

Hence, to find the value of A we $mt?d add t* * i II! a rv»o * ra - 1 Sf 

i (»/ • 

The declination at the time of tho first 

» - i (C+ C+ ') n) * } »’tt * C •* •«?:. 1 . u, 

To find the direction «f tin* magnetic nt:« 
subtract (10) from (Si) and mid 

/, at A # +i(C— O * S (»»“»»'* ♦ i f'-C f * -s, - * , : • 

By repeating tho experiments with th. U, tw „ r ^. rn 

so that tho axis of ,<• is vertically upward* »>•! d., ■»«»„*,. u Mr 
can find tins value of If the b\i* ,.f , , t ;i r a |.«,M„ ,,j 

adjustment it ought to l«« made to cancel.- w.th th.- 
axis as nearly as jumKible, e«» that the r rr«r «(o)ii^ iti-tn th. 
magnet not being exactly invert™! may I* «« »i» a *l j» . 8 . 3l s,;, .* 

On the Mntmirrmeni of ,V.o/«« f*,- f t» 

458.] The most important inoaattrt’niont* of inagie-m f > a ». 

thoHO which deterniitie M, th»* maguntie tn»ti>mt <>.f a o », >s>. s 
and J/, the intensity of tho horizontal c„ tl) , <llKM , * ,, 
magnetism. This is generally dun* bv , . ,, . • , d 

two experiments, one of which detennm™ th. tal4 „ 
other the product of these two ,|iiu,tiu™ 

Tho intensity of tho magnetic force due i„ w , ? eti> *j 

* w - 
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magnet whose magnetic moment is if, at a point distant r from 
the centre of the magnet in the positive direction of the axis of 
the magnet, is -p M 

u - * p 0) 

and is in the direction of r. If the magnet is of finite size but 
spherical, and magnetized uniformly in the direction of its axis, 
this value of the force will still be exact. If the magnet is a 
solenoidal bar magnet of length 2 L , 

R = 2 ^( 1 + 2 72 + 3 “ i +&c -)’ ( 2 ) 

If the magnet be of any kind, provided its dimensions are all 
small, compared with r , 

E^2^(l+A 1 l+A 2 ^+&o.), (3) 


where A v A 2 , &c. are coefficients depending on the distribution 
of the magnetization of the bar. 

Let ff be the intensity of the horizontal part of terrestrial 
magnetism at any place. H is directed towards magnetic north. 
Let r be measured towards magnetic west, then the magnetic 
force at the extremity of r will be H. towards the north and R 
towards the west. The resultant force will make an angle 6 
with the magnetic meridian, measured towards the west, and 
such that R = E tan <9. (4) 

jj v ' 

Hence, to determine we proceed as follows : — 

The direction of the magnetic north having been ascertained, a 
magnet, whose dimensions should not be too great, is suspended as 
in the former experiments, and the deflecting magnet if is placed 
so that its centre is at a distance r from that of the suspended 
magnet, in the same horizontal plane, and due magnetic east. 

The axis of M is carefully adjusted so as to be horizontal and 
in the direction of r. 

The suspended magnet is observed before M is brought near 

and also after it is placed in position. If 0 is the observed 

deflexion, we have, if we use the approximate formula (1), 

M r 3 /K v 

-_ = _tan0; (5) 


or, if we use the formula (3), 


IE 


.3 


1 


1 


( 6 )* 
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Here we must bear in. mind that though the deflexion 0 can 
observed with great accuracy, the distance r between the controrf 
of the magnets is a quantity which cannot be precisely determined, 
unless both magnets are fixed and their centres defined by marks. 

This difficulty is overcome thus : 

The magnet M is placed on a divided scale which extends east 
and west on both sides of tho suspended magnet. The middle 
point between the ends of if is reckoned tho centre of tho 
magnet. This point may bo marked on the magnet and its 
position observed on the scale, or tho positions of the ends may 
be observed and the arithmetical mean taken. Cali this n v and 
let the line of the suspension-fibre of the suspended magnet 
when produced cut the scale at s 0 , then r x = — s 0 , where s* 

is known accurately and s 0 approximately. Let 0 X bo tho doflox ion 
observed in this position of if. 

Now reverse if, that is, place it on the scale with its ends 
reversed, then r x will be the same, but if and A v A p will 
have their signs changed, so that if 0 2 is the deflexion to tho went, 


- l§ r i tm = 1 - A 1 £ + A 2 - &(; - 

Taking the arithmetical moan of (6) and ( 7 ), 


(“) 


(tan ^-tarUk) = l+4 # ~ + 4 4r \ + &c. (H) 

Now remove if to tho west side of the suspended magnet, 
and place it with its centre at the point marked 2 * {) — n x on the 
scale. Let the deflexion when the axis is in the first position 
be 0 3 , and when it is in the second 0 4 , then, as before, 

7 jt r * ( ta * 0 3 ~tan a 4 ) = 1 + Aj- + A 4 + &c. (a) 

* u ”2 7 2 

Let us suppose that the true position of tho centre of the 
suspended magnet is not s 0 but s 0 -f~ <r, then 


and 

and since 


T + cr, 


( 10 ) 


l (n B + r/) = r n 1 1 + (11) 

j2 

3 ma y bo neglected if the measurements are carefully 


made, we are sure that we may take tho arithmetical mean ol 
. r x n and r 2 n for r w . 

Hence, taking the arithmetical moan of (8) and (9), 
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r * (tan i\ - ' inn d, 4 tun d*— tan t\) ~ I f A ,» j. 


hM 

or, mitkin 


ftnn iK ■ tm i 4, f tan d. 


454. J We may now regard / J and r an capable of exact 
determinnt tom 

The quantity A , aim in tm eaao exceed 2lA % whore l* in half 
tin* length of the magnet, tm tlmi when v in eumddemhh* rom> 
part’ll with /# wo may neglect the tan it in .1 , ami determine 
t ho ratio of // to *1/ at oiioo. Wo cannot. however, immune that 
A t3 ia equal to *i i*\ for it mny ho Iona, and may oven ho negative 
for ti magnet win mo largonl dimeuHiuua nr** tnuinverae to the ttxim 
11*o term in A i amt alt higher term* may wifely ho neglected. 

To olimiimto A. I% repent the experiment, mung dint ancon 
r i» r ;n r ,i* Ac., and lot the vitlmm of / * ho h x , / 4 Jt /f 3l Ac., then 
•M/ | ■! *» 1 / j | 

"■ //(,, ‘ 

If wo MUppone that the probable orrora of ttn.mo equHtiumt aro 
equal, an they Will he if they depend on the determination of /J 
only , and if there b* no uncertainty about r, then, by multiply- 
ing cacti equation hy r 1 and adding the remit la, wo obtain one 
equation, and hy multiplying each equation hy r t% and adding 
we obtain another, according to the general rule in the theory 
of the combination of fallible tnonmirementa when the probable 
error of each equation i* nuppoaedl the itattio. 
hot uh write 

2(/>r for /I, i\ 1 t tl A r 3 :i f /> 4 c, 1 I 
and tine mmilar expiemuoUH for the mum* of other group* of 
aymlmbt, then the i wo retail taut eijuatioim may he written 

o ‘1/ 

/ t -4% ** i fci , , # %* i ... a * 1 


*> 




whoncn 

- , .. „ 

H O.r W 

and /l 3 S-(C/ 


°) ~jv 1# . »)r; - *(/>,- /»,. •>) v( r «), 

“’)«*{/>#• ‘)S(r' ’•»)} 

« S(/*r n S (i* ■) i(/>r ’)£<'• "I- 
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The value of A., derived from tfuw e.pintiotiH mi-hf to 1* •< 
than half the square of the length of the ma -n, e M. If .* 
we may suspect some error in (he ol.^ rvatioie.. 1 lu > m- ! -" ‘ 
of observation ami reduet ion was ^iv.ii by * inn * i in toe 'lot 

Report of the Magnetic Association. 

When the observer can make only two -t.-n.-s o! 

. f .1/ 

at distances r, and r,, , the values »•! ^ am. 

those experiments are 

2.1/ /VY' - i( - r ' 11 


' X |»r!'Iiif,-ni -, 
I r « »i i i 


Q 


u 


A 


; vv 


If iJ) x and hll, an* tin* actual « rnun of the v«-*l 

D l and /> 2 , iho actual error of the calculated reMili y will l*e 


hi) 


rfhB, * r/A/J, 


If we 8»pjK)Ho the orrora hl) t and A/* a t*» U* it, and 

that the probable value of either i* A /k then the j»r*»kilde vnlm- 
of the error in the calculated value of y will lm Ay, whi’te 




! r 


('V 




If we HuppoHO that one of them* diatane* ^ way the nsimlh'r, ji 
given, the value of the greater distance may l*e determined fit# a t 
to make 5 y a minimum. Thin runditmn lend?* l*.» m« * *|uaie*n 
of the fifth degree in r, 51 , which han only one mil i»m 4 gimlrr 
than # /yk From thin the heat value of v % i» found i« t*e 

If one olworvation only in taken the 1***4 distance \% when 

IB 

B 

where hi) in the probable error of a measurement *»f d*dfe % i«#n, 
and bT iu the probable error of a tnrmurvtmmi of distance, 


z hr . 

v/3 * » f 

r 


* Hwi Airy 1 # Mtignttim, 
t {In this oaie m^lwtin# the* t*?r*ti in U. w«* 

i*Q A Vm v ’ *, * 

r* 

«/i ^Ifl 


wul this 5 m n minimum when 
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Method of Sines. 

455.] The method which we have just described may be called 
the Method of Tangents, because the tangent of the deflexion is 
a measure of the magnetic force. 

If the line r l3 instead of being measured east or west, is 
adjusted till it is at right angles with the axis of the deflected 
magnet, then It is the same as before, but in order that the 
suspended magnet may remain perpendicular to r, the resolved 
part of the force H in the direction of r must be equal and 
opposite to R. Hence, if 6 is the deflexion, R — H sin 6. 

This method is called the Method of Sines. It can be applied 
only when R is less than H. 

In the Kew portable apparatus this method is employed. The 
suspended magnet hangs from a part of the apparatus which 
revolves along with the telescope and the arm for the deflecting 
magnet, and the rotation of the whole is measured on the azimuth 
circle. 

The apparatus is first adjusted so that the axis of the telescope 
coincides with the mean position of the line of collimation of the 
magnet in its undisturbed state. If the magnet is . vibrating, 
the true azimuth of magnetic north is found by observing the 
extremities of the oscillation of the transparent scale and making 
the proper correction of the reading of the azimuth circle. 

The deflecting magnet is then placed upon a straight rod 
which passes through the axis of the revolving apparatus at 
right angles to the axis of the telescope, and is adjusted so that 
the axis of the deflecting magnet is in a line passing through the 
centre of the suspended magnet. 

The whole of the revolving apparatus is then moved, till the 
line of collimation of the suspended magnet again coincides with 
the axis of the telescope, and the new azimuth reading is 
corrected, if necessary, by the mean of the scale readings at 
the extremities of an oscillation. 

The difference of the corrected azimuths gives the deflexion, 
after which we proceed as in the method of tangents, except 
that in the expression for D we put sin 6 instead of tan B. 

In this method there is no correction for the torsion of the 
suspending fibre, since the relative position of the fibre, tele- 
scope, and magnet is the same at every observation. 

The axes of the two magnets remain always at right angles 



110 


MAH NOTH* MKASHiKMI-MS. 


1 J.V*. 


in this method, ho that the rnnvrtiuli f«»r hmgfh ran 1- m.«iv 


accurately made. 

456.] Having thus measured the ratio id" the m-m.-ni «»f t | t , 

deflecting magnet to the hnri/<*ntnl emnp*»m m .>? o 
magnetism, we have next to find the product of th—... ^miauir, 
by determining the moment of the enuple with v, !n<h t«-i Ul \ 
magnetism tends <c> turn the name magnet «h< n n< ; > mn m 
deflected front the magnetic meridian. 

There are two methods of making the* moomonoi!, f h* 
dynamical, in which the time of vibration of tin- un.t r 

the action of terrestrial magm-fistii U obsorvrd, and nfnty.nl, 
in which the magnet in kept in mjinlibiium a ttu ^nrv’ 

al)le statical couple ami the magnet ie U*m\ 

The dynamical method «impl«’r appmatoi and i<* 

more accurate for absolute nien-Mirmn* nt*, 1 tit t«i« * tip #* o»n, 
siderablo time; the station! method Admit* of ulm^i in*u%n* 
taneous measurement* and in therefore m^fnl ?n tnirm r * t) Jr , 
changes of the intensity of the iiuigimtir fWw<, bnt iv«jin r v4 
more delicate apparatus, mid is not »<i jimimt id. >f nl>;*4u!*^ 
measurement. 


Jit fit fu nl t*f I 

The magnet is suspended with it* unguetie au* hi.n/*.nuJ, 
and is set in vibration in small are**, Th«* Ar „ 

observed by means of any of the uwilmd* a!rmd% d« ^ni^l 

A point on the mmlo i» cliomui inirrr*ijioiidi?ig t*< id,- n, : , U!,, t ,f 

the arc of vibration. The inMiint of tlm»ogh tU*n |. )Ull 

of the scale in the positive direction in u 

sufficient time before the return *,f tbo umgnrt i*« n H , 
point, the instant of passage through the judm m thn 
direction is also observed, and the proem* in i % k i\ > # | 

positive ami a negative parage# have twit * , i h e j^ 
vibrations are too rapid to allow of every favuig* 

being observed every third or wry fifth pm^ t ., 
care being taken that the <*Wiwd p*^™ aiu,, 
positive and negative, ^ 

Let the observed times of j mmn g* lw T %i ^ .f _ tlii n if 

WO pUt * 7 * # - a ,, 

(|/|f * a + A* &<?. + , i J/- 


* » 


(7^4 # /| 4-&a, ,1 y 


1 * '-I 


♦n*» 


* * 4 
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then T n+1 is the mean, time of the positive passages, and ought 
to agree with T' n+1 , the mean time of the negative passages, 
if the point has been properly chosen. The mean of these 
results is to be taken as the mean time of the middle passage. 

After a large number of vibrations have taken place, but 
before the vibrations have ceased to be distinct and regular, 
the observer makes another series of observations, from which 
he deduces the mean time of the middle passage of the second 
series. 

By calculating the period of vibration either from the first 
series of observations or from the second, he ought to be able 
to be certain of the number of whole vibrations which have 
taken place in the interval between the time of middle passage 
in the two series. Dividing the interval between the mean 
times of middle passage in the two series by this number of 
vibrations, the mean time of vibration is obtained. 

The observed time of vibration is then to be reduced to the 
time of vibration in infinitely small arcs by a formula of the 
same kind as that used in pendulum observations, and if the 
vibrations are found to diminish rapidly in amplitude, there 
is another correction for resistance, see Art. 740. These cor- 
rections. however, are very small ®*when the magnet hangs by 
a fibre, and when the arc of vibration is only a few degrees. 

The equation of motion of the magnet is 


A 


d 2 6 
dt 2 


+ MH sin 0 -I- HMt (8 — y) — 0, 


where 0 is the angle between the magnetic axis and the direc- 
tion of the force H : A is the moment of inertia of the magnet 
and suspended apparatus, M is the magnetic moment of the 
magnet, H the intensity of the horizontal magnetic force, and 
MHt the coefficient of torsion : r is determined as in Art. 452, 
and is a very small quantity. The value of 6 for equilibrium is 

0 = — L2L , a very small angle, 

1 + T 

and the solution of the equation for small values of the ampli- 
^ U< ^ 6 * S 6 = Ceos (2 7 t ^ + a) + & 0 , 


where T is the periodic time, a a constant, C the amplitude, and 

7U _ 47r2J - . 

- me{\+t'Y 
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whouco wo find the value <*f M H< 

Is 3 . 1 

= r‘,...v 

Hero ?’ is the tirno of ft vibratom ‘'■t. iimo. i 

observation. A, the moment of inert in. if »••>.«. i «»! >■'« 

the magnet, either by weighing and uuw'tnitg >* •* : » 

regular figure, or by a dynnmies.1 j.i » «*f e.m.j.. w •. * » 

a body whoso moment oj inertia U kn 

If 

Combining thin value of Mil with ilml m 


wti(, rt '£ ,1/- -- {.!///) { 1 

and = r , 

457.] Wo ha vo HUppoBed Unit II an 1 \t nunnue' c<»n»tjitit 
during tho two serien of expel inmnt* Th«< ihictn*t *-•*>•> **f II 

may be oHCortainocl by Hinmltanemt* utaervutuom tU-' btlimr 
magnetomotor to bo promptly thwribed. an 4 if to.- m<4gin*l hm 
boon in uho for mono Units and in n**i <-4 4m an- ih* 

oxporiincntH to change* of «-r %«> th« 

part of ill which depend* mi pmumimiii iiift^iKOoti nmy b« 
aBBumod to bo constant. All »Uw\ inngnci#, hm% *n *n, »i <• 
of induced magnetinm depending mi Um ftOi *u «*f mo-rnd 
magnetic force. 

Now the magnet when employed m tin deihxmn * \pm 
1 b placed with it* axm eaai and wwt ( *»u ilmt tin- <irt;«.n «d tm* 
rcBtrial magnotinm in tmii*vor*c to the nmgimt, ami net 

tend to increase or diminmh M, Whnti ihv um^n* i t* nm*U 
to vibrate, it* ax in in north and mm th, m% that in* «*eumi of 
terrestrial magnetism tend* to magnetise a m Un-- duveOott 
of the ax in, and therefor*? to sitcrritw it# imn*ordm nmtncui by 
a quantity k ll % where k m a eiadlieietit i** t*e fmmd |,y n|wn. 
inontH on the magnet. 

There are two ways in which thi* umirce ul rif^r limy 
bo avoided without calculating lc, tho . l*-ang mf- 

ranged so that tho nuiguvt shall iw it> tho 
■when employed in dofleeting another magnet «j.4 wii« „ lUrJf 
swinging. 

Wo may place the deflecting magnet with a.* ting 
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north, at a distance r from the centre of the suspended magnet, 
the line r making an angle whose cosine is with the 
magnetic meridian. The action of the deflecting magnet on the 
suspended one is then at right angles to its own direction, and 
is equal to __ M 

R=V2~- 

r 3 

Here M is the magnetic moment when the axis points north, 
as in the experiment of vibration, so that no correction has to 
he made for induction. 

This method, however, is extremely difficult, owing to the 
large errors which would be introduced by a slight displacement 
of the deflecting magnet, and as the correction by reversing the 
deflecting magnet is not applicable here, this method is not 
to be followed except when the object is to determine the 
coefficient of induction. 

The following method, in which the magnet while vibrating is 
freed from the inductive action of terrestrial magnetism, is due 
to Dr. J. P. Joule*. 

Two magnets are prepared whose magnetic moments are as 
nearly equal as possible. In the deflexion experiments these 
magnets are used separately, or they may be placed simul- 
taneously on opposite sides of the suspended magnet to produce 
a greater deflexion. In these experiments the inductive force 
of terrestrial magnetism is transverse to the axis. 

Let one of these magnets he suspended, and let the other be 
placed parallel to it with its centre exactly below that of the 
suspended magnet, and with its axis in the same direction. The 
force which the fixed magnet exerts on the suspended one is 
in the opposite direction from that of terrestrial magnetism. If 
the fixed magnet be gradually brought nearer to the suspended 
one the time of vibration will increase, till at a certain point 
the equilibrium will cease to be stable, and beyond this point 
the suspended magnet will make oscillations in the reverse 
position. By experimenting in this way a position of the 
fixed magnet is found at which it exactly neutralizes the effect 
of terrestrial magnetism on the suspended one. The two 
magnets are fastened together so as to be parallel, with their 
axes turned the same way, and at the distance just found by 

* * Proc. Phil . S., Manchester , March 19, 1867. 
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By observing 0', the deflexion of the magnet when in equili- 
brium, we can calculate MH provided we know r. 

If we only wish to know the relative value of H at different 
times it is not necessary to know either M or r. 

We may easily determine r in absolute measure by suspending 
a non-magnetic body from the same wire and observing its time 
of oscillation, then if A is the moment of inertia of this body, 
and T the time of a complete vibration, 

4:7T 2 A 
r = -y2 

The chief objection to the use of the torsion balance is that 
the zero-reading a 0 is liable to change. Under the constant 
twisting force, arising from the tendency of the magnet to turn 
to the north, the wire gradually acquires a permanent twist, so 
that it becomes necessary to determine the zero-reading of the 
torsion circle afresh at short intervals of time. 

Bifilar Suspension. 

459.] The method of suspending the magnet by two wires or 
fibres was introduced by Gauss and Weber. As the bifilar 
suspension is used in many electrical instruments, we shall 
investigate it more in detail. The general appearance of the 
suspension is shewn in Fig. 16, and Fig. 17 represents the pro- 
jection of the wires on a horizontal plane. 

AB and A'B r are the projections of the two wires. 

A A' and BB r are the lines joining the upper and the lower 
ends of the wires. 

a and b are the lengths of the lines AA r and BB\ 

a and /3 their azimuths. 

W and W f the vertical components of the tensions of the 
wires. 

Q and Q' their horizontal .components. 

h the vertical distance between AA / and BB'. 

The forces which act on the magnet are — its weight, the 
couple arising from terrestrial magnetism, the torsion (if any) 
of the wires and their tensions. Of these the effects of mag- 
netism and of torsion are of the nature of couples. Hence the 
resultant of the tensions must consist of a vertical force, equal 
to the weight of the magnet, together with a couple. The 
resultant of the vertical components of the tensions is therefore 

I % 
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along the line whose projection is 0, the intersection of A A' and 
BB\ and either of these lines is divided in 0 in the ratio of W f 
to W. 

The horizontal components of the tensions form a couple, and 
are therefore equal in magnitude and parallel in direction. 
Calling either of them Q , the moment of the couple which they 


form is L—Q. PP\ (1) 

where PP' is the distance between the parallel lines AB and 
A'B\ 

To find the value of L we have the equations of moments 

Qh = W.AB = W\ A'B', (2) 

and the geometrical equation 

(AB + A'B') PjP= ah sin (a — fi ), (3) 

whence we obtain, 

L Q .PP -j— sin (cl /3)» (4) 

If m is the mass of the suspended apparatus, and g the inten- 
sity of gravity, F+ W = mg. (5) 

If we also write Tf~ W = rmg, (6) 

we find i = i (l —n 2 ) mg^sin (a— */3). (7) 


The value of L is therefore a maximum with respect to n 
when oi is zero, that is, when the weight of the suspended mass 
is equally borne by the two wires. 

We may adjust the tensions of the wires to equality by ob- 
serving the time of vibration, and making it a minimum, or we 
may obtain a self-acting adjustment by attaching the ends of 
the wires, as in Fig. 16, to a pulley, which turns on its axis till 
the tensions are equal. 

The distance between the upper ends of the suspension wires is 
regulated by means of two other pulleys. The distance between 
the lower ends of the wires is also capable of adjustment. 

By this adjustment of the tension, the couple arising from the 
tensions of the wires becomes 

T lab . , 

P = iT m^ sm (a^). 

The moment of the couple arising from the torsion of the 
wires is of the form r(y — ft), 

where r is the sum of the coefficients of torsion of the wires. 
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The wires ought to be without torsion when a = /3, we may 
then make y = a. 

The moment of the couple arising from the horizontal mag- 
netic force is of the form 

ME sin (8-0), 

where b is the magnetic declination, and 6 is the azimuth of the 



Fig. 16. Fig. 17. 


axis of the magnet. We shall avoid the introduction of un- 
necessary symbols without sacrificing generality if we assume 
that the axis of the magnet is parallel to BB', or that = 0. 

The equation of motion then becomes 

j 2 fi 1 nh 

A ^ r = ifjB'sin(5 — 0)+ --^-m#sin(a— 0) + r(a — 0). (8) 
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Also, if T be the time of vibration about the position of equi- 
librium, . N 4 IT 2 A ( 4^ 

MI+mgasm(d + a) = - yf > ^ ' 

where A is the moment of inertia of the needle about its axis of 
rotation, and d is determined by (3). 

In determining the dip a reading is taken with the dip-circle 
in the magnetic meridian and with the graduation towards the 
west. 

Let <9 X be this reading, then we have 

.MI sin (e x + A ~i) = mg a cos (0 X + a). (5) 

The instrument is now turned about a vertical axis through 
180°, so that the graduation is to the east, and if 6 2 is the now 
reading, MI sin (0 2 + A - tt + i) = m#a cos (0 2 + a). (6) 

Taking (6) from (5), and remembering that 6 X is nearly equal 
to i , and 0 2 nearly equal to 7 r-^i, and that A is a small angle, 
such that mga\ may be neglected in comparison with Ml y 

MI (0* — 0 2 + 7r— 2i) = 2mgacosi cos a . (7) 

Now take the magnet from its bearings and place it in the 
deflexion apparatus, Art. 453, so as to indicate its own magnetic 
moment by the deflexion of a suspended magnet, then 

M—\ r z HD, ( 8 ) 

where D is the tangent of the deflexion. 

Next, reverse the magnetism of the needle and determine its 
new magnetic moment M\ by observing a new deflexion the 
tangent of which is D\ then the distance being the same as before, 


M' = \r*HD\ (9) 

whence MD* = M'D. (10) 

Then place it on its bearings and take two readings, 
and 0 4 , in which 0 3 is nearly 7 r + i 9 and 0 4 nearly — i, 

MI sin (#3+A/— 7T— i) = mga cos (0 3 + a), (11) 

M'Ism(0 4 +\'+i) =mgraeos(0 4 + a), (12) 

whence, as before, 

M / I(6 B — 6 4: —TT—2i) = — 2m(/acosicosa, (13) 

and on adding (7), 


MI(6 X — 0 2 + Tr—2i) + M / I(e 3 -d 4 -Tr—2i) = 0, (14) 

or jD(0 1 -0 2 -f7r--2i)+ J5'(0 3 -0 4 ~.7r~2i)= 0, (15) 
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whence we find f ii« 4 * I i I* 

. />(*>, M «H />'((>, <»,-*) 

3 / 14 - 3 // ’ 1 ^ 

where /* an* l // itr* ’ the tangent* of the dcflcxiona produced 
hy Ihi' un-dle in tin 1 1 rut and second magnoti/atioUN respectively. 

hi Inking ohme 'viition* will* the dip-eirele the vertical ax in 
in carefully ij tmt * m i no that the plane hearings upon which tin* 
n\‘tn of the magnet rmtn me huri/.ontal in every nrJmuih, The 
magnet lining magneti/eri ho that the end A dips, in placed with 
it* inch on Urn plane hearing*, tun! ole»ervntlonH am taken with 
the plane of flie circle in the magnetic meridian, and with 
the graduated aide of the circle east. Knelt end of the magnet 
i* ohaerved hy means of rending mien woo pea curried un an arm 
which moves concentric with the dip circle, Tlie cross- wires 
of the inicroHcojm are made to coincide with the image of a 
mark on the magnet, ami the position of the arm U then read 
off on the dip-circle hy means of a vernier. 

Wo thin* ohtniu an observation of the end A and another 
of tlie riot /I when the graduation* are cast, It In necessary 
to oh nerve hnfli ends in order to eliminate any error arising 
from the axle of the magnet not being concentric with the dip- 
circle, 

The graduated aide is then tinned west, and two inure uh 
f*er vat h mu are made, 

The magnet ta then turned round an that the end* of the axle 
ure reversed, and four more observation** are made looking at 
I lie other aide of the magnet. 

The mngtmti&ation of the magnet In then reversed hu that the 
■eiiil /I dip*, the magnetic moment In ascertained, amt eight 
observations are taken in thin state, and the nix teen ulmer vatioim 
combined to determine the true dip, 

%i\2j\ If In found that in Spite of the utmost care the dip, 
attt iliiiti deduced from oltMcrvaUtifi* made with one dtp®eirtd» f 
differ* jtereepfihly from that deduced from otaervatintt* with 
another dip-circle at the same place. Hr. Broun hm {minted 
out tint eflkit due to cllipticity of the bearing* of the aide, 
amt how to correct if hy taking obaervatiotia with the magnet 
magnetised to different strength*. 

The principle of this method may Im stated thus, We aliall 
Mipptftfct that the error of any one ohaervathm in a anm 11 
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quantity not exceeding a degree. We shall also suppose that 
some unknown but regular force acts upon the magnet, dm- 
turbing it from its true position. 

If L is the moment of this force, 6> 0 the true dip, and 0 

the observed dip, then 

L = MI sin (e-e 0 ), (17) 

= Ml(e-e 0 ), (is) 

since 6 — 8 0 is small. 

It is evident that the greater if becomes the nearer does 
the needle approach its proper position. Now let the operation 
of taking the dip be performed twice, first with the magnetiza- 
tion equal to M x , the greatest that the needle is capable of, 
and next with the magnetization equal to if,, a much smaller 
value but sufficient to make the readings distinct and the error 
still moderate. Let d x and 0 2 be the dips deduced from these 
two sets of observations, and let L be the mean value of the 
unknown disturbing force for the eight positions of each de- 
termination, which we shall suppose the same for both deter- 
minations. Then 


Hence 


L = M x I(0 x — d o ) = M 2 I(6 2 — 6 0 ). 


M x d x —M 2 d 2 
M x -M 2 ’ 


L = M X M 2 I 




m 2 -m x 


(19) 

( 20 ) 


If we find that several experiments give nearly equal values 
for Z, then we may consider that 6 0 must be very nearly the 
true value of the dip. 

463.] Dr. Joule has recently constructed a new dip-circle, in 
which the axis of the needle, instead of rolling on horizontal 
agate planes, is slung on two filaments of silk or spider’s thread, 
the ends of the filaments being attached to the arms of a 
delicate balance. The axis of the needle thus rolls on two loops 
of silk fibre, and Dr. Joule finds that its freedom of motion is 
much greater than when it rolls on agate planes. 

In Fig. 18, FS is the needle, <7(7 is its axis, consisting of a 
straight cylindrical wire, and PGQ , P'C'Q' are the filaments 
on which the axis rolls. POQ is the balance, consisting of a 
double bent lever supported by a wire, O'O' , stretched horizont- 
ally between the prongs of a forked piece, and having a counter- 
poise R which can be screwed up or down, so that the balance 
is in neutral equilibrium about O'O'. 
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In order that the needle may be in neutral equilibrium as 
the needle rolls on the filaments the centre of gravity must 
neither rise nor fall. Hence the distance OG must remain 
constant as the needle rolls. This condition will be fulfilled 
if the arms of the balance OP and OQ are equal, and if the 
filaments are at right angles to the arms. 

Dr. Joule finds that the needle should not be more than five 
inches long. When it is eight inches long, the bending of the 
needle tends to diminish the 
apparent dip by a fraction of 
a minute. The axis of the 
needle was originally of steel 
wire, straightened by being 
brought to a red heat while 
stretched by a weight, but 
Dr. Joule found that with 
the new suspension it is 
not necessary to use steel 
wire, for platinum and even 
standard gold are hard 
enough. 

The balance is attached to 
a wire O' O' about a foot long 
stretched horizontally be- 
tween the prongs of a fork. 

This fork is turned round in 
azimuth by means of a circle 
at the top of a tripod which 
supports the whole. Six 
complete observations of the 
dip can be obtained in one 
hour, and the average error 
of a single observation is a Kg. 18- 

fraction of a minute of arc. 

It is proposed that the dip-needle in the Cambridge Physical 
Laboratory shall be. observed by means of a double image 
instrument, consisting of two totally reflecting prisms placed 
as in Fig. 19 and mounted on a vertical graduated circle, so 
that the plane of reflexion may be turned round a horizontal 
axis nearly coinciding with the prolongation of the axis of 
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The values of M and M* mn#t H< 5 f«mi*4 t*% ih<» mr>ih«*4 

deflexion and vibration formerly 4*^erib«4 ( and 4 r» th- m-nunni 
of inertia of the magnet almiit iu axle. 

The observations with 11 magnet anupefobni by * tib*^ nr*’ #» 
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from the horizontal force by mmm of the equation 

I sv H mm 0, 


where / in the total force* // the lmriimsit*} b>rr«\ and c 1 tho 4 tj# 
464,] The process of delermtomg tin? 4ij* Mug a Mom* w iif, 
is not suitable for cktormitiuig the rofitimiuti* >4 the 

magnetic force. The 11 mat convenient itmlnittirnt f«>r eotiUmnns* 
observations is the vertical force magnetometer, wliteli t«§ minjily 
a magnet balanced cin knife inlgm #0 im» m 

equilibrium with its magnetic »xi* nearly WiAotital. 

If i? is the vertical of the magnetic fan*, M tl*o 
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magnetic moment, and 0 the small angle which the magnetic 
axis makes with the horizon, 

MZ cos <9 = cos (a — 0), 

where m is the mass of the magnet, g the force of gravity, a the 
distance of the centre of gravity from the axis of suspension, 
and a the angle which the plane through the axis and the 
centre of gravity makes with the magnetic axis. 

Hence, for the small variation of vertical force hZ } there will 
be since 6 is very small a variation of the angular position of 
the magnet S 0 such that 

MhZ = mg a sin (a — 9) SO. 

In practice this instrument is not used to determine the 
absolute value of the vertical force, but only to register its 
small variations. 

For this purpose it is sufficient to know the absolute value 

dZ 

of Z when 0 = 0, and the value of • 

The value of Z, when the horizontal force and the dip are 
known, is found from the equation Z= JTtan0 o , where 0 o is 
the dip and H the horizontal force. 

To find the deflexion due to a given variation of Z, take a 
magnet and place it with its axis east and west, and with its 
centre at a known distance r x east or west from the declinometer, 
as in experiments on deflexion, and let the tangent of deflexion 
be D r 

Then place it with its axis vertical and with its centre at 
a distance r 2 above or below the centre of the vertical force 
magnetometer, and let the tangent of the deflexion produced 
in the magnetometer be D 2 . Then, if the moment of the 
deflecting magnet is M ' , 

cl 7 

2M=Hr*D 1 =-j d r 2 3D 2 . 


Hence 


d 9 rJ Do ' 


The actual value of the vertical force at any instant is 

where Z 0 is the value of Z when 0 = 0. 

For continuous observations of the variations of magnetic 
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force at a fixed observatory tlj«* f ni.v.u ! ** ''homo i < 
Bi filar Horizontal Force Miignet»»iu»*iei nuA it- I «, <iiir 
tical Force Magnetometer ttiv the iu»^i emu - no ot o- nun 
At several observatories phoiognip’oe imn> ‘ m*- o *■-, 
duced on prepared paper i»h*v»*I b* el «-k «••!*, *> * 

continuous record of the iiidiratnao •>'* th«’ t)u* -e-. o 
at every instant is formed. Tin-.*** itmv-, ueis-m- r.* m 
of the three reetnngular eumjH*nrn! *f th. "me. v 
standard values. The d« elinone im m- * • 

mean magnetic west, the bitihir nm^n* i in 

tion of the force ton aids itui^ielii’ nm ih, tin- |,j 

magnetometer gives the vsi inf smi m i )**• *«■*!:»•:** t 
standard values of lhe*«« fore* •». m fmir euuri w h< o 
instrumentH indicate their s*w»onI me dr.ho-.-.i hs 

(JUCllt obsurvatiulis of the tibmdute d«vhn*tem t«‘! ; ; .*m.u 
and dip. 


CHAPTER Yin. 


ON TEBEESTRIAL MAGNETISM. 


465.] Oue knowledge of Terrestrial Magnetism is derived 
from the study of the distribution of magnetic force on the 
earth's surface at any one time, and of the changes in that 
distribution at different times. 


The magnetic force at any one place and time is known when 
its three coordinates are known. These coordinates may be 
given in the form of the declination or azimuth of the force, 
the dip or inclination to the horizon, and the total intensity. 

The most convenient method, however, for investigating the 
general distribution of magnetic force on the earth's surface 
is to consider the magnitudes of the three components of the 
force, 

X = H cos 8, directed due north, \ 

7 = H sin 8, directed due west, > (!) 

Z = H tan 9, directed vertically downwards, ) 
where H denotes the horizontal force, d the declination, and 9 
the dip. 

If V is the magnetic potential at the earth’s surface, and if 


we consider the earth a sphere of radius a , then 

y l£F F __ 1 % dV 

adl a cos l d\* 


where l is the latitude, A the longitude, and r the distance 
from the centre of the earth. 

A knowledge of V over the surface of the earth may he 
obtained from the observations of horizontal force alone as 
follows. 

Let V 0 be the value of V at the true north pole, then, taking 

VOL. II. K 
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the lino-integral uluitg any meridian, wi> find, 

for the value of the pc»t«*ntinl on flint m* ndmn a? )»< if ud«-- / 

Thus the potential may he found for nn% }«*mf nn thm » 

surface provided we know the value «»f X, tin- n-.j t ln-tl v 
component at every point, ami f , the value *4” T m. the 
Since the forces depend not on the ah-edofe «»j T hni 

on its derivatives, it is not necessary t*> ft\ nn\ p.-*rt iruUi \ A Jnr 
for V 0 , 

The value of V at any point uiny he o*i*«‘rtjum-d if n „ hn,» w 
the value of X along any given meridian, ami are* tlml *»t Y 
over the whole stir face* 



where the integration In performed along the given meridian 
from the pole to the parallel /, then 

w i* 

V ss ~ 11 j Ycm Id A, | *, * 

where the integration is performed nbmg the parallel f fmm ij H < 
given meridian A 0 to the mjuired point 

These methods imply that a complete magnrfie «,n„ v of t), r 
earth’s surface has been made, no that tie*. values* „f /V s ,f j- 
or of both are known for ov< ry point of tin* earth'** nurf**^ m * 
givtm epoch. What we actually kmm tl,c lu^i^Ur r.. m . 
ponents at a certain number of »ut miw, In iU« rmh^d j m u 
of the earth these stations are comparatively mimernti* , m ni| 4S ,f 
places there are large tract* of the earth# nut far** nU»nt which 
we have no data. 


M ttiftwf ic Su rm/» * 

46 fi.] Ut that in a am.ntrv «>f >,>.«!. rat., .J*, « i,„ w 

greatowt (linumHioim an. a fow Imndml „Ul, 

domination and the hnriimntal form, Imvr |«.,m t«k.n «i » 
mdom dn number ;of Hinthm .li atril«.M fairly -vm tl, 

Wilhm thm district wi- may anpjimm i|„, „f r t „ ’(«, 

roprunontod with Bufllciont aoeuriwv l»y tlm formula 

r^conat.-n^.f + .V-M^^V/VA t *//,, . ». 

* {Th« rpiwlw .houhl naattlt tlikW ■>, i ^ . 
the Britliili HU. JW, lm>, I.£2&Ej ^ * A % « I «# 
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466.] 

whence X = B^l -\ m B.^^ (7) 

F cos l = A , 2 "l - B 2 1 *4“ ^3 A. (8) 

Let there be n stations whose latitudes are l Xi Z 2 , ...&c. and 
longtitudes A 1# A 2 , &c., and ]et X and Y be found for each station. 

Let l 0 =4s(Z), andA 0 =is(A), (9) 

l 0 and A 0 may be called the latitude and longitude of the central 
station. Let 

-^o = 1 2 (X), and 7 0 cos l 0 - 1 2 (Fcos Z), (10) 

10 lb 

then X Q and Y Q are the values of X and Y at th§ imaginary 
central station, then 

X = X 0 -f B x (l — l 0 ) + _Z? 2 (A — - A 0 ), (ll) 

F cos Z = IJcos Z 0 + B 2 (l—l 0 ) + J5 3 (A— A 0 ). (12) 

We have n equations of the form (11) and n of the form 

(12). If we denote the probable error in the determination of 

X by £ and in that of F cos l by 77, then we may calculate £ and 
rj on the supposition that they arise from errors of observation 
of H and b. 

Let the probable error of H be h , and that of 5, A, then since 
dX = cos b . d B— .ffsin b .db, 

£ 2 = h 2 cos 2 5 + A 2 JET 2 sin 2 b. 

Similarly rj 2 = h 2 sin 2 5 + A 2 H 2 cos 2 b. 

If the variations of X and F from their values as given 
by equations of the form (11) and (12) considerably exceed the 
probable errors of observation, we may conclude that they are 
due to local attractions, and then we have no reason to give 
the ratio of £ to 77 any other value than unity. 

According to the method of least squares we multiply the 
equations of the form (11) by rj, and those of the form (12) 
by £ to make their probable error the same. We then multiply 
each equation by the coefficient of one of the unknown quan- 
tities B 19 B 2) or jB 3 and add the results, thus obtaining three 
equations from which to find B t , B 2 , B 3 , viz. 

-£l = -®l&l + -®2^29 

n*P*+PQi = ^ 2 6 2 +-B 2 (£ 2 6 1 + r ? 2 6 3 )+5 3 £ 2 & 2 , 

O 2 =: -®2^2 d“-B 3 & 3 ; 
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in which we write for conciseness, 

\ = 2 (P)-*iZ 0 a , S 2 = 2(ZX)-wZ 0 \o, = 2(\ 2 ) -n . \ 0 2 , 

J? = 2(lX)-nl 0 X 0i Q x = 2 (ZF cos Z) — }£ cos l 0 , 

£> = 2(AX)-w\ 0 X 0 , Q 2 = 2(XF cos l)—%k 0 Y 0 <so&l 0 . 

By calculating S x , jB 3 , and 2? 3 , and substituting in equations 
(11) and (12), we can obtain the values of X and 7 at any point 
within the limits of the survey free from the local disturbances 
which are found to exist where the rock near the station is 
magnetic, as most igneous rocks are. 

Surveys of this kind can be made only in countries where 
magnetic instruments can be carried about and set up in a great 
many stations. For other parts of the world we must b© content 
to find the distribution of the magnetic elements by interpolation 
between their values at a few stations at great distances • from 
each other. 

467. ] Let us now suppose that by processes of this kind, 
or by the equivalent graphical process of constructing charts 
of the lines of equal values of the magnetic elements, the values 
of X and T, and thence of the potential V, are known over the 
whole surface of the* globe. The next step is to expand V in 
the form of a series of spherical surface harmonics. 

If the earth were magnetized uniformly and in the same 
direction throughout its interior, V would bo a harmonic of 
the first degree, the magnetic meridians would be great circles 
passing through two magnetic poles diametrically opposite, the 
magnetic equator would be a great circle, the horizontal force 
would be equal at all points of the magnetic equator, and if 
H 0 is this constant value, the value at any other point would 
be H = ff 0 cos l\ where V is the magnetic latitude. The vertical 
force at any point would be Z = 2 H 0 sin l\ and if 0 is the dip, 
tan 6 would be = 2 tan V. 

In the case of the earth, the magnetic equator is defined to 
be the line of no dip. It is not a great circle of the sphere. 

The magnetic poles are defined to be the points where there 
is no horizontal force, or where the dip is 90°. There are 
two such points, one in the northern and one in the southern 
regions, but they are not diametrically opposite, and the line 
joining them is not parallel to the magnetic axis of the earth. 

468. ] The magnetic poles are the points where the value of V 
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468 .] 

on the surface of the earth is a maximum or minimum, or is 
stationary. 

At any point where the potential is a minimum the north end 
of the dip-needle points vertically downwards, and if a compass- 
needle be placed anywhere near such a point, the north end will 
point towards that point. 

At points where the potential is a maximum the south end 
of the dip-needle points downwards, and in the neighbourhood 
the south end of the compass-needle points towards the point. 

If there are p minima of V on the earth's surface there must 
be p — 1 other points, where the north end of the dip-needle 
points downwards, but where the compass-needle, when carried 
in a circle round the point, instead of revolving so that its north 
end points constantly to the centre, revolves in the opposite 
direction, so as to turn sometimes its north end and sometimes 
its south end towards the point. 

If we call the points where the potential is a minimum true 
north poles, then these other points may he called false north 
poles, because the compass-needle is not true to them. If there 
are p true north poles, there must be p—1 false north poles, 
and in like manner, if there are q true south poles, there must 
be < 7— 1 false south poles. The number of poles of the same 
name must be odd, so that the opinion at one time prevalent, 
that there are two north poles and two south poles, is erroneous. 
According to Gauss there is in fact only one true north pole 
and one true south pole on the earth’s surface, and therefore 
there are no false poles. The line joining these poles is not 
a diameter of the earth, and it is not parallel to the earth’s 
magnetic axis. 

469.] Most of the early investigators into the nature of the 
earth’s magnetism endeavoured to express it as the result of the 
action of one or more bar magnets, the positions of the poles of 
which were to be determined. Gauss was the first to express 
the distribution of the earth’s magnetism in a perfectly general 
way by expanding its potential in a series of solid harmonics, 
the coefficients of which he determined for the first four degrees. 
These coefficients are 24 in number, 3 for the first degree, 5 for 
the second, 7 for the third, and 9 for the fourth. All these 
terms are found necessary in order to give a tolerably accurate 
representation of the actual state of the earth’s magnetism. 
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To find what Part of the Ulmer red Magnet *■ h r >• m 
to Externa! and what t*> Interna! 

470.] Lot uh now mippcmr that w»* luivn m1*Uhi«' 4 an 
high of tho magnetic potential of thr « ju th in i«*ul h*u ■ 

monies, consistent with the actual «lirecf i«m nt el indium. L* 
of tho horizontal form at every point i n tho «>nr{L n -miyfirr, 
then GauHH 1ms shown how to iletermiie , Irmn th» «»L-.-rn-4 
vortical force, whKlmr the mngiietie f*>rer* tu - <lut* n • 
such as magnetization or eleeirie rurnntn withm it O' rill I !$'?:* 
surface, or whether any part is «!irerlly *hje t*» r»»u;»ns rUrriMr 
to tho earth's wurfiicc. 

Lot V ho the act.ua! jHitcntial cAjiaiul* 4 in n *’ *r| i*\a *»f 
spherical harmonica. 



+*, 0 ' "+*«.♦ »< i, 1 ;r‘" . 

Tho first series represents the pint «>f the j . t. nn-U t,, 

causes exterior to tho earth, ami tho second . 
tho part duo to causes within the earth. 

Tho observations of horizontal force j»iv«* u» the «mn 
Horios when r = «, the radius ,*f the earth. Th. ion, U,„ 
order 1 is i; , ,1, , //,. 

'J’ho observations of vortical force give u« 

« >tv 

* Ur ' 

and tho term of the order i in u 7, is 

uZ t as /.I, - ((' t 1 It , 

Honco the part duo to external canned i« 

*' 1 1 !,• 4' il 7 t 

* ' «* i 4 ' I 

and tho part duo to causes within the earth is 

# 2 m I 

Uio expansion of V has hitherto heen mltntlaM f.»r the 
mean value of Fat or near certain epochs, N«* appreckl.J, part 
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473-] 

of this mean value appears to be due to causes external to the 
earth. 

471. ] We do not yet know enough of the. form of the ex- 
pansion of the solar and lunar parts of the variations of V 
to determine by this method whether any part of these variations 
arises from magnetic force acting from without. It is certain, 
however, as the calculations of MM. Stoney and Chambers have 
shewn, that the principal part of these variations cannot arise 
from any direct magnetic action of the sun or moon, supposing 
these bodies to be magnetic *. 

472. ] The principal changes in the magnetic force to which 
attention has been directed are as follows. 

I. The more Regular Variations . 

(1) The Solar variations, depending on the hour of the day 
and the time of the year. 

(2) The Lunar variations, depending on the moon’s hour angle 
and on her other elements of position. 

(3) These variations do not repeat themselves in different 
years, but seem to be subject to a variation of longer period 
of about eleven years. 

(4) Besides this, there is a secular alteration in the state of 
the earth’s magnetism, which has been going on ever since 
magnetic observations have been made, and is producing changes 
of the magnetic elements of far greater magnitude than any 
of the variations of small period. 

II. The Disturbances . 

473. ] Besides the more regular changes, the magnetic elements 
are subject to sudden disturbances of greater or less amount. 
It is found that these disturbances are more powerful and 
frequent at one time than at another, and that at times of great 
disturbance the laws of the regular variations are masked, though 


* Professor Hornstein of Prague has discovered a periodic change in the magnetic 
elements, the period of which is 26*33 days, almost exactly equal to that of the 
synodic revolution of the sun, as deduced from the observation of sun-spots near his 
equator. This method of discovering the time of rotation of the unseen solid body of 
the sun by its effects on the magnetic needle is the first instalment of the repayment 
by Magnetism of its debt to Astronomy. Anzeiger der 7c. Alcad., Wien, June 15, 
1871. See Proc. B. Nov. 16, 1871. 
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they are very distinct at times of *m»l! hum-* If. 

groat attention haw been paid ?»» tb«-*» *ir«f*Hh#uir«--» nod it 
has been found that disturbance* nf n pari u-ubu l <?. ! *u i.^i, 
likely to occur at certain time* of tie 4n\, and u* 
seasons and intervals of time* though * n«*h mdiAnlmil 4; 
ance appears quite irregular* IVsidr* the^ m.o*- Mi.liinu v 
disturbances, there are oeeiudunully t u» ^ of » >> *<■ di toil, 
ance, in which the magnet bin in strongly d^f ■■ .* b-o j , ,j * fc dn\ 
or two. These are railed Magnetic Sn>rm*, Indu eimu dm- 
turban cos have been MUitctimcH uI»h« rv«**t at th«- wunr imfiuit 
In stations widely distant. 

Mr. Airy has found that ft large proportion «<f tho diMmb 
ancos at- Greenwich correHjM*nd with the rT-rine mu* ni.n 
collected by electrodes placed in the earth in ih« ttmghbntts h.n*d. 
and are such as wouhl be directly produced m tho magnet if 
the earth-current, retaining its actual direction, un* cmiducird 
through a wire placed the umgm i 

It has been found that there is an epoch *4 tmwnnmn di>»- 
turhanoo every eleven yearn, and that tlm nppcnri i*. e-meidr 
with the epoch of maximum tttimlicr nf *pni<t in tho >un 

474.) The field of invest igat ion into rvliicli air mti,,dor-d 


a.?) it i * 


by the study of terrestrial mngtndiaut y\ m prof.o 
extensive. 

We know that the nun and moon net on the r ft rih'-. mngnciuuu 
It has been pioved that tins action run m «t 1 *■ % pin mo d Ui ^np 

posing these bodies magnet*. I he action a* then ?« »t v. aiidn ret 
In the case of the sun part of if. may tlomiod a«m»..h, but 
in the case of the moon we cannot jitinhut" n t , , thi* rnu*^ 
Is. it possible that the attraction of thc*e U*!,. h, can.mg 

strains in the interior of the earth, produce* . Ait it/i chungr* 
in the magnetism already existing in the earth, turn ly * kind 
of tidal action causes the semi diurnal vasialion* 1 
But tho amount of all th.-n.. oh, mg,., v , i v »m»H 

with tho groat secular change ,.f the , n ,tl. n 

What tiauHo, whothor exterior t„ tl„. ,„ t ih a.-, »,,»,«■ r 

depths, produces such emmiiotw rhnugm in i|„> ri »»U, 
notwiri, that its magnetic jm.J.h move »l„wtv f»„u» , ,, nJl T»f 
1 10 globe to another ? Wh»» wo ctwider th.,t ih. mi.-io.siv „f 
tho magnetization of tho groat gl«»*, ,,f the .*,th ,4 W . 

parable with that which wo produce with much .i*>b,mltv m 
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our steel magnets, these immense changes in so large a body 
force us to conclude that we are not yet acquainted with one 
of the most powerful agents in nature, the scene of whose ac- 
tivity lies in those inner depths of the earth, to the knowledge 
of which we have so few means of access*. 

* { Balfour Stewart suggested , that the diurnal variations are due to electric 
current induced in the rarified air in the upper regions of the atmosphere as it moves 
across the earth’s lines of force. Schuster, Phil. Trans. A, 1889, p. 467, by applying 
Gauss’s method, has lately shewn that the greater part of these disturbances have 
their origin above the surface of the earth. ]■ 



PART IV. 


ELECTROMAGNETISM. 


CHAPTER I. 

ELECTROMAGNETIC EORCE. 

475.] It had been noticed by many different observers that in 
certain cases magnetism is produced or destroyed in needles by 
electric discharges through them or near them, and conjectures 
of various kinds had been made as to the relation between mag- 
netism and electricity, but the laws of these phenomena, and the 
form of these relations, remained entirely unknown till Hans 
Christian Orsted*, at a private lecture to a few advanced stu- 
dents at Copenhagen, observed that a wire connecting the ends 
of a voltaic battery affected a magnet in its vicinity. This 
discovery he published in a tract entitled Experimenta circa 
effedum Con flic tils Electrici in Acum Magneticam, dated 
July 21, 1820. 

Experiments on the relation of the magnet to bodies charged 
with electricity had been tried without any result till Orsted 
endeavoured to ascertain the effect of a wire heated by an 
electric current. He discovered, however, that the current itself, 
and not the heat of the wire, was the cause of the action, and 
that the ‘electric conflict acts in a revolving manner/ that is, 
that a magnet placed near a wire transmitting an electric cur- 
rent tends to set itself perpendicular to the wire, and with the 

* See another account of Orsted’s discovery in a letter from Professor Hansteen in 
the Life of Faraday by Dr. Bence Jones, vol. ii. p. 395. 
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same, end always pointing forwards as the magnet is moved- 
round the wire. 

476. ] It appears therefore that in the space surrounding a 
wire transmitting an electric current a magnet is acted on by 
forces dependent on the position of the wire and on the strength 
of the current. The space in which these forces act may there- 
fore be considered as a magnetic field, and we may study it in 
the same way as we have already studied the field in the 
neighbourhood of ordinary magnets, by tracing the course of 
the lines of magnetic force, and measuring the intensity of 
the force at every point. 

477. ] Let us begin with the case of an indefinitely long 
straight wire carrying an electric current. If a man were to 
place himself in imagination in the position of the wire, so that 
the current should flow from his head to his feet, then a magnet 
suspended freely before him would set itself so that the end 
which points north would, under the action of the current, 
point to his right hand. 

The lines of magnetic force aro everywhere at right angles to 
planes drawn through the wire, and are 
therefore circles each in a plane perpen- 
dicular to the wire, which passes through 
its centre. The pole of a magnet which 
points north, if carried round one of these 
circles from left to right, would .experience 
a force acting always in the direction of 
its motion. The other pole of the same 
magnet would experience a force in the 
opposite direction. 

478. ] To compare these forces let the 
wire be supposed vertical, and the current 
a descending one, and let a magnet be 
placed on an apparatus which is free to 
rotate about a vertical axis coinciding 
with the wire. It is found that under 
these circumstances the current has no effect in causing the 
rotation of the apparatus as a whole about itself as an axis. 
Hence the action of the vertical current on the two poles of the 
magnet is such that the statical moments of the two forces 
about the current as an axis are equal and opposite. Let m ± 
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electromagnetic force. [4 So. 

•and to, be the strengths of the two poles, r x and r 2 their dis- 
tances from the axis of the wire, T x and T, the intensities of the 
magnetic force due to the current at the two poles respectively, 
then the force on to, is m x T x , and since it is at right angles to 
the axis its moment is Similarly that of the force on 

the other pole is m 2 T 2 r 2 , and since there is no motion observed, 

wi 1 T l r 1 J rm 2 T 2 r 2 = 0 . 

But we know that in all magnets 

m L + on 2 — 0. 

Hence T ± r x = T 2 r 2i 

or the electromagnetic force due to a straight current of infinite 
length is perpendicular to the current, and varies inversely as the 
distance from it. 

479. ] Since the product Tr depends on the strength of the 

current it may be employed as a measure of the current. Till is 
method of measurement is different from that founded upon 
electrostatic phenomena, and as it depends on the magnetic 
phenomena produced by electric currents it is called the lldoc- 
tromagnetic system of measurement. In the electromagnetic 
system if i is the current, __ 2 i. 

480. ] If the wire be taken for the axis of 0, then the rectangular 
components of T are 

x=-2i^, Y=2i~, Z — 0. 

Here Xdx +• Ydy + Zdz is a complete differential, being that of 

2itan“ 1 - + <7. 

x 

Hence the magnetic force in the field can be deduced from a 
potential function, as in several former instances, but the potential 
is in this case a function having an infinite series of values whose 
common difference is 4 vi. The differential coefficients of the 
potential with respect to the coordinates have, however, definite 
and single values at every point. 

The existence of a potential function in the field near an 
electric current is not a self-evident result of the principle of 
the conservation of energy, for in all actual currents there is 
a continual expenditure of the electric energy of the battery in 
overcoming the resistance of the wire, so that unless the amount 
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of this expenditure were accurately known, it might be suspected 
that part of the energy of the battery was employed in caus- 
ing work to be done on a magnet moving in a cycle. In fact, 
if a magnetic pole, m, moves round a closed curve which em- 
braces the wire, work is actually done to the amount of 4 7 rmi 
It is only for closed paths which do not embrace the wire that 
the line-integral of the force vanishes. We must therefore for 
the present consider the law of force and the existence of a 
potential as resting on the evidence of the experiment already 
described. 

481. ] If we consider the space surrounding an infinite straight 
line we shall see that it is a cyclic space, because it returns into 
itself. If we now conceive a plane, or any other surface, com- 
mencing at the straight line and extending on one side of it 
to infinity, this surface may be regarded as a diaphragm which 
reduces the cyclic space to an acyclic one. If from any fixed 
point lines be drawn to any other point without cutting the 
diaphragm, and the potential be defined as the line -integral of 
the force taken along one of these lines, the potential at any 
point will then have a single definite value. 

The magnetic field is now identical in all respects with that 
due to a magnetic shell coinciding with this surface, the strength 
of the shell being i. This shell is bounded on one edge by the 
infinite straight line. The other parts of its boundary are at an 
infinite distance from the part of the field under consideration. 

482. ] In all actual experiments the current forms a closed 
circuit of finite dimensions. We shall therefore compare the 
magnetic action of a finite circuit with that of a magnetic shell of 
which the circuit is the bounding edge. 

It has been shewn by numerous experiments, of which the 
earliest are those of Ampfere, and the most accurate those of 
Weber, that the magnetic action of a small plane circuit at 
distances which are great compared with the dimensions of the 
circuit is the same as that of a magnet whose axis is normal 
to the plane of the circuit, and whose magnetic moment is 
equal to the area of the circuit multiplied by the strength of 
the current*. 

* {Ampere, TMorie des pMnom&nes electrodynamigues, 1826 ; Weber, El elctrody- 
namische Maasbestimmungen (Abhandlungen der Tconiglich Sachs. Gesellschaft zu 
Leipzig , 1850-1852.) } 
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1 4S4. 

If the circuit la* supposed to he fill** ! op !«\ a ,;M? hounded 
by the circuit ami thus forming n dmphmgm. and »f a u* gn.*t»c 
fibull of strength / coinciding with tin* nuioc- h- *4 t„ r 

the electric current, thru the mngncMc actem .u *hr *h«dl <m nil 
distant points will he identic?*! with that »** th«- » nnoit 

483.] Hitherto we have support the InnotoMin »d thr oifruit 
to he small compared with the ditlnnce «>! mix \>mi >4 t !n»m 
the part of the field examined We n|ml) m»w the circuit 

to be of any form and ske whatever, and nt 

any point P not in tlm conducting wuv- it»«dt. ITe !*dh.wm i # 
method, which has important geometrical appheaii *nn, ww to* 
trodueed hy Ampere for this purpose 
Conceive any surface S hounded hv lie- circuit and n«»t p.vedtig 
through the point I\ (hi tins surface draw 1 *4 linen 

crossing each other ho an to divide it int<* «deu*eiit*r v jtofttuiui, 
the dimensions of which are .small compared with ih*ur dutt After 
from 1\ and with the radii of curvature i»f the surface 

Round each of those tdemettla conceive m cm out *4 ^Irr.iigth 
i to flow, the dim'd ion of circulation Rung lie »Aine m all the 
elements as it is in the original circuit 
Along every line forming the dividoi* 1* iw* « u two cm 1 tig in nin 
elements two equal currents of strength ? ii*»w m opp<*Mie dure, 
turns. 

The effect of two ctjnal and opposite current* in the ^imm place 
is ahsolutely zero, in whatever ii#»j*rct wc o»iui4*t the. current*. 
Hence their magnetic effect is /^ro. The unit ]»>rti*un of th«* 
dementary circuits which are imt miitiah^d in thin w** arc 
ihose which coincide wdth the original circuit. The t*»ul nfcri 
>f the elementary circuits in therefore «<pm aim* that «*f the 
>riginal circuit. 

484] Now since each of the elnncnum nimnb nm% l»« 
■idorccl as a small plane circuit whn?w d kt Afire tt*un |* great 
iompared with its dimensions, we may f«»r it *n 

lementary magnetic shell of strength ? w hum*, hounding edge 
oincidcH with the elementary circuit. The magnetic ritWl of 
he elementary shell on P is mpd valent to that *4 the. *Umr.%%imy 
ircuit. The whole of the elementary *h< U» comtstnlc * mag. 
otic shell of strength ! t coinciding with the matm^ S and 
minded hy the original circuit, and the magnetic action *#f 
m wllolc} un V In ctpii valent to that of the circuit. 
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485.] MAGNETIC SHELL IN PLANE OP CURRENT. 


It is manifest that the action of the circuit is independent 
of the form of the surface $, which was drawn in a perfectly 
arbitrary manner so as to fill it up. We see from this that the 
action of a magnetic shell dep end’s only on the form of its edge 
and not on the form of the shell itself. This result we obtained 
before, in Art. 410, but it is instructive to see how it may be 
deduced from electromagnetic considerations. 

The magnetic force due to the circuit at any point is therefore 
identical in magnitude and direction with that due to a magnetic 
shell bounded by the circuit and not passing through the point, 
the strength of the shell being numerically equal to that of the 
current. The direction of the current in the circuit is related to 
the direction of magnetization of the shell, so that if a man were 
to stand with his feet on that side of the shell which we call the 
positive side, and which tends to point to the north, the current 
in front of him would be from right to left. 


485.] The magnetic potential of the circuit, however, differs 
from that of the magnetic shell for those points which are in the 
substance of the magnetic shell 


If co is the solid angle subtended at the point P by the mag- 
netic shell, reckoned positive when the positive or austral side 
of the shell is next to P, then the magnetic potential at any 
point not in the shell itself is co <f>, where is the strength of the 
shell. At any point in the substance of the shell itself we may 
suppose the shell divided into two parts whose strengths are 
and (j ) 2 , where <^ 4 $ 2 = <j>, such that the point is on the 
positive side of <£ x and on the negative side of </> 2 . The potential 

at this point is /t , \ , , 

(o((f) 1 +(p 2 ) — 4:7r^ 2 . 


On the negative side of the shell the potential becomes 
<£(co — 47 t). In this case therefore the potential is continuous, 
and at every point has a single determinate value. In the case 
of the electric circuit, on the other hand, the magnetic potential 
at every point not in the conducting wire itself is equal to ic*>, 
where i is the strength of the current, and co is the solid angle 
subtended by a circuit at the point, and is reckoned positive 
when the current, as seen from P, circulates in the direction 
opposite to that of the hands of a watch. 

The quantity i co is a function having an infinite series of values 
whose common difference is 4 iri. The differential coefficients of 
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ica with respect to tho coordinates have, how. v* r, single and de- 
terminate values for every point «»t* spnce. 

486.] If a long thin flexible solnioidnl magnet wii<> phuvd i )t 
the neighbourhood of an electric circuit, tin' ti>>nh and ..mth 
ends of the .solenoid would tend to move in >*pp» t) t, do. . ti..n . 
round the wins and if they were free t>> obey the um -n.-tie foie,- 
tho magnet would finally Iwonie wound mund the wu. m u 
closed coil. If it were possible to obtain u magic •» Liom^ only 

one polo, or polos of unequal strength, sin-h n nnut.. t would be 

moved round and round the wire continually m - m- .in. cte.ii, 
hut since the polos of every magnet ate i ipial and ..j.p.. ,u. , this 
result can never occur. Faraday, however, hie. shewn ht.w to 
produce tin* continuous rotation of one pda of a magnet round 
an electric current by making it possible for mo j...?,- n, t . tind 
and round the current while the other pd«* do. . n.,t That this 
process may he repeated indefinitely, the body • >! the magnet 
must ho transferred from one side of the ■•mr.m to th.. other 
once in each revolution. To do this without interrupting the 
flow of electricity, the current is split into two brunches, *..» that 
when one branch is opened to let the magnet p n -,.-, th. , inr. nt 
continues to flow through the other 1 sunlit v ie. I tor tins 
purpose a circular trough of mercury, «. do wn m Fig. ;*;i, 
Art. *101. The current enters the trough through the win* .!/?, 
it is divided at //, and after (lowing through the me* Hyp «nd 
BRP it, unites at /’, and leaves the trough through tie « lt „ pi> t 
the cup of mercury 0 , and a vertical wire beneath ", down winch 
tho current flows. 

The magnet (not shewn in the figure! i, mounted », t„ 
capable of revolving about a vertical avis through ", and the 
wire OP revolves with it. The Udy of th, m«gm < pa**.* 
through the aperture of the trough, pd.*, p,„ It ,»rth 

polo, 1 siing henoatlr the plane of the trough, and t U..-r 
it. Ah the magnet and the win- OP revolve aU.ut the v.-menl 
axis, tho current is gradually transferred frum the bmmh of the 
trough which lies in front of the mngnei t„ that nludi lie* 
behind it, so that in every complete rev.dutn n the magnet 
passoe from one Hide of the eurrent to the other. Th. pda 

o tho magnet revolves about the descending current m the 
direction N.K.B.W., and if., „/ are the sold angles <,m-a,..rilv 
of sign) subtended by the circular trough at the two poles, th* 
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487.] 

work done by the electromagnetic force in a complete revolution 
is mi (4 77 — co— a/), 

where m is the strength of either pole, and i the strength of the 
current *. 

487.] Let us now endeavour to form a notion of the state of 
the magnetic field near a linear electric circuit. 

Let the value of co, the solid angle subtended by the circuit, 
be found for every point of space, and let the surfaces for which 
co is constant be described. These surfaces will be the equipo- 
tential surfaces. Each of these surfaces will be bounded by the 
circuity and any two surfaces, co x and co 2 , will meet in the circuit 
at an angle l (co x — o> 2 ) f. 

* [This problem may be discussed as follows : Referring to Fig. 23, Art. 491, let 
us take OP in any position and introduce imaginary balancing currents i along BO 
and x, y along OB. As the magnet attached to OP is carried through a complete 
revolution no work is clone on the south pole by the current i, supposed to pass along 
ABOZ , that pole describing a closed curve which does not embrace the current. 
The north pole however describes a closed curve which, does embrace the current, and 
the work done upon it is 4 vmi. We have now to estimate the effects of the currents 
x in the circuit BP OB and y in the circuit BJRPOB . The potential of the north 
pole which is below the planes of those circuits will be 

— mxuQ + my (<u— co 9 ) and, of the south, — mxcc r d —my(— co' + u'q), 
where <v d and oo' d denote the solid angles subtended at the two poles by BOP, and a, 
<w' those subtended by the circular trough. The resultant potential is 
m y (00 + co')—m i (co d + (o ' & ) . 

Hence as OP revolves from OP in the direction NMSW back to OP again the 
potential will change by — mi( <w + a/). The work done by the currents is therefore 
that given in the text.] 

{ The following is a slightly different way of obtaining this result : — The currents 
through the wires and the mercury trough are equivalent to a circular current i— x 
round the trough, a current i round the circuit POP and a current i through AB, BO t 
and the vertical wire OZ. The circular current will evidently not produce any force 
tending to make either pole travel round a circle co-axial with the circuit of the 
current. The North pole threads the circuit AB, BO, and the vertical OZ, once in 
each revolution, the work done on it is therefore 4 7 rim. If Cl and £2' are the numerical 
values of the solid angle subtended by the circuit POB at the north and south poles of 
the magnet respectively, then the potential energy of the magnet and circuit is 
— ■ mi (H + f l '). Hence if 6 is the angle P OB, the work done on the magnet in a com- 
plete revolution is 

rz-rr d 

— / mi- 77 , (fl + fl') == +w'). 

Jo 

Hence the whole work done on the magnet is 

mi { 4 7r — (co + a/)} }. 

f {This can be deduced as follows : — Consider a point P on the surface c^near the line 
of intersection of the two equipotential surfaces, let O be a point on the line of 
intersection near P, then describe a sphere of unit radius with centre 0. The solid 
angle subtended at P by the circuit will be measured by the area cut off the unit 
sphere by the tangent plane at O to the surface cv 1 , and by an irregularly shaped cone 
determined by the shape of the circuit at some distance from O. Now consider a 
point Q on the second surface co 2 near to 0, the solid angle subtended by the circuit at 
this point will be measured by the area cut off the unit sphere with centre 0 by the 

VOL. II. L 
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Figure XVI 1 1, at tin* end of tld* > a i-*fi*„ii 

of the equipotontial surfaces due i*» a vneu;tu" enu< n? T?jh -uuiiU 
circle represents a wet tun tif flm rMiniurt mg \sir<\ and tip- h*.rt. 
zontal line at the bottom of tin- Hgure h th^ p> *|- tnuenhu fi lt , 
plane of the circular current through its ratify** l'h< < qiiijM.N-ntnd 
surfaces, 24 of which are drawn mm-Hpon-img t*» n j i* > of % idsms 

of « di tiering hv ** »nre surfaces nl r*'V^lun*-n. having this hno f, ir 

* <5 

their common axis. They are evidmuH time . > 

flattened in the direction of the a \ i s lie'} me.-t *-a»'h * fhr-r m 
the lino of the circuit at angles of ! 

Tho force acting on » inngm-t e pole id.ar«-d ,*? Aj ^ p,,iut »4 rm 
eqmpntential surface in perpeiidimthir t*» tho* ••o. j!a*e- ( and vi*ri*\f» 
inversely us the distance between rHu^ruin^ «qu*p - 1 - 1 & i § 1 .n*n 
faces. The cloned curves snrrmmdin^ the ^ rtn*n ».f th«-» m 
Fig, .XVI II are the lines of force, The* a»«* e*»j s ;.r l Sir \V, 
Thomson’s hiper on * Vortex Motion*/ S< «• ivU,, Ah /o;t 

Artirni of it n ElMri*' ('in uit *m »i«v tynms*'?*-- S v ■ f, 

4HH*] We are now aide to deduce the ivm-m id i\n «d«ctrie 
circuit cm any magnetic sWem in it* ii<nghb<.*,i !o». 1 *V , m o M , 
theory of magnetic shells, for if w«i e* uoni net *% magnetic rdndl 
whose strength is numericnllv equal 1 m th« Mivngth ,4 |j ;o 
current, and whose edge coincides in j » ah the mreittt, 
while tho Hindi itself does li«4 jm.fui through nn% pm ,»f t| p , 

magnetic system* the action of the Mod! on %lm tnngtietic n% s*| r j,| 

will he identic, a! with flint, ni the idectne mornt. 


JtfidetioHf oj (la* Mtujiwtu' System »»n fAr f/r,vuf 

48!).] From thw, applying «!„. 1 U 1 a „4 

tion am <*qunl mul w„ r„iirh,.i„ that *3 S . nm-liaw.’*! 

action of tho magnetic „» i)„, „W lrt ,. s „ 

with ilH action on a mngmti.- „J,„!1 h» % ,»,>• U,<- ,nrr,»a f. ,* u* ,-,1^, 
I ho potential oin r^y of » mnj-m iit- »1« U „( sir«-.»»^U> j,i,„ ,,| 

V ”V <*m, Mk Will l» Il,« „ ul,» \%J.f s „ , ■ s . 1 • a ; t v **T 

uiljflolmUomi tlm taiijfnit i|,*l <J t*i„ ,V C *"T * ** 4 ,’ * * *”'* u ,} ** 

tlum Umwi K |„ |.,.u-rwi tl,i ,urf«T« i. " ' " 1 > 

% mm, M, *V, AWi>, f v«J, j,, 4 /,% iliMitf,/ * 
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489.] 


in a field of magnetic force of which the potential is 7, is, by 

Arl ' 410, - A rn, dr dr dv \ 


where Z, m, n are the direction-cosines of the normal drawn 
from the positive side of the element dS of the shell, and the 
integration is extended over the surface of the shell. 

Now the surface-integral 


JST = JJ ' (la + mb + ne) dS, 


where a, b } c are the components of the magnetic induction, re- 
presents the quantity of magnetic induction through the shell, 
or, in the language of Faraday, the number of lines of magnetic 
induction, reckoned algebraically, which pass through the shell 
from the negative to the positive side, lines which pass through 
the shell in the opposite direction being reckoned negative. 

Remembering that the shell does not belong to the magnetic 
system to which the potential V is due, and that the magnetic 
force is therefore equal to the magnetic induction, we have 


dV 7 dV 
a ~~ dx 3 ~~ dy } 

and we may write the value of M, 

m = '~<i>jsr. 


e 


~dV 

dz 3 


If hx x represents any displacement of the shell, and the 
force acting on tho shell so as to aid the displacement, then by 
the principle of conservation of energy, 

+ = 0 , 


or 


*x = <*> 


dF 

dx x ’ 


We have now determined the nature of the force which cor- 
responds to any given displacement of the shell. It .aids or 
resists that displacement accordingly as the displacement in- 
creases or diminishes N , the number of lines of induction which 
pass through the shell. 

The same is true of the equivalent electric circuit. Any dis- 
placement of the circuit will be aided or resisted according as 
it increases or diminishes the number of lines of induction which 
pass through the circuit in the positive direction. 
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We must remember that the positive direction of a line of 
magnetic induction is the direction in which the pole of a magnet 
which points north tends to move along the line, and that a line 
of induction passes through the circuit in the positive direction, 
when the direction of the line of induction is related to the 
direction of the current of vitreous electricity in the circuit as 
the longitudinal to the rotational motion of a right-handed 
screw. See Art. 23. 

490.] It is manifest that the force corresponding to any dis- 
placement of the circuit as a whole may be deduced at once from 
the theory of the magnetic shell. But this is not all. If a 
portion of the circuit is flexible, so that it may be displaced 
independently of the rest, we may make the edge of the shell 
capable of the same kind of displacement by cutting up the 
surface of the shell into a sufficient number of portions con- 
nected by flexible joints. Hence we conclude that if by the 
displacement of any portion of the circuit in a given direction 
the number of lines of induction which pass through the circuit 
can be increased, this displacement will be aided by the electro- 
magnetic force acting on the circuit. 

Every portion of the circuit therefore is acted on by a force 
urging it across the lines of magnetic induction so as to include 
a greater number of these lines within the embrace of the circuit, 
and the work done by the force, during this displacement is 
numerically equal to the number of the additional lines of in- 
duction multiplied by the strength of the current. 

Let the element ds of a circuit, in which a current of strength 
i is flowing, be moved parallel to itself through a space b x, it will 
sweep out an area in the form of a parallelogram whose sides are 
parallel and equal to ds and bx respectively. 

If the magnetic induction is denoted by 33, and if its 
direction makes an angle e with the normal to the parallel- 
ogram, the value of the increment of AT corresponding to the 
displacement is found by multiplying the area of the parallel- 
ogram by 33 cos e. The result of this operation is represented 
geometrically by the volume of a parallelopiped whose edges 
represent in magnitude and direction bx, ds, and 33, and it 
is to be reckoned positive if when we point in these three 
directions in the order here given the pointer moves round 
the diagonal of the parallelopiped in the direction of the hands 
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of a watch*. The volume of this parallelopiped is equal to 

Xbx. 

If 6 is the angle between ds and 33, the area of the parallelo- 
gram whose sides are ds and 33 is cZs.33sin0, and if v is the 
angle which the displacement bx makes with the normal to this 
parallelogram, the volume of the parallelopiped is 
ds . 33 sin 0 . bxGosrj = bJSF. 

Now X bx = ibX = ids . 33 sin Ob x cos rj, 

and X = i ds . 33 sin 0 cos rj 

is the force which urges ds , resolved in the direction bx. 

The direction of this force is therefore perpendicular to the 
parallelogram, and its magnitude is equal to i . ds . 33 sin d. 

This is the area of a parallelogram whose sides represent in 
magnitude and direction ids and 33. The force acting on ds is 
therefore represented in magnitude by the area of this parallel 
ogram, and in direction by a normal to its plane drawn in the 
direction of the longitudinal motion of a right-handed screw, the 
handle of which is turned from the direction of the current ids 
to that of the magnetic induction 33. 

We may express in the language of 
Quaternions, both the direction and 
the magnitude of this force by saying 
that it is the vector part of the result 
of multiplying the vector ids , the 
element of the current, by the vector 
33, the magnetic induction. 

491.] We have thus completely de- 
termined the force which acts on any 
portion of an electric circuit placed 
in a magnetic field. If the circuit is 
moved in any way so that, after assuming various forms and 
positions, it returns to its original place, the strength of the 
current remaining constant during the motion, the whole amount 
of work done by the electromagnetic forces will be zero. Since 
this is true of any cycle of motions of the circuit, it follows that 
it is impossible to maintain by electromagnetic forces a motion 
of continuous rotation in any part of a linear circuit of constant 
strength against the resistance of friction, &e. 

* {In this rule ds is drawn in the direction of i and the observer is supposed to be 
at that corner of the parallelopiped from which dx, d s and 33 are drawn.} 


Cojojoer* 



Fig. 22. 
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It. is possible, however, t«> « ’ ‘ ,M I' 1 '"' “‘’"l 

that at soma part of the cum- of tie- * 1 ! -»l 

passes from one eo»»duct«r whirl* -del. ■* ... gh.s. < «n. u. . 

Wlirn ii* a circuit there '■> sliding «•••«'* «'•’ 1 ‘ •* •' 11 !,i ’ * 
tho surface of a smooth solid or i» thiol, tm- <-n. <> * • i... >*'i. 

1m* considered ns a single lim-nr cuenH * >•».-»=>-* * t-,u 

must he regarded as a sysn-nt *•! • » 1 ' : “l« r 

of circuits of variable strength, tie- emo-nt 1- !, v ■ • • • ! *'•’*«■ ■! 
among them that those for winch A o* *'"-i. i . ' 

in the positive direction, while those f..t whom A s>. 'ni,u»e<nin I > 
have currents in tlie negative direetn-n 

Thus, in the apparatus icprcm-nnd m l ~ ; '■! ;•> it move 
able conductor, one end of which re t > >n a <uj. *>' i„, s , my >>, 

whib tho *4l..r 3 4 s | uiln 11 

ruvttlm *4 ntuHsHifv 

rmic* nli 3 r vt ah * * 

TIm- r»»fr*-i;.l i id * * 

A IS a*pl *I»V .4* Hi t h<i flf > 

rtiJnr trough is4*.- f vt «* junta, 

mu*’ i-4 %% 1 i - * 4 i ( fih*ng 

ihr HIV l** % *t\ %%hth Ok *4hr*f\. 
?>’, Ilttwn lli' »Ji 4 / * ii P t 

rtir m lit uniting at /*, Sltiw 
n)i»ti|* th<’ tn>>\ ridd*- r"ii«turi«>r 

PO and the chvtmd^ OX to tho #iim m4 *4 th-«-- hrntm>, Tl*<> 

ntraigih of tho current nh»ng Po and <*X n* - ? v •*** * 

Horn wo have two cinniiK A /i’V /**'/. l hr ottm^th *4 tin* 
currant in which m .r, flowing in tlm j««nit»vr ami 

ABRP0X % the strength of tlm mrrrtil in whirls s* y, mg m 
tho nagativo direct ion, 

Lot $ ho tho magnetic itidtiHmsi, an t h i it hr m *m tijmArd 
direction, normal to the plane nf the ria U 

While OP tnovi*H through mi angle in th^ dmvisMn 
to that of the halide of a watch* tho mm <4 tlsin Hiiit «n will 
incrciftsw l»y ^ nml that of the n«r« nd .nmioi'.L- •> t y the 

same (ptniitity. Since the strength of the current id the sir*t 
circuit is >t\ the work done by it is |jr . o/ ,! <» ’ft, »i«4 since tlw 
strength of the second is i /, the work done by it in 1, ■, m/' 

The whole work done is therefore 

i (/ + y) dl'K (W nr } *»*»«, 
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depending only on the strength of the current in PO. Hence if 
/ is maintained constant, the arm OP will be carried round and 
round the circle with a uniform force whose moment is \i.0P' 2 .§ 3. 
If, as in northern latitudes, ® acts downwards, and if the current 
is inwards, the rotation will be in the negative direction, that is 
in the direction PQBIi. 

49:2,] We are now able to i>ass from the mutual action of 
magnets and currents to the action of one circuit on another. 
For we know that the magnetic properties of an electric circuit 
6\, with respect to any magnetic system M 2 , are identical with 
those of a magnetic shell whose edge coincides with the cir- 
cuit, and whose strength is numerically equal to that of the 
olectric current. Let the magnetic system M 2 be a magnetic 
shell then the mutual action between S t and S 2 is identical 
with that between S x and a circuit 6' 2 , coinciding with the edge 
of /S 2 and equal in numerical strength, and this latter action is 
identical with that between C\ and G\>. 

Hence the mutual action between two circuits C\ and 0 2 is 
identical with that between the corresponding magnetic shells 
and $ 2 . 

We have already investigated, in Art. 423, the mutual action 
of two magnetic shells whose edges are the closed curves s L and s 2 . 

If we make M = f 2 f ds v 

Jo Jo T 

where € is the angle between the directions of the elements ds { 
and ds 2 , and r is the distance between them, the integrations being 
extended one round s 2 and one round s l9 and if we call M the 
potential of the two closed curves ^ and $ 2 > ^ en potential 
energy due to the mutual action of two magnetic shells whose 
strengths are i L and i 2 bounded by the two circuits is 

— i 1 i 2 M, 

and the force X, which aids any displacement bx 9 is 

. . dM 
%1 % dx ' 

The whole theory of the force acting on any portion of an 
electric circuit due to the action of another electric circuit may 
he deduced from this result. 

493.] The method which we have followed in this chapter is 
that of Faraday. Instead of beginning, as we shall do, following 
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Ampere, in the next chapter, with the direct action * f « l*‘»r!M ( ii 
of one circuit on a port inn of another, we whrw, limt, that * 
circuit produces tht% name effect mi a magm-t ^ 11 "‘“Knell.* dirif 
or, in other words, we determine the nature «»j tie mugio-t ir tt*dd 
due to the circuit. We slew, aoeondly. that ii nm U t when 
placed in any magnetic* field experience-. the ».* « 

magnetic shell Wo iliun determine the mice neting >ui the 
circuit planted in any magnetic field. Lanin,, h\ MipjM^mg the 
magnetic hold to ho due to a second elect no circuit d.'tn mine 
tho action of one circuit on the whole or any p-iimn of the 
other. 

4P4] Let us apply thin method to the ciinr *ii ii nt might 
current of infinite length acting «*n h portion of n pnrnlhd straight 
conductor. 

Lot uh nil ppuHO that a current i m the fimt conducts U flowing 
vertically downward#. In this ease the « nd **f a magm-i w Idol* 
points north will point to tho right hand of a man twith hi* iWi 
downward#) looking at it from the axis of the cm rent 

Thu lineB of magnetic induction are therefore hotomnlul mrlcn, 
having their centres in the axis of the current , and flour positive 
direction in north, east, south, went. 

Lot another descending vertical current l*e placed due w«-*u «<s 
tho first. The linen of magnetic induct inti due t«« the fir current 
arc here directed toward# the north. The directum *>f the force 
acting on tho second circuit m to he determined hy (timing the 
handle of a right-handed screw from the nadir, tier dm etom of 
the current, to the north, the direction of the magnetic m inction, 
The screw will then move toward# the east, that »*», the fmee 
acting on the second circuit i# directed towards the ibnt current, 
or, in general, wince the phenomenon depend# only «»s« the relative 
position of the current#, two parallel circuit# convey mg current* 
in tho same direction attract each other. 

in tlie Hame way we may shew that two parallel circuit* 
conveying cummin in opjmsiie direction# r* j**d one another. 

495* J Ihe intensity of the magnetic induction nt u distance t 

from a straight current of strength i is, a# we have *)»"*' n m 

Art. 479, i 

2 

r 

Hence, a portion of n second conductor par&Utd t« the limt, and 
carrying a current V in the same direction will hm aiijracru*! 
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towards the first with a force 

F= 2 ii'-, 

T 

where a is the length of the portion considered, and r is its 
distance from the first conductor. 

Since the ratio of a to r is a numerical quantity independent 
of the absolute value of either of these lines, the product of two 
currents measured in the electromagnetic system must be of the 
dimensions of a force, hence the dimensions of the unit current 

are [i] = [F*] = 

496. ] Another method of determining the direction of the 
force which acts on a circuit is to consider the relation of the 
magnetic action of the current to that of other currents and 
magnets. 

If on one side of the wire which carries the current the mag- 
netic action due to the current is in the same or nearly the same 
direction as that due to other currents, then, on the other side of 
the wire, these forces will be in opposite or nearly opposite 
directions, and the force acting on the wire will be from the side 
on which the forces strengthen each other to the side on which 
they oppose each other. 

Thus, if a descending current is placed in a field of magnetic 
force directed towards the north, its magnetic action will be to 
the north on the west side, and to the south on the east side. 
Hence the forces strengthen each other on the west side and 
oppose each other on the east side, and the circuit will therefore 
be acted on by a force from west to east. See Fig. 22, p. 149. 

In Fig. XVII at the end of this volume the small circle 
represents a section of the wire carrying a descending current, 
and placed in a uniform field of magnetic force acting towards 
the left-hand of the figure. The magnetic force is greater below 
the wire than above it. It will therefore be urged from the 
bottom towards the top of the figure. 

497. ] If two currents are in the same plane but not parallel, 
we may apply this principle. Let one of the conductors be an 
infinite straight wire in the plane of the paper, supposed hori- 
zontal. On the right side of the current* the magnetic force acts 

* -[The right side of the current is the right of an observer with his back against 
the paper placed so that the current enters at his head and leaves at his feet. ]• 
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downwards and on the left side it acts upwards. The same is 
true of the magnetic force due to any short portion of a second- 
current in the same plane. If the second current is on the right 
side of the first, the magnetic forces will strengthen each other on 
its right side and oppose each other on its left side. Hence the 
circuit conveying the second current will be acted on by a force 
urging it from its right side to its left side. The magnitude of 
this force depends only on the position of the second current and 
not on its direction. If the second circuit is on the left side of the 
first it will be urged from left to right. 



Fig. 24. 

Relation between the electric current and the lines of magnetic induction indicated 
by a right-handed screw. 

Hence, if the second current is in the same direction as the first 
its circuit is attracted ; if in the opposite direction it is repelled ; 
if it flows at right angles to the first and away from it, it is urged 
in the direction of the first current; and if it flows towards the 
first current, it is urged in the direction opposite to that in which 
the first current flows. 

In considering the mutual action of two currents it is not 
necessary to bear in mind the relations between electricity and 
magnetism which we have endeavoured to illustrate by means of 
a right-handed screw. Even if we have forgotten these relations 
we shall arrive at correct results, provided we adhere consistently 
to one of the two possible forms of the relation. 



.juu/] m’fAi'irn.ATKiN. inr> 

•I OH, ] LH us now bring together tin* magnetic phenomena of 
(hr electric circuit ho fur ns wo have invest igaied ileum 

W < * may conceive the electric r.ircuit to consist of a voltaic 
battery, nml a win* connecting its e\{ realities, or of a thermo- 
electric arrangement, or of n charged Leyden jar with a wire 
connecting \\ H posit iv o and negative coatings, or of any other 
arrangement for producing an electric rmivnt along a definite 
path. 

"Tho current produces magnetic phenomena in its neighbour- 
hood. 

If any closed curve he drawn, and the line-integral of tho 
magnet ic force taken completely round it, then, if the rinsed curve 
is not linked with the circuit, the line integral in y.e ro, hut if it 
is linked with the circuit, so that the current / flows through the 
closed curve, the Hue-inirgml U *1 n /\ ami is punitive if the direction 
of integration round the closed curve would coincide with that 
of the hands of it watch hh seen hy a person passing through it 
in the direction in which the electric current flows. To a person 
moving along the rinsed curve in the direction of integration, ami 
passing through the electric circuit, the direction of the current* 
would appear to he that of the hands of a watch, Wc may 
express this in another way hy saying Unit the relation between 
the directions of the two closed curves may he expressed by 
describing tt right handed screw mu ltd the electric circuit and a 
right handed screw round the closed curve. If the direction of 
rotation of the thread of either* hh we pass along it. coincides with 
the positive direction in the other, then the line-integral will he 
positive, and in the opposite case it will he negative, 

19P, j Xtitf\ The line integral fa/ depends solely on the 
quantity of the current, and not «»u any other thing whatever. It 
does not depend on the nature of the conductor through which 
tin* current is panning, ns t fur instance, whether it he a metal 
or an electrolyte, or nn imperfect conductor. We have reason 
for believing that even when there is no proper conduction* hut 
merely a variation of electric displacement, an in tho glass of a 
hey den jar during charge or discharge, the magnetic effect oi the 
electric movement is precisely the same, 

Again* the value of the Hue integral ini does not depend on 
the nature of tho medium in which the closed curve is drawn, 
ft in the same whether the closed curve itt drawn entirely through 
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air, or pnsHCH through n magnet, or »olt ir.-n. >>i any other nil,, 
.stance, whether paramagnetic or diamagnetic, 

500.] When a circuit in placed in » magnetic h*ld th> mutual 
action l, ('tween the current ami th» other e..ir.iitu.nt., ..f the held 
depends on the Burf'iiee-integral of the magm-ue indue! mn through 
any surface bounded hy that circuit. It in am . n moiion of 
tlio circuit, or of part of it, thin aurface- integinl e*» I»- i n- 
there will he a mechanical force lending t>< *»»•*» the e.ii„inelor 
or tlio portion of the comluclor in the given m«in, ■». 

The kind of motion of the conductor which mo.-iw.# the „mfae<>. 
integral in motion of the comluclor peep- nduuihu to the >iu< etuin 
of tlio current and across the lim-a »l induction 



HclfttioitM Imtwwn llii* *4 iMiatt *»»? **t i in4*t^Vr 4 l*t 

tlirm* rlght-liHmleil wTtm^ 

If it parallelogram Iw drawn, wh*>a*? nr*’ mi*l j*m* 

portiona.1 to the strength of the tutrmtf nl nnv mml t«* tlw 

magnetic induction at tho naum p**iut, th«u* llm f»rr» «m unit «if 
l<mgth of the conductor in nmimrimlly t«» tlm m*m *»f Ikk 
parallelogram, and 1m jn rj^iniicular t*» if#* piano, and mein in tlw 
direction in which the motion of turning tin* hundto **!" » right- 
handed screw from the direction of ilia cim«ml U* x\w direction 
of the magnetic induction w<#u 1*1 raum* the nor*?w t«# tiiovm 
Hcnec wo have a new tdccirotnagtmiia dellnitioii of » line of 
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magnetic induction. It is tliat line to which the force on the 
conductor is always perpendicular. 

It may also he defined as a line along which, if an electric 
current be transmitted, the conductor carrying it will experience 
no force. 

501.] It must be carefully remembered, that the mechanical 
force which urges a conductor carrying a current across the lines 
of magnetic force, acts, not on the electric current, but on the 
conductor which carries it. If the conductor be a rotating disk 
or a fluid it -will move in obedience to this force, and this motion 
may or may not be accompanied by a change of position of the 
electric current which it carries. [But if the current itself be free 
to choose any path through a fixed solid conductor or a network 
of wires, then, when a constant magnetic force is made to act on 
the system, the path of the current through the conductors is not 
permanently altered, but after certain transient phenomena, called 
induction currents, have subsided, the distribution of the current 
will be found to be the same as if no magnetic force were in 
action.] * 

The only force which acts on electric currents is electromotive 
force, which must be distinguished from the mechanical force 
which is the subject of this chapter. 

* {Mr. Hall has discovered {Phil. Mag. ix. p. 225, x. p. 301, 1880) that a steady 
magnetic field does slightly alter the distribution of currents in most conductors, so 
that the statement in brackets muBt be regarded as only approximately true. } 
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502.] We have considered in the bv-4 *dmj4m I he nature ( if 
the magnetic Held product'll by an eh cine emnmt. find if w 
mechanical action on a conductor earning an « h m *e current 
placed in a magnetic field. From tin* w«- wma m* to eotuddcr 
the action of one electric circuit ujwm iui»4h< *, h% 4*4* running 
the action on the first duo to Urn magnetic !i» Id produce 4 by 
the second* Hut the action nf one to re mi u|M*n another %tm 
originally investigated in n diieci mnmoo In \mpei. Alm«>*t 
immediately after the publication of *»mi^d'n We 

shall therefore give an outline of metS»**d # Kunming 

the method of thin treating in the nvxi chapter 

The ideas vvliich guided Amj« re Ldoiig t«» the -*n *imn which 
admitn direct action at a distance, and we ntmtl hnd that » 
remarkable cnurse of speculation and ti»v«™iig*ttou founded mi 
those ideas lmn been carried on by VVeh r, ¥, K Neumann, 

Itiomann, Betti, i\ Neumann, Loren/,, and others, with very 
remarkable results huth in the discovery **l new fact^ and in tin® 
formation of a theory of electricity, s* -e Aria sin mm. 

The ideas which I have niiemjiM t«, UAUm- mui nio th«*»" «if 
action through a medium from one pottmii t*# the re»ntigu«ui# 
portion, ihcnc ideas were much employed Ly ^aradav, and the 
(lovelopmcnt of them in * mathematical f-im, and the emit- 
pin won of the results w ith known fact?*, have Lr-r ii %%%% aim in 
floveml published papers. The coiiipariMin, from a |d»iJo-tojdii*ml 
point of view, of the results of two* tin thirds roaiijdetely 
oppowtwl in their first principles must hail i** valnalde 4mU for 
the study of the condition** of acieniitir apcctilaiiofi. 
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503. ] Ampere’s theory of the mutual action of electric currents 
is founded on four experimental facts and one assumption. 

Ampere’s fundamental experiments are all of them examples 
of what has ‘been called the null method of comparing forces. 
See Art. 214. Instead of measuring the force by the dynamical 
effect of communicating motion to a body, or the statical method 
of placing it in equilibrium with the weight of a body or the 
elasticity of a fibre, in the null method two forces, due to the 
same source, are made to act simultaneously on a body already 
in equilibrium, and no effect is produced, which shews that these 
forces are themselves in equilibrium. This method is peculiarly 
valuable for comparing the effects of the electric current when it 
passes through circuits of different forms. By connecting all the 
conductors in one continuous series, we ensure that the strength 
of the current is the same at every point of its course, and since 
the current begins everywhere throughout its course almost at 
the same instant, we may prove that the forces due to its action 
on a suspended body are in equilibrium by observing that the 
body is not at all affected by the starting or the stopping of the 
current. 

504. ] Ampere’s balance consists of a light frame capable of 
revolving about a vertical axis, and carrying a wire which forms 
two circuits of equal area, in the same plane or in parallel 
planes, in which the current flows in opposite directions. The 
object of this arrangement is to get rid of the effects of terrestrial 
magnetism on the conducting wire. When an electric circuit 
is free, to move it tends to place itself so as to embrace the 
largest possible number of the lines of induction. If these lines 
are due to terrestrial magnetism, this position, for a circuit in 
a vertical plane, will be when the plane of the circuit is mag- 
netic east and west, and when the direction of the current is 
opposed to the apparent course of the sun. 

By rigidly connecting two circuits of equal area in parallel 
planes, in which equal currents run in opposite directions, a 
Combination is formed which is unaffected by terrestrial mag- 
netism, and is therefore called an Astatic Combination, see Fig. 
26. It is acted on, however, by forces arising from currents or 
magnets which are so near it that they act differently on the two 
circuits. 

505. ] Amperes first experiment is on the effect of two equal 
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motor or other matrimont in *urh n wn\ i**» vWtmtiiftj 
effect in produced l*v th* rniri ml *m \ u * i lln 

instrument, Its practice it i» generally milim nt u> l*m 
"wires together, cun* Uintig taken thsa ih«*v **<■ kepi |**r 
insulated from one Si other, toil w her* ih*y «om*i §**.?*» mm 
sensitive part of the apparatus ti s» Wttrr n# toake «»n« * 
conductors ft tube ami ili« Mtl*< t * wu* mold* si *S<’«i Art. 

5()fl] In Ampon* 1 * second e%}**ft!ncoi *«o<’ ’-4 ih* wsrea h 
and crooked with » miftihrt «.f nomi! <nmn^it»v» hut mt t’ 
every part of tin coum* it remain# %■*•-!% tw<m th* *ts ought 
A current, flowing through the pro«»kr«| *iir and hmrk 
through the straight wire, i* fmsmt u* mtimm 

the astatic hnlttnce. This prove* that the elh'ct m 3 th* to 
running through any crooked part *4 tit* a%'.ih 
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507 .] 

the same current running in the straight line joining its ex- 
tremities, provided the crooked line is in no part of its course far 
from the straight one. Hence any small element of a circuit is 
equivalent to two or more component elements, the relation 
between the component elements and the resultant element 
being the same as that between component and resultant 
displacements or velocities. 

507.] In the third experiment a conductor capable of moving 
only in the direction of its length is substituted for the astatic 
balance. The current enters the conductor and leaves it at fixed 
points of space, and it is found that no closed circuit placed in 
the neighbourhood is able to move the conductor. 



The conductor in this experiment is a wire in the form of a 
circular arc suspended on a frame which is capable of rotation 
about a vertical axis. The circular arc is horizontal, and its 
centre coincides with the vertical axis. Two small troughs are 
filled with mercury till the convex surface of the mercury rises 
above the level of the troughs. The troughs are placed under 
the circular arc and adjusted till the mercury touches the wire, 
which is of copper well amalgamated. The current is made to 
enter one of these troughs, to traverse the part of the circular 
arc between the troughs, and to escape by the other trough. 
Thus part of the circular arc is traversed by the current, and the 
arc is at the same time capable of moving with considerable 
VOL. n. Ji, 
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freedom in the direction of its length. Any closed currents or 
magnets may now be made to approach the moveable conductor 
without producing the slightest tendency to move it in the 
direction of its length. 

508.] In the fourth experiment with the astatic balance two 
circuits are employed, each similar to one of those in the 
balance, but one of them, <7, having dimensions n times greater, 
and the other, A, n times less. These are placed on opposite 
sides of the circuit of the balance, which we shall call B , so that 
they are similarly placed with respect to it, the distance of C 
from B being n times greater than the distance of B from A. 



The direction and strength of the current is the same in A and 
G. Its direction in B may be the same or opposite. Under 
these circumstances it is found that B is in equilibrium under 
the action of A and. (7, whatever be the forms and distances of 
the three circuits, provided they have the relations given above. 

Since the actions between the complete circuits may be 
considered to be due to actions between the elements of the 
circuits, we may .use the following method of determining the 
law of these actions. 

# Let A li B l ,C l , Fig. 28, be corresponding elements of the three 
circuits, and let A 2t B 2} 0 2 be also corresponding elements in, 
antoher part of the circuits. Then the situation of B 1 with 
respect to A 2 is similar to the situation of O x with respect to B 2 , 
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This is a merely mathematical analysis of the action, and is 
therefore perfectly legitimate, whether these forces can really act 
separately or not. 

511. ] We shall begin by considering the purely geometrical 
relations between two lines in space representing the circuits, 
and between elementary portions of these lines. 

Let there be two curves in space in each of which a fixed 
point is taken, from which the arcs are measured in a defined 

direction along the curves. Let 
A, A' be these points. Let PQ 
and P'Q' be elements of the two 
curves. 

Let A P = s, A'P'= s', I . . 
PQ = ds, P'Q' — ds',\ ( j 
and let the distance PP' be de- 
noted by r. Let the angle P'PQ 
be denoted by 0 , and PP'Q' by O', and let the angle between the 
planes of these angles be denoted by rj. 

The relative position of the two elements is sufficiently de- 
fined by their distance r and the three angles 6, 0 ', and 77 , for if 
these be given their relative position is as completely determined 
as if they formed part of the same rigid body. 

512. ] If we use rectangular coordinates and make x, y, 0 the 
coordinates of P, and x', y\ z' those of P', and if we denote by 
Z, m, n and by V, m', n' the direction-cosines of PQ, and of P'Q' 
respectively, then 

dx 7 dy dz 

r« = 1 ’ ii =m ■ * = " 

dx' v dy' , dP 

it =l > &= m ’ 3 ?=” 

an< i l (x'-~ x) -f m (y'-~ y) + n (z'-~ z) 

l\x ' —x) + m'(y' — y) + n\z' - z) 

IV + mm' 4 - nn'~ cos e, 

where c is the angle between the directions of the elements 
themselves, and 

cos € — — cos 0 cos O' + sin 6 sin $' cos rj . 

Again, [x' — xf -f (5/ — y) 2 + (z f — #) 2 , 


( 2 ) 


= r cos 0, ] 

= — r cos O' , I* (3) 



Fig. 29. 


(4) 

(5) 
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cl/7' 

whence . r — = 
as 




= — r cos <9. 


Similarly r~ = 
as 




= — r cos 0 '; 



and differentiating 




with respect to s', 


r _ dxdx' dydy ' dzdz ' 

ds ds' ds ds'~ ~ ds Us' ~~ ds ds' ~ dsds' 3 
= — (IV + mm' 4 * nn‘ '), 

= — COS €. 


( 6 ) 


(7) 


We can therefore express the three angles 6, 6', and >>, and the 
auxiliary angle e in terms of the differential coefficients of r with 


dr dr [ 

wov 

sin 6 sin 0' cos rj = — r -7 — 5 -. • 

CvS y 

513.] We shall next consider in what way it is mathematically 
conceivable that the elements PQ and P'Q' might act on each 
other, and in doing so we shall not at first assume that their 
mutual action is necessarily in the line joining them. 

We have seen that we may suppose each element resolved into 
other elements, provided that these components, when combined 
according to the rule of addition of vectors, produce the original 
element as their resultant. 

We shall therefore consider ds as resolved into cos 6ds = a 
in the direction of r, and 
sin Qds = /3 in a direction 
perpendicular to r in the 
plane P'PQ. 

We shall also consider ds' as resolved into cos 6'ds' ~ a in 
the direction of r reversed, sin <9 r cos 77 ^ 8 '= ft in a direction 


v 


'-A/ 1 




respect to s and s' as follows, 

a dr 

cos 6 = — - ? 

ds 

A , dr 
cos# = — 5 - 7 , 
ds 

d 2 r 

nr\c ^ m 
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parallel to that in which /* wan and An »' mu >/./ V / 

in a direction perpendicular to a' am! ft'. 

Let m consider the action between tin- cumptment * <i urn! J mi 
the one hand, and ft\ y on the other, 

(1) a and a' are in the Hiuue straight line. Tie* imm between 

them must therefore he in this lints e shall suppose it to he 
an attraction =-. A an i i\ 

where A is a function of t\ and L Lure the intensifies of the 
currents in <ln and dA respectively. I his r xprennimi satisfies 
the condition of changing sign with / and with L. 

(2) and ft' are parallel to each other and perpendicular to 
th.o line joining them. The action i*etween them may he written 

/i ft ft' * L. 

Thin forces is evidently in the line joining J and for it must 
bo in the plane in which they both li«\ and if we were to measure 
ft and ft' in the reversed direction, the value of this e\pr«wion 
would remain the same, which shews that, if it represents a three, 
that force has no component in the direction of A, and must 
therefore he directed along /% Let oh iihhuiuc that this impression, 
when positive, represents an at traction. 

(3) ft and y are perpendicular to each other and to the line 
joining them. The only action possible between elements hi# 
related is a couple whose axis in parallel in r. We are at present 
engaged with forces, ho we shall leave this out of account *. 

(4) The action of a and ft', if they net on each olliei, must, he 

expressed by iUifl’ii*. 

The sign of this expresmun is reversed if we re \ erne the 
direction in which we measure ft*, li must ih I'felnl'c repfese lit 
(vitlier a force in the direction of ft*, or a couple in ihe plane 
of a and ft'. As we are not investigating couples, we shall take 
it as a force acting on a in the direction of ,i*. 

There is of course an equal force acting on ft 3 in the opposite 
direction. 

* "I tt n%ht ho ohlcfitwl that we have tm l*» rnmnnw it**r« U t%>* U*#* it* tie* 
<■**"«> imwmuoh m mucm a ruin m that then* wm & forr* mi ft at i* $h% t«* Jm k a and 

y' f find in the direction to which y* would U hemjshi b% * rh|hch«fpM through 
1)0° round would imliunto a furor whirl* would miiftf thr ^ndi lUm *4 rn^m-mugM 
oithor of tho oomjmnontji wore r&vtmnl hui nut if WUi ' | h» hr tUt 

inch a fortto dotw not wtint, in Umt the tUn«?ihm of llw Um-m m*ml4 hr, «|»trrmtae4 
mwoly by thu <IS motion of tint mimmU, and tmt hy Uudr ndudi™ Tfm® f»»r 

oxamnlti, It would tilmngn from a rnjmUivw 0* nn aimin’ fur«*twi*<rw«t ili« mhmmrn* 
if in iig. 80 I* mm to thn taft imuml wf the right of l\ | 
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We have for the mum reason n force 

/ 1 „ / .• */ 

< ay 4 / 

acting on a in the direction of y\ nnd a force 

rtu'ir 


iietingoti ft in the direction opposite to that in which ft in measured. 

h hi, | ^oltectmg our results, wo linti that the actum on dt* is 
compounded of the following forces, 


A 4 (.!««' i Hftft')ii* in the direction ofr,} 

} • (*(nft aft) 1 1 in the direction of ft, I (<i 

and */* - Vay k §' in ihi* direction of y\ J 


Let m suppose that thin action on tU in the resultant of threat 
forces, Hii'dadt / acting in tho direction of /% SU'ilndd acting in 
the direction of «/*, and S* U’ dad* acting in tho direction of dtf ; 
then in terms of if t$\ and #n 


tl : A f 2 ( * mm $ mm if f H mn i> win if mm r;, 

S • S mm (l\ S ' -t ( 1 mm 0 , 


( 10 ) . 


in terms of the differential coefficient* of r 


U 
s , 


A i 2 V 


t dt 

u 


dr dr 

dn tin 


Hr 


S' 


tHr 
tin i tn 
dr 


V 


dn 


\ 


} 


00 


In «»!’ I, m, n, ami i\ m‘ , n\ 

— (4 4 ae * /‘ J *,(/ ( 4 «» < i 4- «0 (f£ f m'»/ 4 u'O 4- it (IP + •#»' 4- jm'), 
i rn'ij I n(), ,Sfm (•'-(/£ t m ./ 4 of), 


where £, ##, £ &re ’written for / — */ */, and - z respectively. 

Ml*, | We have ttitxt to calculate the force with which tho 

finite current * act#* ««t the finite current, a. The current h 
extend* from d» where * 0, to t\ where it hm the value a. 

The current h extend* from A\ where *'sk i) l to l ¥ \ where it 

hm the value i*\ The coordinate* of points on either current 
are function* of * or of *\ 

If F is any funation of thn jamthm of ji j»oi*it, thou wo shall • 
um» tho a»ih«*rij»t to denoU* tl»« nxtsowi of its value at P over 
that at A , thus ‘ ||( ® /*„ - #’ < . 

•Such futtufciiiita uoewwarily iii»aj>|«>ar whoa tho circuit is closed. 
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Let the components of the total force with which A'P' acta on 
AP he ii'X, ii'Y, and ii'Z. Then the component parallel to X 

d 2 X 

of the force with which ds' acts on ds will be ii' — j-,dsds'. 

CLS (JOS 


Hence 


^ / = E^+Sl+S'l'. 

as as r 


Substituting the values of B, S, and S' from (12), remembering 

that * , /Jb dr 

+ (14) 

and arranging the terms with respect to l , m, n, we find 

S = '{ - ( A + 2C +S) ^e + 0% + (B + 0)li} 

+ m{-(4 + 2C + S)^|,ft + 0 ! h + il^} 

+ + ( 15 ) 

Since A , B, and G are functions of r, we may write 

P = f”(A + 2C+B)~dr, Q —J™Cdr, (16) 

the integration being taken between r and oc because A, B , G 

vanish when r = oo . 


Hence (A+B)\ = -~, 
' r z dr 


and C = — 


— ^ — dr y ' 

516.] Now we know, by Ampere’s third case of equilibrium, 
that when s' is a closed circuit, the force acting on ds is per- 
pendicular to the direction of ds , or, in other words, the com- 
ponent of the force in the direction of ds itself is zero. Let us 
therefore assume the direction of the axis of x so as to be 
parallel to ds by making l = 1, m = 0, n = 0. Equation (15) 
then becomes 

ds<U ds /{ *' +< + 'r l 18 ; 


dX 

To find > the force on ds referred to unit of length, we 
. * 

must integrate this expression with respect to s'. Integrating 
the first term by parts, we find 
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When s' is a closed circuit this expression must be zero. The 
first term will disappear of itself. The second term, however, 
will not in general disappear in the case of a closed circuit 
unless the quantity under the sign of integration is always zero. 
Hence, to satisfy Ampere’s condition, we must put 


P = -(B+ C ). (20) 

517.] We can now eliminate P, and find the general value of 
dX 


ds 




-f m 


i 


' B — C 


-»/" 

Ao 




ds'. (21) 


When s' is a closed circuit the first term of this expression 
vanishes, and if we make 

/n 2 r 


/=/ 


■B-crc-n’e^' 


2 T 

>' B-C m't-l'r) 




ds', 


( 22 ) 


2 r 

where the integration is extended round the closed circuit s', we 


may write 
Similarly 


dX 


dr 

ds 

dZ_ 

ds 


= 7la —l y\ 

= Ip' — m a. 


( 23 ) 


The quantities a', /3', ■/ are sometimes called the determinants 
of the circuit s' referred to the point P. Their resultant is called 
by Ampere the directrix of the electrodynamic action. 

It is evident from the equation, that the force whose com- 
ponents are — ds , — ^ — cZs, and cfe is perpendicular both to & 

and to this directrix, and is represented numerically by the area 
of the parallelogram whose sides are ds and the directrix. 

In the language of quaternions, the resultant force on ds is the 
vector part of the product of the directrix multiplied by ds. 

Since we already know that the directrix is the same thing as 
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i 5 1 *;>. 

the magnetic force duo to a unit niian! in 1 L 0 rimii* V t 
shall henceforth apeak of Urn tiii * *'t i i x n:> th. nm-ty ur fiufn t Jn t! 
to the circuit. 

518.] We ahall umv complete t !i« enhmhay <n **! f h<- r-iyj.onr.nii 

of the force acting hot Ween two hint* i’UiC'ia.-i, w hr! la i' rlumuj 
or open. 

Let p he a new function of *\ such that 


r 


\f i i« 


< \l *l»*. 


then by (17) and (2»>) 

</ J »f 

A 1 ll ■ r , (V * r) ■ . f V « i ». 

if /'* «i r 


and equations (11) become 


ii tie *f" i 

a 5 s — . ro# Mr aVL’L* 

of* il-uxt-n 


( 21 ) 

(26) 


.. */v «/v 

,s 88 * s • 1 

With thews Value# nf the t'utlijHUmit hue, e.junti*.|» j|,l) 

becomes 

<I'X li t ,( . </ a ,.i (• , Ml 

ftW* */r r ^ ' t folia 4 1 1 ,• ,f-, 


Vim* j 

tLv 

lib] Let 

# ' h 

t f / ,’) 

■ I / , , 

, , •» « > * 

* 

| 2*1 

F 5 K j ( f ufo i (i S 3 , 

Jit 1 

re 

f 

it 

*e 

// 


t*w) 

*" = j r f ,<fo\ f/» 1 

1 m%nfo\ 

« 

/r 

j n • 

—3 

( 2 '.'.I 


Thwcs qmmtitii-H have .leHnite value* for m<> K *»v«-n «f 

apace. When the circuit* are rliwwl, they n>tte.|i«iiil to tit# 
components of the vector* potent ini* uf the csreuitfl. 

Let l, he a new fund ion uf r, ««eh thnt 

l m j r((J * t ,j,fr h ( 30 ) 

mnl let M ho the double iiitogral 

j j t* eow « tin tfo\ (II) 
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which, when (lie circuits lire rinsed, heroines their mutual poten- 
tial, tlu*n t - ~ ) may he written 

<IX ill. „ > 

dstU (/s./s' i I lx tl.c 4 ' ' f ' ( 32 ) 

J lllteeriltin^, with respect to s unit s', hetweell Llio given 
limits, we fiml 

.. ,IM ,1 , 

A (/.(• L,r A 

»/«- ( 33 ) 

where the ruibaeriptN of A indicate the dbdanee. r } of which the 
i jtntut it v A m a function, and the auburn pta of F and F f indicate 
t!i«" | w » i 1 1 f at winch their viduen iuv to he taken. 

The expremmum for V and X may In* written down from thin. 
Multiplying the three component* hy cAr, cA/.nnd <lz respectively, 
we ol *1 ii in 

X ds t Ythj t Zdz - A,,.. A •* L i V ) 

- j F*$j' § i u*ih),t' .a 
i {Ftlj* i ti tiff } // ih\ {t * , (:h) 

where A* is tin* symbol uf a complete diilcivutiuh 

Since Ftlx \ 1 /*/»/ t //#/: in not in general a complete dif- 
ferential of n function <»f »r, //, ASA/ i 15/// t /fd; in not in 
gruernt a complete differential for currents either of which in not 
(dom'd, 


52 Lj If however, tmih currents are closed* the terms in A, F 9 
(t\ //» F\ (f, U disappear, find 

X tix t }%/// 4 Xtfz sa /hi/, (35) 

where J/ is tin* mutual potential of two dosed cirmiits carrying 
unit current** Tin* <piaiitity M expresses the work done by Urn 
dcciroiiiaguotm for ees on either conducting circuit when it in 
moved parallel to itself from an infinite distance to its actual 
pmdtion. Any alteration of im podium* by which 5/ m l tu mtml, 
will tin itrwrinir*! by the decttomagueUe forces. 

It may bo shewn, m in Aria l no, 5!t0» Unit when the motion 
of the circuit h not pamlld to itmdf the forces acting on it arc 
Mill tlclcriiiiiiod l*y the variation of A/, the potential of the one 
circuit mi the other, 

52*2, | The only experimental fact which we have made two of 
in this investigation is the fact established by Am pern that the 
fiction of a cloned circuit cm any {forth m of another circuit in 
|wrfiefiilfailiir to Utc direction of the hitter. Every other part of 
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! 


the investigation depends on punk nmshmtmtirid Ati«»»a-i 

depending cm the properties id lin.-* m Th. fanning 

therefore may he presented in n much ima •'"■‘•b-med and 
appropriate form hy tin* u«e of lh- id.-a* and ••* ihr 

mathematical method specially adapt* -d t»» l ^ n ^ s ’ v ' u,#l1 *** Hl, rii 
geometrical relations the ymi?«'rnHmw »»t ! hum In u 

Thin has been done hy Prutcs*or 1 nJ t in Hm V- 1 1 * ‘ V :f 1 

<>/ Mathvwutint* IHtifi, and in hit* treats **n y»- jfr * % > 3- 1 *, 
for Ampere's original investigatem, and the n!n d<nt nui r iiMty 
adapt the same method to the *..n»cwdmt »i«*a gem-rid mvmtn 
gation given here, 

523.] Hitherto we have made tm juymmptmn with import to 
the cpmn titles d, H t (\ except that they are futirimn* of r, the 
distance between the element?*, We have nv\i !*» uncertain the 
form of those functions, and for thin pm pone we make use «| 
Amphre’s fourth ease of Oifuilthriiim, Art fin**, in whieh it k 
shown that if all the linear dimension* and distance* *#f » »v*U?m 
of two cironitH he altered in the name piopiote n the current* 
remaining the mime, the force l*efwecii the two rirmitta will 
remain the mime, 

«/.V 


Now the force between the circuit* for unit eusmni 


.* n* 


and since thin is independent of the dim* ie>mm *4 the system. it 
must be a numerical ijuanlity. He nee M it*«df, the ct*c9lt«n«*tit 
of the mutual potent in! of the circuit*, must !«’ n v of the 

dimensions of a line. It follows, from equation ill I k that ,» im»*t 
he the reciprocal of a line, and then hue hv <21 i. H * * muni he 
the inverse square of a line, Ihit since II and t* are U»th 
functions of t\ H* i* must he the mvetne opiate *4 r or to *n« 
numerical multiple of it, 

524] The multiple we adoja depend* «»n «mf ®y stem ol 
measurement. If we adopt the tdeclr*m*agiO'tie *y stem, m* 
( f allcd because it agrees will* the system already csUildudied for 
magnetic measurements, the value of 4f ought i*« coincide w til* 
that of the potential of two magnetic *h«dh> of strength unity 
whose houndaries are the two oum in* respectively, The imltw 
of M in that case is, hy Art. *23, 

.?/ fj n y i3»ii 

th(t integration lming {H<rfurtu«*<i ruunri Iwth in tl»«« jamilm 



ampere's formula. 


526.] 



direction. Adopting this as the numerical value of M j and 
comparing with (31), we find 

P = l’ and B ~ G =^- (37) 

525.] We may now express the components of the force on ds 
arising from the action of ds ' in the most general form consistent 
with experimental facts. 

The force on ds is compounded of an attraction . 


, l { dr dr i-r Vv , , , d 2 Q , V7 
Bvi/ds ds = ~ ( -7 — ^7 — 2 r T T7 ) %% ds ds + r -7 — 77 z/as as 
r- v as as as as y as as 

in the direction of r, 

dQ .. 

Sii'dsds' = — ~ f ii'dsds' in the direction of cfe, 
dQ 

and S'ii'dsds'= -f ii'dsds' in the direction of cfe 7 , 
as 


where Q =J Cdr, and since C is an unknown function of r, we 

know only that Q is some function of r. 

526.] The quantity Q cannot be determined, without assump- 
tions of some kind, from experiments in which the active current 
forms a closed circuit. If we suppose with Ampere that the 
action between the elements ds and ds' is in the line joining 
them, then S and S' must disappear, and Q must be constant, or 
zero. The force is then reduced to an attraction whose value is 

Ru'ds ds = — — 2 r was ds. (39) 


Ampere, who made this investigation long before the magnetic 
system of units had been established, uses a formula having a 
numerical value half of this, namely 


'jj'dds'- 


1/1 dr dr 


Here the strength of a current is measured in what is called 
electrodynamic measure. If % V are the strengths of the currents 
in electromagnetic measure, and j 9 j' the same in electrodynamic 
measure, then it is plain that 

jj'— 2 ii\ or j = a/2 i. (41) 

Hence the unit current adopted in electromagnetic measure is 
greater than that adopted in electrodynamic measure in the ratio 
of a/ 2 to 1. 
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amtkkks Turnin'. 


The only title of the nlectrodj'iuiime unit !<» enmiderui inn 
that it was originally adopted 1 »y Amp* re, ih* ,,f i\ u , 

law of action between currents. The eon! iinml r^euri rneo »if ^'1 
in calculations founded cm it in ine«mv*mi« nt nod th«* rl.-riro* 
magnetic system has the gnat advnnlag*’ of e-mciding nnnwn* 
cally with all our magnetic formuliM-, An it is diilieult fur the 
student to hear in mind whether he is to multiply *w t*» divide 
by V*2 % WC shall henceforth UHe only the rh'Ctmnmgnrlje rty atom, 
as adopted by Weher and most other wider*. 

Since the form and value of (J have no rft’eef on im\ of i\ w 
experiments hitherto made, in which the artiv** one ut at |en4. 
is always a closed one, we may, if we p!» a.o% n*hji! any value of 
Q which appears to us to simplify the formulae. 

Thus Ampere assumes that the force between two elntmtiU i* 
iri the line joining them. This gives y - n, 


1 til'd* d/x 


l sdvdv 
r ,J ■ iln tf/ 


i/V 
tin if a 


it c/,*i »/* , S 


i«) 


(IraHsinaxm* assumcH that t wo element** in the. m\u^ straight 
line have no mutual action, This given 


Q = 


1 

2 r 5 


ii 


*1 i/ 4 c 
*2 /’ ttntf* 


S 


tfr 


1 ./r 

*? r " ifff* 


(«) 


Wo might, if wo pleased, aniline thnt the nttiactiou between 
two ol(*moniH at. a given ,itM(»in'i< i« pn.jK.itii.nnl t<, the eonino .,f 
tins anglo hot, ween thorn. In thin on*,,- 

1 .. 1 1 dr , v ] dr 


H) 


Q — — * /i = , »s' , ,, 

r r 1 ,•• A 

Finally, wo might iwhiuiw that the nUrnelmn am I the ohihjuc 
fot cob (lopoml only on the nttglcn whirl, the »'l«'t, ,ei,t,*» make with 
tlm lino joining them, ami then we aimuhl have 

1 dr tie . 1 dr ’’ dr 

(») 


S 


.s 


/f = -„ , . 

I /" i/n tin I‘dt I 1 dll 

527.] Of thoMO four ilitfrivnt annum thnt .4' A injure in 

undoubtedly the be.4, Htnre it i» tl... only one whirl, ,„j,ke* tin* 
1'omsH on tin- two element h not only e.pml and .,pj>o«,te hut itt 
tlm Htraight line which joitm them, 

* l‘*W, 4«». <U, J. J i t 
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528, j The discovery by Orated of the magnetic action of an 
electric current led by a direct process of reasoning to that of 
magnetisation by electric currents, and of the mechanical action 
between electric cummin. It wan not* however, till 1B31 that 
Faraday, who had been for Home time endeavouring to produce 
electric current* by magnetic or electric action, discovered the 
conditions of magneto-electric induction. The method which 
Faraday employed in his researches combated in a constant 
appeal to experiment m a means of tenting the truth of his ideas, 
and a constant cultivation of ideas under the direct influence of 
experiment. In Inn published researches we find these ideas 
expressed in language which is all the better fitted for a nascent 
science, because it is somewhat alien from the style of physicists 
who have been accustomed to establish mathematical forms of 
thought. 

The experimental investigation by which Ampbro established 
the laws of the mechanical action between electric currents is one 
of the most brilliant achievements in science. 

The whole, theory amt experiment, seems as if it had leaped, 
full grown mid full armed, from the brain of the 1 Newton of elec- 
tricity/ It is perfect in form, ami unassailable in accuracy, and 
it in summed up in a formula from which nil the phenomena may 
be deduced, and which must always remain the cardinal formula 
of iibctro-dynainkw. 

The method of Ampbrc, however, though cast into an inductive 
form, does not allow us to trace the formation of the ideas which 
guided it* We can scarcely believe that Amp&re really dis- 
covered the law of action by means of the experiments which he 
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describes. We are led to suspect, wlmt.mdrr d, he tell* ih himself*, 
that ho discovered the law h\ wn«r precis which he ha* not 
nhcwn us, and that when he had afterwards built up n perfect 
demonstration he removed nil truce* of th* Hcnifnldthg h\ which 
ho had raised it. 

Faraday, on the other hand, shews ti* hi* uunurciWul u* well 
as his successful experiments, and his crude idea* an well ns h« 
developed ones, and the. render, however inh-rea i«» him m indue- 
tivo power, feels sympathy even more than admiration, and in 
tempted to believe that, if he had the oppoi tunit v , he Ion would 
he a discoverer. Kvery student should theiehu e rend Ampere's 
research as a splemlid example of scientific style in the .statement 
of a discovery, hut he should also study Faraday tor the ruitivn- 
tion of a scientific Hpirit* by means of the fiction and reaction 
which will take place between the newly discovered fact* &a 
introduced to him by Faraday and the nascent ideas in his own 
mind. 

It was perhaps for th© advantage of science that Faraday, 
though thoroughly comteitniH of th© fundamental forum of apace, 
time, and force, was not a professed mathematician. lie wan 
not tempted to enter into the many interesting remarrhe* m pure 
mathematics which his discoveries would have Ntigge*ted if they 
had been exhibited in a mathematical form, and he did not feel 
called upon either to force lb* result* into n shape acceptable 
to the mathematical taste of the time, or to expre.** them its 
a form which mathematicians might attack. lie wm tlnii 
left at leisure to do lbs proper work, to coordinate Ins Uh*m 
with his facts, and to express them in natural, tmiochmeul 
languages 

It is mainly with the hope of making these idea* the hmm of 
a mathematical method that I have undertaken tins ir*siti«y 

529. J We are accustomed to consider the universe n.n made up 
of parts, and mathematicians usually begin by eomudertng a 
single particle, ami then conceiving its relation to another par- 
ticle, and so on* 1 lbs has generally la-eft atipj anted the iitcutt 
natural method. To conceive of a particle, however, r**«jnires 
a process of abstraction, since all our perceptions are r* luted f« 
extended bodies, so that the idea of the nit that i* in mtr corn 
sciousncss at a given instant is perhaps m primitive an idea wt 
* Tkiurk dm pk^mm^nm p, 
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529-1 

that of any individual thing, Hence there may ho a mathematical 
mothod in wldoh wo proceed from tho whole to tho parts inn toad 
of from tho parts to tho wlndo. For example, Fuel id, in his 
first hook, conceives a linn an traeod out by a point, a surface 
an swept out by a lino, and a solid as generated by a surface. 
But he also defines a surface as the boundary of a solid, a line 
as the edge of a surface, and a. point ns the extremity of a line. 

In like manner we may conceive the potential of a material 
system as a function found by a certain process of integration 
with respect to the masses of tin' bodies in the field, or we may 
suppose these musses themselves to have no other mathematical 

meaning than the volume-integrals of where T is tho 

potential 

In electrical investigations we may use formulae in which the 
quantities involved are the distances of certain bodies, and tho 
electrifications or currents in these bodies, or we may use formulae 
which involve other quantities, each of which is continuous 
through all spans 

The mathematical process employed in the first method m in- 
tegration along lines, over surfaces, and throughout finite spaces, 
those employed in the second method are partial differential 
equations and integrations throughout all space. 

The method of Fnmdny seems to be intimately related to the 
second of these modes of treatment. He never considers bodies 
as existing with nothing between them but their distance, and 
acting on one another according to some function of that distance. 
He conceives nil space as a field of fume, the tines of force being 
in general curved, and those due to any body extending from it 
on all sides, their directions being modified by the presence of 
other bodies. He even speaks * of the lines of force belonging to 
it body ns in mmw sense part of itself, so that in its action on 
distant bodies it cannot be said to act where it in not. This, 
however, m not a dominant idea with Faraday. I think he 
would rather have said that the field of space in full of lines 
of force, whose arrangement depends on that of the bodies In the 
field, and that the mechanical and electrical action on each body is 
determined by the linen which abut on it 

* AVji. Hh r M v*4. it 2V8; lit f* 44?* 
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PHENOMENA OF MAGNETO-ELEOTIttC INDUCTION* 

530.] 1. Induction by Variation of the Primary Current „ 

Let there be two conducting circuits, the Primary and the 
Secondary circuit. The primary circuit is connected with a 
voltaic battery by which the primary current may be produced, 
maintained, stopped, or reversed. The secondary circuit includes 
a galvanometer to indicate any currents which may ho formed in 
it. This galvanometer is placed at such a distance from all parts 
of the primary circuit that the primary current has no sensible 
direct influence on its indications. 

Let part of the primary circuit consist of a straight wire, and 
part of the secondary circuit of a straight wire near and parallel 
to the first, the other parts of the circuits being at a greater 
distance from each other. 

It is found that at the instant of sending a current through 
the straight wire of the primary circuit the galvanometer of the 
secondary circuit indicates a current in the secondary straight 
wire in the opposite direction. This is called the induced current. 
If the primary current is maintained constant, the induced current 
soon disappears, and the primary current appears to produce no 
effect on the secondary circuit. If now the primary current is 
stopped, a secondary current is observed, which is in the mme 
direction as the primary current. Every variation of the 
primary current produces electromotive force in the secondary 
circuit. When the primary current increases, the electromotive 
force is in the opposite direction to the current. When it di- 
minishes, the electromotive force is in the same direction as the 
current. When the primary current is constant, there is no elec- 
tromotive force. 

These effects of induction are increased by bringing the two 
wires nearer together. They are also increased by forming 
them into two circular or spiral coils placed close together, 
and still more by placing an iron rod or a bundle of iron wires 
inside the coils. 

2. Induction by Motion of the Primary Circuit 

We have seen that when the primary current is maintained 
constant and at rest the secondary current rapidly disappears. 

* Bead Faraday's Experimental llesearches, Seri m i and iL 
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Now let the primary current bo maintained constant, but let 
the primary straight wire be made to approach the secondary 
straight wire. During the approach there will be a .secondary 
current in the ttppoMit* direction to the primary. 

If the primary circuit he moved away from the secondary, 
there will he a secondary current in the memo direction as the 
primary. 

3, / mint t ion t*i) Motion of t hr Rn'ondtU'tj (tivraiL 

If the secondary circuit be moved, the secondary current is 
opposite to the primary when the secondary wire in approaching 
the primary wire, and in the name direction when it is recoding 
from it. 

In all cases the direction of the .secondary current is such that 
the mechanical notion between the two conductors is opposite to 
the direction of motion, being a repulsion when the wires are 
approaching, ami an attraction when they are receding. This 
very important fact was established by Unix*. 

4 . lihtih tion lit/ thv Rotatin' Motion of a Mat) net and the 
iS 'reouda iuj ( * i veil 1 l 

If we substitute for the primary circuit a magnetic shell 
whose edge coincides with the circuit, whose strength is numer- 
ically equal to that of the current in the circuit, and whoso 
austral face corresponds to the positive lime of the circuit, then 
the phenomena produced by the relative motion of this shell and 
the secondary circuit are the same as those observed in the case 
of the primary circuit, 

nai.'j The whole of these phenomena may be summed up in 
one taw, When the number of lines of magnetic induction 
which pass through the secondary circuit in the positive direction 
is altered, an electromotive force acts round the circuit, which 
itt measured by the rate of decrease of the magnetic induction 
through the circuit. 

532, j Far instance, let the rails of a railway ho insulated trom 
the earth, but connected at mm terminus through a galvano- 
meter* and let the circuit he completed by the wheels and axle 
of a railway carriage at a distance & from the terminus. 
Neglecting the height of the axle above the level of the rails, 

* Pugg., Ann, ***!, p. 4 S3 
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tho induction through tin* secondary circuit h due to tho 
vortical component of tho earths magnetic tWc* % . whirl* m 
northern latitudes is directed downwards. Heimm if h in the 
gauge of tho railway, the hori&mtal area of tho circuit ^ Ar. 
and tho surface- integral of the magnetic induction thtutigh it is 
Zbx, where Z is the vertical component of the urngm tie force 
of the earth. Since Z in downward*, the l.av.-r tae„ of" the 
circuit in to he reckoned positive* and the positive ditvetmn of 
the circuit itself is north, east, south, west, that m in the 
direction of the suns apparent diurnal course. 

Now let the carnage he set in motion, then ,#• will vary, and 
there will bean electromotive force in the circuit wIkumi value 
, dx 


m 


~Zb 


til 


If a: is increasing, that is, if the earring*' in moving away from 
the terminus, this electromotive force is in the negative direction, 
or north, west, south* east. Hence the direction of this foreo 
through the axle is from right to left if r were dtuiittt*ltifig k 
the absolute direction of the force would he reversed, hut since 
the direction of the motion of the carriage is alw reversed, itie 
electromotive force on the axle is #tdl from right t*> left, the 
observer in the carriage being a! was * supposed in move face 
forwards. In southern latitude*, whore the m*ulh end nf the 
needle dips, the electromotive force on a moving body 1*4 from 
loft to right. 

Hence we have the following rule fm determining the r>Wtr<»* 
motive force on a wire moving through a field of magnetic force. 
Place, in imagination, your head and IWt in the posit mm> occupied 
by the ends of a compHHtimeedle which point moth and wntiih 
respectively ; turn your face in tho for war* I direction of motion, 
then the electromotive force due to the motion will he from left 
to right, 

633.] Ah these directional relation* are important, h i ns lake 
another illustration. Suppose a metal girdle laid round it m 
earth at the equator, ami a metal wire laid along the imotdtisJi 
of Greenwich from the equator ui the north j«ilm 

Let a great quadrant*! arch of itiHal !•** emutirurnd, **f which 
one extremity is pivoted «m Urn north while the other tn 

carried round tho equator, sliding on Ota great giidh* of the 
earth, and following the sun m hi* daily ccnti'w, Timr« will 
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then be an electromotive force along the moving quadrant 
acting from the pole towards the equator. 

The electromotive force will be the same whether we suppose 
the earth at rest and the quadrant moved from east to west, or 
whether we suppose the quadrant 
at rest and the earth turned from 
west to east. If we suppose the 
earth to rotate, the electromotive 
force will be the same whatever 
be the form of the part of the cir- 
cuit fixed in space of which one 
end touches one of the poles and 
the other the equator. The cur- 
rent in this part of the circuit is 
from the pole to the equator. 

The other part of the circuit, 
which is fixed with respect to the 
earth, may also be of any form, 
and either within or without the 
earth. In this part the current is 
pole. 

534.] The intensity of the electromotive force of magneto- 
electric induction is entirely independent of the nature of the 
substance of the conductor in which it acts, and also of the 
nature of the conductor which carries the inducing current. 

To shew this, Faraday* made a conductor of two wires of 
different metals insulated from one another by a silk covering, 
but twisted together, and soldered together at one end. The 
other ends of the wires were connected with a galvanometer. 
In this way the wires were similarly situated with respect to 
the primary circuit, but if the electromotive force were stronger 
in the one wire than in the other it would produce a current 
which would be indicated by the galvanometer. He found, 
however, that such a combination may be exposed to the most 
powerful electromotive forces due to induction without the 
galvanometer being affected. He also found that whether the 
two branches of the compound conductor consisted of two 
metals, or of a metal and an electrolyte, the galvanometer was 
not affected f. 





from the equator to either 
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Hetico tho electromotive form on any mtidueinv only 

on tho form and tho motion of that mndurtm*, t««g*‘thi-r with lin* 
strength, form, and motion of tho electric oum ntn in ile< h* Id, 

5,15/] Another negative property of i tuu* «t iv •- hue, i>» that 

it haw of itself no tendency to mtuc the ijicclmiiicjil uintimi of 
any hotly, hut only to name n eurivut of .•hn*iiii a it\ within it. 

If it actually product* a current in the hndy, th.-r.- will U* 
mechanical action due to that current, hut it we for\ent the 
current from being formed, then' will he no m*clmmcnl ueiom nu 
the hody itself, If the body U elect rile d, , th* »dretiu* 

motive force will move the hotly, an we have disc* iU-d in 
Electrostatics. 



53fi.] The experimental investigation of the lawn* of tin iudtir* 
tion of electric currents in fixed eiraiita ttui y he r* inducted with 
considerable accuracy by method* in winch th^ « h etiomotivc 
force, and therefore the current, in the galviinoiu* Uu circuit in 
rendered zero. 

For instance, if we wish to shew that the induction of the mil 
A on the coil X in equal to that of H upon K, ive plum ih«* iml 
pair of coil* A and A" at a sufficient distance fl Mill th*" .necofld 
pair B and Y. Wo thou connect A and 11 with a v..Uuie hull* ry, 
so that wo can mako tins mum* primary current How- through A 
in tho positive direction and then through H in tho imgalivu 
direction. Wo also connect X and V with a gnlv»n<mu't«r, «» 
that tho secondary current, if it oxi«l«, shall How in the name 
direction through A' and Y in aortoa. 
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Then, if the induction of A on X is equal to that of B on F, 
the galvanometer will indicate no induction current when the 
battery circuit is closed or broken. 

The accuracy of this method increases with the strength of the 
primary current and the sensitiveness of the galvanometer to in- 
stantaneous currents, and the experiments are much more easily 
performed than those relating to electromagnetic attractions, 
where the conductor itself has to be delicately suspended. 

A very instructive series of well-devised experiments of this 
kind is described by Professor F elici of Pisa *. . 

I shall only indicate briefly some of the laws whiqh may be 
proved in this way. 

(1) The electromotive force of the induction of one circuit on 
another is independent of the area of the section of the conductors 
and of the material of which they are made f . 

For we can exchange any one of the circuits in the experiment 
for another of a different section and material, but of the same 
form, without altering the result. 

(2) The induction of the circuit A on the circuit X is equal to 
that of X upon A. 

For if we put A in the galvanometer circuit, and X in the bat- 
tery circuit, the equilibrium of electromotive force is not disturbed. 

(3) The induction is proportional to the inducing current. 

For if we have ascertained that the induction, of A on X is 

equal to that of B on F, and also to that of C on Z, we may make 
the battery current first flow through A , and then divide itself in 
any proportion between B and G. Then if we connect X reversed, 
Y and Z direct, all in series, with the galvanometer, the electro- 
motive force in X will balance the sum of the electromotive forces 
in F and F. 

(4) In pairs of circuits forming systems geometrically similar 
the induction is proportional to their linear dimensions. 

For if the three pairs of circuits above mentioned are all 
similar, but if the linear dimension of the first pair is the sum 
of the corresponding linear dimensions of the second and third 
pairs, then, if A , B , and G are connected in series with the 


* Annales de Chimin, xxxiv. p. 64 (1852), and Nuovo Cimento , ix. p. 345 (1859). 
t {This statement is not necessarily strictly true if one or more of the materials is 
magnetic, for in this case the distribution of the lines of magnetic force are disturbed 
by the magnetism induced in the wires.} 
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battery, and if X reversed* V and X are in *eri«s with the gab 
variometer, there will be equilibrium. 

(5) The electromotive force produced in n eml of n windings 
by a current in a coil of m winding in proportional to t in- 
product Vi H. 

587.] For experiments of the kind we hnv* be, n considering 
the galvanometer should be an sensitive m possible, and it ** nr* die 
as light as possible, so as to give a sensible indicatem **f a very 
email transient current. The experiments on induef i*m duo to 
motion res pi ire the needle to have a somewhat linger pound $4' 
vibration, ho that there may be time to ‘’fleet C'-tiam iimtiutm 
of the conductors while the needle is not far It «»m its posit ion 
of equilibrium* In the former experiments* the » b etiunudive 
forces in the galvanometer circuit were in equilibrium during 
tho whole- time, ho that no current passed through the gnlvium* 
meter coil. In those now to bo dimenlmd, the ob«i*tr«um*tivr force** 
act first in one direction and then in the other, so m t * produce 
in succession two currents in opposite direction t through the 
galvanometer, and wo have to show that the impulse* on the 
galvanometer needle duo to these successive oinvut,H are m cerium 
cases equal ami opposite. 

Tho theory of tin* application of the galvanometer to the 
measurement of transient currents will be comudeied more n? 
length in Art. 748 . At present it is suttico nt f*»r * >nt pm pone !*§ 
observe that as long ns the galvanometer needle m near *u 
position of equilibrium the deflecting force *4 the mirrent is 
proportional to the current itself, and if the whole tune of net ion 
of the current is small compared with the juried of tibrniion of 
the needle, tdiu final velocity of the magnet will ho p* «*pot tmmd 
to the total (juantity of electricity in the eurreni. lienee, if % W n 
currents pass in rapid summmen, convey ing equal qunntit i*m of 
electricity in opposite directions, the needle will be hut without 
any final velocity. 

Thus, to shew that the induction currents in the **oeomlnry 
ciicuit, due to the closing and tho breaking «f the priitmrv circuit, 
are equal in total quantity but opposite in direction, we mnv 
arrange the primary circuit in connexion with the buttery, w 
that by touching a key tho current may lm sent through the 
primary circuit, or by removing the finger fh« nuntnci may lit* 
broken at pleasure* If the key m prmmnt down for Hum*? time, 
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the galvanometer in the secondary circuit indicates, at the time 
of making contact, a transient current in the opposite direction 
to the primary current. If contact be maintained, the induction 
current simply passes and disappears. If we now break contact, 
another transient current passes in the opposite direction through 
the secondary circuit, and the galvanometer needle receives an 
impulse in the opposite direction. 

But if we make contact only for an instant, and then break 
contact, the two induced currents pass through the galvanometer 
in such rapid succession that the needle, when acted on by the 
first current, has not time to move a sensible distance from its 
position of equilibrium before it is stopped by the second, and, on 
account of the exact equality between the quantities of these 
transient currents, the needle is stopped dead. 

If the needle is watched carefully, it appears to be jerked 
suddenly from one position of rest to another position of rest 
very near the first. 

In this way we prove that the quantity of electricity in the 
induction current, when contact is broken, is exactly equal and 
opposite to that in the induction current when contact is made. 

538.] Another application of this method is the following, 
which is given by Eelici in the second series of his Researches. 

It is always possible to find many different positions of the 
secondary coil J3, such that the making or the breaking of contact 
in the primary coil A produces no induction current in £ . The 
positions of the two coils are in such cases said to be conjugate 
to each other. 

Let B 1 and B 2 be two of these positions. If the coil B be 
suddenly moved from the position Bj to the position B 2 , the 
algebraical sum of the transient currents in the coil B is exactly 
zero, so that the galvanometer needle is left at rest when the 
motion of B is completed. 

This is true in whatever way the coil B is moved from B 1 to 
jB 2 , and also whether the current in the primary coil A be 
continued constant, or made to vary during the motion. 

Again, let B' be any other position of B not conjugate to A y 
so that the making or breaking of contact in A produces an 
induction current when B is in the position B ' . 

Let the contact be made when B is in the conjugate position 
i? x , there will be no induction current. Move B to B\ there 
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will 1)0 an induction current due to the motion, hut if U fg 
moved rapidly to B\ and the primary contact then b«-.*ken, the 
induction current due to breaking contact wilt exactly annul the 
effect of that due to the motion, ho that the gnl\ am-met, -r needle 
will bo loft at rent. Hence the current due to the too! urn fn»m a 
conjugate position to any other position b* *qmd and opposite to 
the current due to breaking contact in the hif(« r p»ediiou. 

Since tlus effect of making contact in equal and opposite to that 
of breaking it, it follows that the effect of making contact when 
the coil H in in any position H is equal to that <?! bringing the 
coil from any conjugate position B x t»» H while f he current 
flowing through A. 

If the change of the rolativi* position of the e mb* in made !*y 
moving the primary circuit instead of the secondary, the r«v»ult is 
found to ho the same, 

539.] It follows from these exjwriments that the u a. id induction 
current in B during the simultaneous motion of J from J s to A. h 
and of B from if, to lk„ while the current in A change * from y t 
to y tJi depends only cm tho initial state A t> //,, /} and the final 
state A u , B tp y 2f and not at till on tin* nature of the intermediate 
states through which the system limy pass. 

Hence tho value of the total indnetitiii eurrent tmmt he of the 

form F(A ,,ll,,y.y- h\A 


where F'm a function of A % /I, and y. 

With respect to the form of tbU function, we know, by Art. 
530, that when there is no motion, and therefore *•!, A ami 
Mi = B, v the induction current U prnj*urtioiiitl to the primary 
current. Hence y enters simply ns n factor, tho other factor 
being a function of the form and position of the rimtiis A find II, 
Wo also know that the value of this function depend* on the 
relative and not on the absolute position?* of A and /I, ?•«* that it 
must he capable of Isung expressed an a function of tho dbiimce* 
of the different elements of which the circuit are composed, and 
of the angles which these elements make with ouch ntbcr. 


hot ilf he this function, then the total induction current tuny 

bo written ,, 

0\M x y v - M s y ; I, 


wliero 0 is tho conductivity of tho Koroiuiwy circuit, and <V, , y, 
are the original, and M. Jt y., tho final value* uf ,1/ and y . 
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These experiment^ therefore, shew that the total current of 
induction depend* on iho change which takes place in a certain 
quantity, My, and that thin chimin may arise either from 
variation of tho primary rurivut y, or from any motion of the 
primary or Honolulu ry circuit whioh niters M. 

510. ] Tim conception of such a quantity, on tho changes of 
which, and not on ita absolute magnitude, tin* induction current 
depends, ooourrod to Faraday at an oarly stage of his /tesrn/v/nw 
Ho observed that the secondary circuit, when at rent in an electro- 
magnetic field which remains of constant intensity, does not 
allow any electrical effect, whereas, if the same state of tho hold 
had boon suddenly produced, there would have boon a current. 
Again, if tho primary circuit in removed from the field, or tho 
magnetic forces abolished, there in a current of the opposite kind. 
He therefore recognised in the secondary circuit, when in tho 
elect romagtieUe field, a ‘ peculiar electrical condition of matter,* 
to which he gave the name of the W retro ionic State. Ho after- 
wards found that he could dispense with thin idea by means of 
considerations founded on the linen of magnetic force f, but even 
in bin latest Ueminriwn | t he nays, ‘ Again and again the idea of an 
t ihvt niton It* state § has been forced on my mind. 1 

The whole history of ibis idea in tho mind of Faraday, m 
shewn in \m published in well worthy of study. By 

a course of experiments guided by intense application of thought, 
hut without the aid of mathematical calculations, he was led to 
recognise the existence of Hoinething whieh wm now know to be a 
mathematical i juantity, amt which may even be called the funda- 
mental quantity in the theory of electromagnetism. But an he 
was led up to thin conception by a purely experimental path, be 
ascribed to it n physical existence, and supposed it to be a 
peculiar condition of matter, though he wan ready to abandon 
this theory an soon an he could explain the phenomena by any 
more familiar forms of thought. 

Other investigators were long afterwards led up to the same 
idea by a purely mathematical path, but, ho far as I know, none 
of them recognised, in the refined mathematical idea of the 
potential of two circuits, Faraday’s bold hypothesis of an electro- 
tonic state. Those, therefore, who have approached this subject 

* AV/i. It'*., mtW*. I. 80, 

t lb,, iwiici 11. M% 


t lb,, 8200. 

^ 1U, HU, 1114, 1861, 1730, 17*3. 
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in the way pointed out by those eminent investigator* who first 
reduced its lawn to a mathematical form, Imv.- muiietmii** found 
it difficult to appreciate the scientific nmirwn **f (hr diiU tm-nt® 
of Jaws which Faraday, in the fit two »vru-* »»f hte /*Wu,y/ <r ^ 
has given with such wonderful completeness, 

The scientific value of Faraday’s conception of an « h eirutenic 
Htftto consists in its directing the mind to lav hold of n certain 
quantity, on the changes of which the actual phenomena d*o 
pend. Without a much greater degree of development than 
Faraday gave it, this conception doc* not easily tend itself to 
the explanation of the phenomena. \\v shall return to this 
subject again in Art. 

541,] A method which, in Faraday b hands, was fur more 
powerful is that in which he makes une of those lines of mag- 
netic force which were always in Ids mind's eye when con- 
templating his magnets or electric currents, and the dri mention 
of which by means of iron tilings he rightly regarded * an n most 
valuable, aid to the cX{mrimentaliat, 

Faraday looked on these lines as expressing, not only by their 
direction that of the magnetic three, but by their number and 
concentration the intensity of that force, and m hi?* Inter H*« 
xeavchex f he shews how to conceive of unit line* «»f teres. 1 
have explained in various parts of this treatise the relation 
between the properties which Faraday recognised in the line* of 
ibreo and the mathematical condition* of eleetur and magnetic 
forces, and how Faraday *h notion of unit linos and of the numlwr 
of lines within certain limits may be made mathematically 
precise. Sac Arte. S3, 4 mi , \\uk 

In the first series of his Ht+txir* h*# J he clearly how the 

direction of the current in a conducting circuit, pint of which is 
moveable, depends on the mode in which tlm moving part cute 
through the lines of magnetic force. 

in the second series § he shews how the phenomena produced 
by variation of the strength of a current or ii magnet tuny lm ex- 
plained, by supposing the system of lines uf force io expand from 
or contract towards the wire or magnet m its power risen or falls, 
I am not certain with what degree nf clear ii*-hs lie then held 
the doctrine afterwimls m distinctly kid down by hum | # that 

* &'/>. t IF. 3PJ2. i n». # tn» 

I it,, ii3v\ % 
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the moving conductor, as it cuts the lines of force, sums up the 
action due to an area or section of the lines of force. This, 
however, appears no new view of the case after the investigations 
of the second series * have been taken into account. 

The conception which Faraday had of the continuity of the 
lines of force precludes the possibility of their suddenly starting 
into existence in a place where there were none before. If, there- 
fore, the number of lines which pass through a conducting 
circuit is made to vary, it can only be by the circuit moving 
across the lines of force, or else by the lines of force movino- 
across the circuit. In either case a current is generated in the 
circuit. 

The number of the lines of force which at any instant pass 
through the circuit is mathematically equivalent to Faraday's 
earlier conception of the electrotonic state of that circuit, and it 
is represented by the quantity My. 

It is only since the definitions of electromotive force, Arts. 69, 
274, and its measurement have been made more precise, that 
we can enunciate completely the true law of magneto-electric 
induction in the following terms : — 

The total electromotive force acting round a circuit at any 
instant is measured by the rate of decrease of the number of 
lines of magnetic force which pass through it. 

When integrated with respect to the time this statement 
becomes : — 

The time-integral of the total electromotive force acting round 
any circuit, together with the number of lines of magnetic force 
which pass through the circuit, is a constant quantity. 

Instead of speaking of the number of lines of magnetic force, 
we may speak of the magnetic induction through the circuit* 
or the surface -integral of magnetic induction extended over any 
surface bounded by the circuit. 

We shall return again to this method of Faraday. In the mean- 
time we must enumerate the theories of induction which are 
founded on other considerations. 

Lenz's Law . 

542.] In 1834, Lenzf enunciated the following remarkable 
relation between the phenomena of the mechanical action of 
* Exp. Mes., 217, &c. + Pogg., Ann. xxxi. p. 483 (1834). 
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electric currents, as delinod by Ampere's formula, and t ho in- 
duction of electric cummin by the relative motion of t’«m- 
ductors. An earlier attempt at a statement of such a n*la~ 
tion wan given by Ritchie in the Phiiosophiud Mtojounc fur 
January of the name year, but the directum u! the induced 
current was in every ease stated wrongly. bony's law is as 
follows 

If a, constant current Jluira in the primari/ * * mat A , a ml itjuj 
the motion of A } or of the secondary ( 'until H t a current in 
induced in IK the direction of this induced current unit Ac mi *7/ 
that, In/ its clectroinat/nct ic action on A , it tend s to ojt/utse the 
relative ' motion of the circuits. 

On this law F. K Neumann * founded his mathematical theory 
of induction, in which he established the mathematical laws of the 
induced currents due to the motion of the primary nr secondary 
conductor. He shewed that the quantity .V, which we have called 
the potential of the one circuit on the other, is the same m the 
electromagnetic potential of the one circuit on the other, which 
wo have already investigated in connection with AitipVeV formula, 
Wo may regard F. K. Neumann, therefore, m having completed 
for the induction of currents the mathematical treatment winch 
Ampere had applied to their mechanical action. 

543.] A step of still greater scientific importance was soon 
after made by Helmholtz in bis Awn// on, the Conner nation of 
Force f , and by Sir W. Thomson {, working somewhat later, hut 
independently of Helmholtz, They shewed that the induction of 
electric currents discovered hy Faraday could be mathematically 
deduced from the electromagnetic actions discovered by Orated 
and. Amphre by the application of the principle of the Conservation 
of Energy. 

Helmholtz takes the case of a Conducting circuit of resistance 
ii, in which an electromotive force ./I, arising from a voltaic or 
thermoelectric arrangement, acts. Tins current in the circuit at 
any instant is L He supposes that a magnet is in motion in tin* 
neighbourhood of tlm circuit, and that its potential with respect 
to the conductor is V t ho that, during any small interval of time 

* Iforlin A hut n 1845 awl 1M7. 

t K«md tmforo tht* Wiyftioftl Homoty of Ifarlitt, July *JS, til#, Tr«i$ktol lu 

Taylor’H 4 Hdoutifio Mojimir#/ jiart it j*. 114. 

i Tram. JlriL A**., 1848, ami PkH, Mag.* I)rn. t8$h H«w mtm* hi# |>»|*er m 
* Trauvumt Xiloctrio Current#/ iVol. M®y n J use I 1*59, 
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dt> tbe energy communicated to the magnet by the electromagnetic 

dV ° 

action is I — dt 


The work done in generating heat in the circuit is, by Joule’s 
law, Art. 242, PR dt, and the work spent by the electromotive 
force A, in maintaining the current I during the time dt , is Aldt 
Hence, since the total work done must be equal to the work spent, 

Aldt = PRdt+I~dt, . 


whence we find the intensity of the current 



Now the value of A may be what we please. Let, therefore, 
A = 0, and then j $ y 

I = ~ RW’ 


or, there will be a current due to the motion of the magnet, equal 

cl V 

to that due to an electromotive force 

dt 


The whole induced current during the motion of the magnet 
from a place where its potential is V x to a place where its po- 


tential is V 2i is 




and therefore the total current is independent of the velocity or 
the path of the magnet, and depends only on its initial and final 
positions. 

Helmholtz in his original investigation adopted a system of 
units founded on the measurement of the heat generated in the 
conductor by the current. Considering the unit of current as 
arbitrary, the unit of resistance is that of a conductor in which 
this unit current generates unit of heat in unit of time. The 
unit of electromotive force in this system is that required to 
produce the unit of current in the conductor of unit resistance. 
The adoption of this system of units necessitates the introduction 
into the equations of a quantity a, which is the mechanical 
equivalent of the unit of heat. As we invariably adopt either 
the electrostatic or the electromagnetic system of units, this factor 
does not occur in the equations here given. 

544] Helmholtz also deduces the current of induction when a 
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conducting circuit and a circuit carrying a constant current arc 
made to move relatively to one another *. 

Let M u 1 L he the resistances, l t> I, the currents, A t , A., the 
external electromotive forces, ami V the pot*uitial of the m w 

* { The proofs given in Arts. MU and Ml are not futtinfitriorv, m they uegh'^t any 
variations winch may occur in the current* amt »!*’» ativ change which um ,«vtir u% th« 
Kinetic Knergy duo to the motion of the circitiiN If. s* in ho t »«!«)« t*> deduce 

the equations of induction of two circuit** tr»»m the principle ».f the f ’ H^ruiinu »»f 
Knergy alone as it would he to deduce the «»! of & -n ^Oosi with two 

degrees of freedom without using any principle hrvoud that of ihr t ,.n»*-iv*t |<»u #,f 
Knorgy. 

If we apply the principle of the <\»u»wv»iinii »*f Knergv t** the «'««*' «,f t W(l rnrwiU 
we get one equation, which we may deduce %.* fallow « ; |,rt /., ,|f, .V !»»• it*o ext-thrirnt 
of solf-iml notion of the lir*4 circuit, the coefficient, »»f mutual induction ,,f t|,„ j w , 
circuits nud the self-induction of the second circuit *e»pec?iv*lv An. t^i T 

he the Kinetic Knergy dne t»» the current round the «*ir* »d», and lr-t tlir rn t of the 
notation he the name tut in Art, & 1 1 . Then t Art. | 

v; ^ i /./,’#■ | >v/,\ 

»/,+ (//j •/,* i Wr »a o) 

where sr is a coordinate of any type helping t » fit the p*«Urm of thn en*nut, 

Hi nee T* i« a homogeneous quadratic function nf /, , 

■it - / rfr * , / * > T • 

Uenc. 88T. »/,$ ♦ /.a'"' . / ,>% (,) 

Subtracting (l) from (‘2)» we get 




* m» i » ^ h « » ^ h ** li / * 


*V.r. 


13) 


.But ^*in the force of type jr acting «m the ny»l-»i, hence, *i»r«i »« , 5 »pp.»«, 

extornal foroo MtU on tlio *y»tWM, S ‘^‘a ,■ will t* lh« loorowo m K K„„r«y 

due to the motion of the system, lienee OP gives, 

W.rj 

'I'ho work lion., by tho l>»ltor|o» in » u,„ r , 1 / j» 

•<I /,*/ t 4, /,Af, 

Tint hunt produced in tho rntme timo is by .1. 

(//,/,* «//,/,<;»*. 

I!y tlio ( nnmTv'atiim of Kiior«y tho work .I ..110 |,y i| tr hattrijr. .«* iU 

protfuot.il in tho olromt pin* tho imt.-B*- i» tho m,l r S y „f t)„. ,y»t„,„, , 

A > /i»< + 4,/,« -(//,/,». U,lpit,l :T.tT m . 

b«h*tltuting for «('/’, + T„] f r ., m (4) Wr fc .„ t 

1 - !), iA 
I 


or /, j 4,-/1, /, - (// (/,/. , Ml } ) j , /, j 4, //, /, ;j t Ml, , ,V7. 


i no equations of md notion are the two mmniliksM ,* t » * , 

jtoro the fipm/,;,ii„ „/ *!„./« . .. * w, i J fpe hwwkml* t« 
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circuit on the other due to unit current in each, then we have, 
as before, j y 

A x I, + A 2 I 2 = I^R, + I 2 2 R 2 + . 

If we suppose I 1 to be the primary current, and J 2 so much less 
than Jp that it does not by its induction produce any sensible 

A 

alteration in I ly so that we may put I 1 = then 

4.-I* 7 
!,=■ 


dt 


R'2 ’ 

a result which may be interpreted exactly as in the case of the 
magnet. 

If we suppose I 2 to be the primary current, and I 1 to be very 
much smaller than / 2 , we get for J 1 , 

A rdV 

r 

1_ ‘ 

This shews that for equal currents the electromotive force of 
the first circuit on the second is equal to that of the second on 
the first, whatever be the forms of the circuits. 

Helmholtz does not in this memoir discuss the case of induc- 
tion due to the strengthening or weakening of the primary current, 
or the induction of a current on itself. Thomson* applied the 
same principle to the determination of the mechanical value of 
a current, and pointed out that when work is done by the mutual 
action of two constant currents, their mechanical action is in- 
creased by the same amount, so that the battery has to supply 
double that amount of work, in addition to that required to main- 
tain the currents against the resistance of the circuits f. 

545.] The introduction, by W. Weber, of a system of absolute 
units for the measurement of electrical quantities is one of the 
most important steps in the progress of the science. Having 
already, in conjunction with Gauss, placed the measurement of 
magnetic quantities in the first rank of methods of precision, 
Weber proceeded in his Electrodynamic Measurements not only 
to lay down sound principles for fixing the units to be employed, 

* Mechanical Theory of Electrolysis, Phil. Mag., Dec. 1851. 

f Nichol’s Cyclopaedia, of Physical Science , ed. 1860, Article * Magnetism, Dyna- 
mical Relations of/ and Reprint, § 571. 
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but to make determinations of particular electrical quantities 
in tonus of those units, with a degree of accuracy previously 
unattompted, Both the electromagnetic a»>l the electrostatic 
systems of units owe their development ami practical applica- 
tion to these researches. 

Wobor has also formed a general theory of electric action from 
•which he deduces both electrostatic, and electromagnetic force, 
and also the induction of electric currents. We shall consider 
this theory, with some of its more recent developments, in a 
separate chapter. Sec Art. W ith 



('RAFTER IV. 


ON THK tNlUUTION OK A WlfUKNT ON ITS KM’. 


54(1.] Faraday hits devoted the ninth series of his llemvrcltex 
to the investigation of a class of phenomena exhibited by the 
current in a wins which forms the coil of an electromagnet. 

Mr. Jenkin has observed that, although it is impossible to pro- 
duce a sensible shock by the direct action of a voltaic system 
consisting of only one pair of plates, yet, if the current is made 
to pass through tin* coil of an electromagnet, and if contact is 
then broken Itetween the extremities of two wires held one in 
each hand, a smart shock will he felt. No such shock is felt on 
making contact. 

Faraday shewed that this and other phenomena, which ho de- 
scribes, are due to the same inductive notion which he had already 
observed the current to exert on neighbouring conductors. In 
this case, however, the inductive action is exerted on the same 
conductor which carries the current, and it is st» much the more 
powerful as the wire itself is nearer to the different elements of 
the current than any other wire mn he. 

547.) He observes, however*, that 1 the first thought that arises 
in the mind is that the electricity circulates with something like 
momentum or inertia in the wire.’ Indeed, when we consider 
one particular wire only, the phenomena are exactly analogous 
to those of a pipe full of water flowing in a continued stream. If 
while the stream is flowing we suddenly close the end of the pipe, 
the momentum of the water produces a sudden pressure, which is 
much greater than that due to the head of water, and may be 
sufficient to hurst the pipe. 

If the water 1ms the means of escaping through a narrow jet 
when the principal aperture is closed, it will he projected with a 

* Ktp, Hot,, 1077. 
o t 
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velocity much greater than that due in the head of water, ami 
if it can escape through a valve into it chamber, it will do ho, 
even when the pressure in the chamber in greater than that duo 

to the head of water. 

It is on thin principle that the hydraulic ram as constructed, 
by which a small quantity of water may be raised to it great 
height by means of a large quantity flowing down from a much 
lower level. 

548. ] These effects of the inertia of the fluid in the tube depend 
solely on the quantity of thud running through the tube, on its 
length, and on its section in different parts of its length. They 
do not depend on anything outside the tube, nor on the form into 
which the tube may be bent, provided its length remains the 
same. 

With a wire conveying a current thin is not the case, for 
if a long wire is doubled on itself the effect is very small, if 
the two parts are separated from each other it in greater, if it 
is coiled up into a helix it is still greater, and greatest of all if, 
when so coiled, a piece of soft iron in placed inside the euih 

Again, if a second wire is coiled up with the first, but insu- 
lated from it, then, if the second wire does not form a closed 
circuit, the phenomena are ns before, but if the second wire forms 
a closed circuit, an induction current is formed in tlm second 
wire, and the effects of self-induction in the first wire are re- 
tarded. 

549. ] These, results shew' clearly that, if the phenomena are 

due to momentum, the momentum is certainly not that of the 
electricity in the wire, because the same wire, conveying the same 
current, exhibits effects which differ according to its form ; and 
even when its form remains tie* same, the presence of other bodies, 
such as a piece of iron or a closed metallic circuit* affects the 
result. 

550. ] It is difficult, however, for the mind which has once 
recognised the analogy between the phenomena of self induction 
and those of the motion of material bodies, to niumdon altogether 
the help of this analogy, or to admit that it. m entirely superficial 
and misleading. The Fundamental dynamical idea of matter, as 
capable by its motion of becoming the recipient of moment tan 
and of energy, is bo interwoven with wur forms of thought that, 
whenever we catch a glimpse of it in any pari of nnttiie, we feel 
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that a path is before us leading, sooner or later, to the complete 
understanding of the subject. 

551. ] In the case of the electric current, we find that, when the 
electromotive force begins to act, it does not at once produce the 
full current, but that the current rises gradually. What is the 
electromotive force doing during the time that the opposing re- 
sistance is not able to balance it ? It is increasing the electric 
current. 

Now an ordinary force, acting on a body in the direction of its 
motion, increases its momentum, and communicates to it kinetic 
energy, or the power of doing work on account of its motion. 

In like manner the unresisted part of the electromotive force 
has been employed in increasing the electric current. Has the 
electric current, when thus produced, either momentum or kinetic 
energy ? 

We have already shewn that it has something very like mo- 
mentum, that it resists being suddenly stopped, and that it can 
exert, for a short time, a great electromotive force. 

But a conducting circuit in which a current has been set up 
has the power of doing work in virtue of this current, and this 
power cannot be said to be something very like energy, for it 
is really and truly energy. 

Thus, if the current be left to itself, it will continue to circulate 
till it is stopped by the resistance of the circuit. Before it is 
stopped, however, it will have generated a certain quantity of 
heat, and the amount of this heat in dynamical measure is equal 
to the energy originally existing in the current. 

Again, when the current is left to itself, it may be made to 
do mechanical work by moving magnets, and the inductive effect 
of these motions will, by Lenz’s law, stop the current sooner than 
the resistance of the circuit alone would have stopped it. In this 
way part of the energy of the current may be transformed into 
mechanical work instead of heat. 

552. ] It appears, therefore, that a system containing an electric 
current is a seat of energy of some kind ; and since we can form 
no conception of an electric current except as a kinetic pheno- 
menon*, its energy must be kinetic energy, that is to say, the 
energy which a moving body has in virtue of its motion. 

We have already shewn that the electricity in the wire cannot 
* Faraday, Exp. Res. 283. 
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bo considered as tho moving body in which we arc to find thin 
energy, for tho energy of a moving body due* nut depend on 
anything external to itself, whereas the presence of other bodies 
near tho current alters its energy. 

Wo arc therefore led to enquire whether there may nut he some 
motion going on in tho space outside tin* wire, which is nut oc- 
cupied hy tho electric current, but in which the electromagnetic 
effects of the current are manifested. 

I shall not at present enter on the reasons for looking in turn 
place rather than another for such motions, or for regarding 
these motions as of one kind rather than another. 

What I propose now to do is to examine the consequences of 
tho assumption that the phenomena of the electric current are 
those of a moving system, the motion being communicated from 
one part of tho system to another by forces, the nature and laws 
of which wo do not yet oven attempt to define, because we can 
eliminate these forces from tho equations of motion by the method 
given hy Lagrange for any connected system. 

In tho next five chapters of this treatise I propone to deduce 
the main structure of tho theory of electricity from a dynamical 
hypothesis of this kind, instead of following the path which has 
led Weber and other investigators to many remarkable discoveries 
and experiments, and to conceptions, some of which are as beau- 
tiful as they are bold. I have chosen this method because I wish 
to show that there are other ways of viewing the phenomena 
which appear to me morn satisfactory* and at the same time are 
more consistent with the methods followed in the preceding parks 
Of tiffs book than those which proceed on the hypothesis of direct 
action at a distance. 



CHAPTER Y. 


IE EQUATIONS OP MOTION OP A CONNECTED SYSTEM. 

In the fourth section of the second part of his Mecanique 
'que } Lagrange has given a method of reducing the 
7 dynamical equations of the motion of the parts of a 
ed system to a number equal to that of the degrees of 
. of the system. 

equations of motion of a connected system have been 
l a different form by Hamilton, and have led to a great 
>n of the higher part of pure dynamics*, 
e shall find it necessary, in our endeavours to bring 
*1 phenomena within the province of dynamics, to have 
lamical ideas in a state fit for direct application to 
questions, we shall devote this chapter to an exposition 
dynamical ideas from a physical point of view. 

The aim of Lagrange was to bring dynamics under the 
f the calculus. He began by expressing the elementary 
;al relations in terms of the corresponding relations of 
ebraical quantities, and from the equations thus obtained 
ced his final equations by a purely algebraical process, 
quantities (expressing the reactions between the parts of 
m called into play by its physical connexions) appear in 
itions of motion of the component parts of the system, 
range’s investigation, as seen from a mathematical point 
, is a method of eliminating these quantities from the 
ations. 

lowing the steps of this elimination the mind is exer- 
calculation, and should therefore be kept free from the 

rofessor Cayley’s e Report on Theoretical Dynamics,’ British Association , 
Thomson and Tait’s Natural Philosophy, 
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intrusion of dynamical ideas. Our aim, on the other hand, is to 
cultivate our dynamical ideas. We therefore avail ourselves of 
the labours of the mathematicians, and retranslate their results 
from the language of the calculus into the language of dynamics, 
so that our words may call up the mental image, not of some 
algebraical process, but of some property of moving bodies. 

The language of dynamics has been considerably extended by 
those who have expounded in popular terms the doctrine of the 
Conservation of Energy, and it will be seen that much of the 
following statement is suggested by the investigation in Thomson 
and Tait’s Natural Philosophy, especially the method of begin- 
ning with the theory of impulsive forces. 

I have applied this method so as to avoid the explicit con- 
sideration of the motion of any part of the system except the 
coordinates or variables, on which the motion of the whole 
depends. It is doubtless important that the student should be 
able to trace the connexion of the motion of each part of the 
system with that of the variables, but it is by no means 
necessary to do this in the process of obtaining the final equa- 
tions, which are independent of the particular form of these 
connexions. 

The Variables. 

555.] The number of degrees of freedom of a system is the 
number of data which must be given in order completely to 
determine its position. Different forms may be given to these 
data, but their number depends on the nature of the system 
itself, and cannot be altered. 

To fix our ideas we may conceive the system connected by 
means of suitable mechanism with a number of moveable pieces, 
each capable of motion along a straight line, and of no other 
kind of motion. The imaginary mechanism which connects 
each of these pieces with the system must be conceived to be 
free from friction, destitute of inertia, and incapable of being 
strained by the action of the applied forces. The use of this 
mechanism is merely to assist the imagination in ascribing 
position, velocity, and momentum to what appear, in Lagrange’s 
investigation, as pure algebraical quantities. 

Let q denote the position of one of the moveable pieces as 
defined by its distance from a fixed point in its line of motion. 



IMPULSE AND MOMENTUM. 


201 


558 .] 


We shall distinguish the values of q corresponding to the dif- 
ferent pieces by the suffixes 1? 2 , &c. When we are dealing with 
a set of quantities belonging to one piece only we may omit the 
suffix. 

When the values of all the variables ( q ) are given, the position 
of each of the moveable pieces is known, and, in virtue of the 
imaginary mechanism, the configuration of the entire system is 
determined. 

The Velocities. 


556.] During the motion of the system the configuration 
changes in some definite manner, and since the configuration at 
each instant is fully defined by the values of the variables (q) 3 
the velocity of every part of the system, as well as its configura- 
tion, will be completely defined if we know the values of the 
variables (q), together with their velocities 

or, according to Newton’s notation, j). 


The Forces. 

557.] By a proper regulation of the motion of the variables, 
any motion of the system, consistent with the nature of the con- 
nexions, may be produced. In order to produce this motion by 
moving the variable pieces, forces must be applied to these pieces. 

We shall denote the force which must be applied to any 
variable q r by F r . The system of forces (j^)-is mechanically 
equivalent (in virtue of the connexions of the system) to the 
system of forces, whatever it may be, which really produces the 
motion. 


The Momenta. 

558.] When a body moves in such a way that its configura- 
tion, with respect to the force which acts on it, remains always 
the same, (as, for instance, in the case of a force acting on a 
single particle in the line of its motion,) the moving force is 
measured by the rate of increase of the momentum. If F is 
the moving force, and p the momentum, 


F 


dp 


dt 

p = jFdt. 


whence 

The time-integral of a force is called the Impulse of the force; 
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so that wo may assert that the momentum is tin* impulse <d the 
force which would bring the body from a state o! rest into the 
given state of motion. 

In the case of a connected system in motion, the configuration 
in continually changing at a rate depending on tie* velocities (y), 
so that we can no longer assume that the momentum is the 
time-integral of the force which acts on it. 

But the increment 87 of any variable eammt be greater than 
q' h \ {, where o t is the time during which the increment takes 
place, and if is the greatest value of the velocity during that 
time. In the ease of a system moving front rest tinder t in* action 
of forces always in the same direction, this in evidently the final 
velocity. 

If the final velocity and configuration of tin* ay stem nr** given, 
wo may conceive the velocity to be communicated to the system 
in a very small time 8/, the original configuration differing from 
the final configuration by quantities £7, , &c\, which are less 

than q t U } q%ht, &c., respectively. 

The smaller we suppose the increment of lime »*>/, the greater 
must be the impressed forces, but the time-inf egrat* or impulse, 
of each force will remain finite. The limiting value of the im- 
pulse, when the time is diminished and ultimately vanishes, in de- 
fined as the inutu ntuvvmiH impulse, and the momentum /#, corre- 
sponding to any variable 7, is defined as the impulse corresponding 
to that variable, when the system is brought instantaneously 
from a state of rest into the given state of motion, 

This conception, that the momenta are capable of* being 
produced by instantaneous impulses on the system at rest, is 
introduced only as a method of defining the magnitude of the 
momenta, for the momenta of the system depend only on the 
instantaneous statu of motion of the system, ami not on the 
process by which that stab* was produced, 

In a connected system the momentum corresponding to any 
variable is in general a linear function of the velocities of alt the 
variables, instead of being, ns in the dynamic# of a piirikilo, 
simply proportional to the velocity, 

1 he impulses required to change the velocities of the system 
suddenly from q v i h% &e. to are evidently equal to 

Pi ^ Pit V% m ~V'i* the changes of momentum of the several 

variables. 
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Work tlonr hy a Small Impuhr, 

551).*] Tho work done hy tho force fr\ during tho impulse in 
tho space-integral of tho force, or 

fK'/'i,. 

If/// in tho greatest and <}” tho loant valuo of the voloeify // t 
during tho notion of the force, W munt ho less than 

•it /o<// <>«• <h (jh '-Pih 

and greater than j t " Fdt or —/q). 

%» 

If wo now suppose tho impulse j Fill to he diminished without 

limit, tho values of y/ and y," will approach and ultimately 
coincide with that of #/,» and we may writer = d/q, bo 

that tho work done in ultimately 

« tr, </,?</>,, 

or, /An morl* </ons /*#/ a very *mtt/l im pul at* i*t ultimately the 
prut l art of the impulse and the retard y, 

Inman# nt of the Ki utile K tie ryy, 

560,] When work in done in netting a conservative system in 
motion, energy in communicated to it, and tho system becomes 
capable of doing an equal amount of work against resistances 
before it is reduced to rest, 

Tim energy which a system possesses in virtue of its motion 
in called its Kinetic Knergy, and is communicated to it in the 
form of Urn work done hy the for con which net it in motion. 

If T he the kinetic energy of the ay stem, and if it becomes 
T+n\ on account of the action of an infinitesimal impulse 
whose components are hp l% hp t% &c. t the increment hT must he 
the sum of the quantities of work done by the components of the 
impulse, or in symbols, 

a T = q x hp x 4* f 4 h p, A + &0», 

* X (#/>). (1) 

The instantaneous state of the system is completely defined if 
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the variables and the momenta are given, UfuctMlm 
energy, which depends on the instantaneous state of the j 
can he expressed in terms o! the v aria hies u/)» and the m 
(/>). This is the mode of expressing T introduced hy I In 
When T is expressed in this way we shall distinguish it 
suffix p , thus, T p . 

Tho complete variation of T v is 



The last term may he written 

which <liminishes with hi, and ultimately vanishes with 
tho impulse becomes instantaneous. 

Hence, equating the coefficients of hp in equation* \ I) , 
wo obtain . *IT V 

4 '" T / s 

1 dp 

or, the velocity vorn#t»niitiinj t** the luteiaNe #/ th* 
entiul coefficient of T p noth reaped. U* the eorre*/ 
•momentum />* 

We have arrived at this result hy the consideration 
pulsivo forces. By this method we have avoided the ecu 
tion of tho change of configuration during the action 
forces. But the instantaneous state of the system h 
respects tin* same, whether the system was brought from 
of rest to the given state of motion hy the transient npj 
of impulsive forces, or whether it arrived at that stale 
maimer, however gradual. 

In other words, the variables, mid the cormq* Hiding v< 
and momenta, depend on the actual state of motion of the 
at the given instant, and not on it* previous history, 
Humus tho equation (3) is equally valid, whether the 

motion of the system is supposed dim to impulsive farm 

forces acting in any manner whatever. 

Wo may now therefore dismiss the consideration of in 
forces, together with the limitations imposed on their 
action, and on the changes of configuration during their s 
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lIumi/ttni'H Ki/uittiniiH of Mot ion. 

5(51.) Wt' have already shewn that 

<rr„ . 

~4 ^ * w 

Let the system move in any arbitrary way, subject to tlm 
conditions imposed by its connexions, then the variations of 
p and </ are p 

' 6 P~ ,/( <’></-- '/ht. (5) 

Hence 4 h/,= Ut^ 1 ' 


anti tho complete variation of T p \h 

-*(< < 7> 

Bui tin' ineroinont of tho kinotie onorgy arisen from Urn work 

demo By tho impronnod IhrcoM, or 

o7> V(^ :/ ). ^ (H) 

In those two oxpmmionn tho variations hq aro all indepondoni 

of each othor, ho that wo am ontitlod to oquato iho eooflieiontH 

of oaeh of tlmm in tho two ox proa* ion* (7) and (8). Wo thus 

obtain j h t rp 

ap r t a i p 


whom tho momonttmi p r and Urn force b\ belong to tho vari- 
able e/ r *. 

Them am m many equations of thin form an thorn am 
variables, These equations worn given hy Hamilton* They 
show that the form corresponding to any variable i« the huju 
of two parts, The flrnt part in tho rate of increase of tlio 
momentum of that variable with respect to tho time. Tho 
second part In tho rate of iunroaMo of tho kinetic energy per unit 
of increment of tho variable, tho other variables and all the 
momenta being eonatant, 

* {Thin girtmf n**t mwm mmetuaivo m U lutmimeti i*» \m mg it* l to gjf B ^ , tbs^t i» 
to S| t mt tlmt all wo tmtt lagfltliimtely ilmlueo from (7) (8) In 

v| c'r-Wf-rY?*]- 


0, 
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The Kinetic Kncryy expreaml in Tenia* of the Momenta and 

Velocities 

562*] Let ;q, /> 2 . &c. be the momenta, and y t , //., See. the 
velocities at a given instant, and let p x , p. » &e.„ <|,, q.^ be 
another system of momenta and velocities, such that. 

V I=‘*/V iU-nq v &i\ (10) 

It Ib manifest that the sj’stems p, q will be consistent with 
each other if the systems j>, // are ho. 

Now let n vary by fi n. The work done by the force F % is 

t ftp* = fp x nhn, (11) 

Let a increase from 0 to 1 , then the system in brought from 
a state of rest into the state of mot ion (//, /d, and the whole work 
expended in producing this motion is 

(4i Pi + <h V-J. + Ac .) f n,tH - (12) 

But / it tin s|, 

*' 0 

and the work spoilt in producing the motion is wjuivalont to tho 
kinetic energy. Honco 

t ,a - + P;‘h + *«•). (13) 

where 7^ denotes the kinetic energy express'd in terms of the 
momenta and velocities. The variables */ t , 7 ^ iVc. do not enter 
into this expression. 

The kinetic energy is therefore half the msm of the products of 
the momenta into their corresponding volomtioH, 

When the kinetic energy is expressed in this way we shall 
denote it by the symbol T^. It is a function of the momenta 
and velocities only, and does not involve the variables them- 
selves. 

563.] There is a third method of expressing the kinetic energy, 
which is generally, indeed, regarded m the fundamental one. 
By solving the equations (3) wo may express the momenta in 
terms of the velocities, and then, introducing these values in (13), 
we shall have an expression for T involving only the velocities 
and the variables. When T is expressed in this form we shell 
indicate it by the symbol This is the form in which the 
kinetic energy is expressed in tho equations of lagimrtgo. 
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50‘i. | It in’ manifcHt that, ninee 7’ ( „ 7' ( , ami 7’,„ ; arc three 
different. exjircHMuiiH fur the name thing, 

4 'i\ - 2 7^ = 0. 

or ^’,.4 /'t'A •/>■//- A-e. =. o. (M) 

Hence, if all the quantiticH //, </, and <j vary, 

( (// ,| 7t)"/'t + ( ’ ' -'/aW'i + A-e. 

. d 7', ... , ii 7'" . 

•K /'.)"'/« 4 1,^ /O^-IAt. 

+ ( hv!’ + a,/ > + 1 ^ ) “t * + * c • = ; 1 fi ) 

The variations 8 /j are nut independent of the variations <h/ 
and By, ho that wo cannot at once assert that the coefficient 
of each variation in thin equation in zero* Hut wo know, from 
equations (3), that 

' d /'] kc -' ( 10 ) 

ho that the tenon involving the variations ftp vanish of them- 
Helves, 

The remaining variations h<) and ftq are now all independent, 
ho that we find, by equating to Kero the coefficients of 8//,, &e., 

, tlT t . , ( * m\ 

P J ; , t V'A J . > * ( i ?) 

or, Me components of momentum ate thr differential coefficients 
of with TtHjfwH to the vorrmfumdi tuj velocities 

Again, by equating to Kero the coefficients of top, &c, f 

^ ci 

or, Me differential coefficient of the kinetic nienji/ with rmjwct to 
any variable q x in equal in ‘may nit tide hut opposite in sttjn when 
T in emprmmt m a function of the velocities instead of an a 
function of the momenta . 

In virtue of equation (Itt) we may write the equation of 
motion (9), ,/y» 

(19) 

1 dt d< h 1 ' 

,, d d 1 a d l a 

° r *'~ jid 4 r *,,• w 

which i« tho form in which the equations of motion wore given 
by Lagrange. 
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565.] In the preceding investigation we have avoided the con- 
sideration of the form of the function which expresses the 
kinetic energy in terms either of the velocities or of the 
momenta. The- only explicit form which we have assigned to 

ltls T pi =\(p 1 q 1 +p Sl q i +&C.), ' (21) 

in which it is expressed as half the sum of the products of the 
momenta each into its corresponding velocity. 

We may express the velocities in terms of the differential 
coefficients of T p with respect to the momenta, as in equation (3), 




■i(pi dTp 


+p*j^ +& c -) 


( 22 ) 


dT p 

dp x dpt 

This shews that T p is a homogeneous function of the second 
degree of the momenta p 1} p 2 , &c. 

We may also express the momenta in terms of T and we 


find 


m , / . dT, . dT, . \ 
T * _ 2 ( ?1 dfi + l 2 dq. i +& ° h 


(23) 


which shews that T \ is a homogeneous function of the second 
degree with respect to the velocities q l9 q 2) &c. 

If we write 


p f o r ^l 
^ ll0r dq. *' 


V f d2T 4 * 

P 12 for — \ , &c. 
dq | dq 2 


then, since T q and T p are functions of the second degree of 
q and p respectively, both the P’s and the Q s will be functions 
of the variables q only, and independent of the velocities and 


the momenta. We thus obtain the expressions for P, 

2T i = P 11 q 1 2 + 2P 12 q 1 q. 2 + &c., (24) 

2 T p = Qulh 2 + 2 Q 12 P 1 P 2 + &e. (25) 

The momenta are expressed in terms of the velocities by the 
linear equations = p u ^ + p^ + & c ., (26) 

and the velocities are expressed in terms of the momenta by the 
linear equations ^ = Q nPi + Q u ^ + &c . (27) 


In treatises on the dynamics of a rigid body, the coefficients 
corresponding to in which the suffixes are the same, are 
called Moments of Inertia, and those corresponding to P 12 , in 
which the suffixes are different, are called Products of Inertia. 
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5 (J 7-1 

Wo may extend these names to the more general problem which 
in now before uh, in which these quantities are not, as in the 
case of a rigid body, absolute constants, but are functions of 
the variables */ p </.», &c. 

In like manner wo may call the coefficients of the form Q n 
Moments of Mobility, and those of the form Q u Products of 
Mobility. It is not often, however, that we shall have occasion 
to speak of the coefficients of mobility. 

50(5. | The kinetic energy of the system is a quantity essen- 
tially positive or zero. Hence, whether it he expressed in terms 
of the velocities, or in terms of the momenta, the coefficients 
must he such that no real values of the variables can make T 
negative. 

There are thus a set of necessary conditions which the values 
of tint coefficients P must satisfy. These conditions are as 
follows: 

The quantities P xx , /{ a ,&e. must all he positive. 

The n 1 determinants formed in succession from the deter- 
minant 


a. 

tv 

n, 


^Uf» 

C 3 . 

a,.... 

...a, 


a,. 

a 

...a. 

A\h 

a. 

a,.. 

...a. 


by the omission of terms with suffix l, then of terms with either 
l or 2 in their suffix, and so cm, must all be positive. 

The number of conditions for n variables is therefore 2 a — I * 
The coefficients Q are subject to conditions of the same kind, 
5(17.] In this outline of the fundamental principles of the 
dynamics of a connected system, we have kept out of view the 
mechanism by which the parts of the system are connected. We 
have not even written down a set of equations to indicate how 
the motion of any part of the system depends on the variation 
of the variables. We have confined our attention to the variables, 
their velocities and momenta, and the forces which act on the 
pieces representing the variables. Our only assumptions arc, 
that the connexions of the system are such that the time is not 
explicitly contained in the equations of condition, and that 
the principle of the conservation of energy is applicable to 
the system, 
von in 


i» 
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Such a description of the methods of pun* dynamic m 
necessary, because I ^grange and must of his followers, t 
wo are Indebted for these methods* have in general eunfim 
solves to a demonstration of them, and, in order to dev< 
attention to the symhols before them, they have endeavt 
banish all ideas except those of pure quantity, so ns not 
dispense with diagrams, but even to get rid of the ideas of ' 
momentum, and energy* after they have been otiee for 
planted by symbols in the original equations. In ord« 
able to refer to the results of tins analysis in ordinary dy 
language, we have endeavoured to retranslate the prineip; 
tions of the method into language which may be intelligili 
out the uho of symbols. 

Ah the development of the ideas amt methods of pure 
maties has rendered it possible, by funning a maihematieir 
of dynamics* to bring to light many truths which could n 
boon discovered without mathematical training, so, if w< 
form dynamical theories of other sciences, we must In- 
minds imbued with those dynamical truths m well a 
mathematical methods. 

In forming the ideas ami words relating to any science 
like electricity, deals with forces and their effects, we mu 
constantly in mind the ideas appropriate to the ftmdii 
science of dynamics, so that we may, during the first d 
xnont of the science, avoid inconsistency with what is i 
established, and also that when our views become clem 
language wo have adopted may be a help to m and 
hindrance. 


CHAPTER VI. 


nVN'AMK'AI, THKORY OF KI.KOTHOMAONKTIRM. 


5(18.] Wb have shown, in Art. f»52, that, when an electric 
current exists in a conducting circuit, it has a capacity for doing 
a certain amount of mechanical work, and this independently of 
any external electromotive force maintaining the current. Now 
capacity for performing work is nothing else than energy, in 
whatever way it arises, and all energy is the same in kind, how- 
ever it may differ in form. The energy of an electric current is 
either of that form which consists in the actual motion of matter, 
or of that which consists in the capacity for being set in motion, 
arising from forces acting between bodies placed in certain posi- 
tions relative to each other. 

The first kind of energy, that of motion, is called Kinetic energy, 
and when once understood it appears so fundamental a fact of 
nature that we can hardly conceive the possibility of resolving 
it into anything else. The second kind of energy, that depending 
on position, is called Potential energy, and is due to the action 
of what we call forces, that is to say, tendencies towards change 
of relative position. With respect to these forces, though we may 
accept their existence as a demonstrated fact, yet we always feel 
that every explanation of the mechanism by which bodies arc set 
in motion forms a real addition to our knowledge. 

5(59.] The electric current cannot Ihj conceived except as a 
kinetic phenomenon. Even Faraday, who constantly endeavoured 
to emancipate his mind from the influence of those suggestions 
which the words ‘ electric current ’ and ' electric fluid ’ are too apt 
to carry with them, speaks of the electric current m ‘ something 
progressive, and not a mem arrangement 

* k*j>. um„ m. 

i* a 
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The effects of the current, such as electrolysis, and the transfer 
of electrification from one body to another, are all progressive 
actions which require time for their accomplishment, and are 
therefore of the nature of motions. 

As to the velocity of the current, we have shewn that we know 
nothing about it, it may be the tenth of an inch in an hour, or 
a hundred thousand miles in a second*. So far are we from 
knowing its absolute value in any case, that we do not even 
know whether what we call the positive direction is the actual 
direction of the motion or the reverse. 

But all that we assume here is that the electric current involves 
motion of some kind. That which is the cause of electric currents- 
has been called Electromotive Force. This name has long been 
used with great advantage, and has never led to any inconsist- 
ency in the language of science. Electromotive force is always 
to be understood to act on electricity only, not on the bodies in 
which the electricity resides. It is never to be confounded with 
ordinary mechanical force, which acts on bodies only, not on the 
electricity in them. If we ever come to know the formal rela- 
tion between electricity and ordinary matter, we shall probably 
also know the relation between electromotive force and ordinary 
force. 

570.] When ordinary foree acts on a body, and when the body 
yields to the force, the work done by the force is measured by 
the product of the force into the amount by which the body 
yields. Thus, in the case of water forced through a pipe, the 
work done at any section is measured by the fluid pressure at 
the section multiplied into the quantity of watei' which crosses 
the section. 

In the same way the work done by an electromotive force is 
measured by the product of the electromotive force into the 
quantity of electricity which crosses a section of the conductor 
under the action of the electromotive force. 

The work done by an electromotive force is of exactly the 
same kind as the work done by an ordinary force, and both are 
measured by the same standards or units. 

Part of the work done by an electromotive force acting on a 
conducting circuit is spent in overcoming the resistance of the 
circuit, and this part of the work is thereby converted into heat. 

* Exp. Res., 1648. 
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Another part of the work is spent in producing the electromag- 
netic phenomena observed by Ampere, in which conductors are 
made to move by electromagnetic forces. The rest of the work 
is spent in increasing the kinetic energy .of the current, and the 
effects of this part of the action are shewn in the phenomena of 
the induction of currents observed by Faraday. 

We therefore know enough about electric currents to recognise, 
in a system of material conductors carrying currents, a dynamical 
system which is the seat of energy, part of which may be kinetic 
and part potential. 

The nature of the connexions of the parts of this system is 
unknown to us, but as we have dynamical methods of investiga- 
tion which do not require a knowledge of the mechanism of the 
system, we shall apply them to this case. 

We shall first examine the consequences of assuming the most 
general form for the function which expresses the kinetic energy 
of the system. 

571.] Let the system consist of a number of conducting circuits, 
the form and position of which are determined by the values of 
a system of variables x v x 2y &c., the number of which is equal 
to the number of degrees of freedom of the system. 

If the whole kinetic energy of the system were that due to the 
motion of these conductors, it would be expressed in the form 
T = i (x 1 Xx) x* + &c. + (Xj x 2 ) x x x 2 + &c., 

where the symbols (x x aq), &c. denote the quantities which we 
have called moments of inertia, and (x L x 2 ), &c. denote the pro- 
ducts of inertia. 

If X' is the impressed force, tending to increase the coordinate 
x, which is required to produce the actual motion, then, by 
Lagrange's equation, d dT 

dt dx dx ~~ 

When T denotes the energy due to the visible motion only, we 
shall indicate it by the suffix m , thus, T m . 

But in a system of conductors carrying electric currents, part 
of the kinetic energy is due to the existence of these currents. 
Let the motion of the electricity, and of anything whose motion 
is governed by that of the electricity, be determined by another 
set of coordinates y 13 y^ &c., then T will be a homogeneous func- 
tion of squares and products of all the velocities of the two sets 
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of coordinates. Wo may therefore divide T into Ihiw portions, 
in tbo first of which, T m , tho velocities of the coordinates ./• only 
occur, wlvilo in tho second, T e , the velocities ol tho coordinates 
y only occur, and in tho third, T m „ each term contains the pro- 
duct of tho volocitios of two coordinates of which one is an ./■ 
and tho othor a y. 

Wo havo thoroforo T = T m + T, + T , m , 
where T m = \ (aq a-,) aq“* + &e - 4 (-'i a 'i + &<*•> 

7' 0 = i (lh viw + + (m !k)tih + *«•. 

7 «.« = + 

572.] In tho general dynamical theory, tho coefficients of 
ovory term may bo functions of all tho coordinates, hoth x and 
y. In tho case of electric currents, however, it, is easy to soo 
that tho coordinates of tho class y do not enter into tho co- 
efficients. 

For, if all tho electric currents are maintained constant, and 
tho conductors at rest, the whole state of the field will remain 
constant. But in this case the coordinates y are variable, though 
tho volocitios y aro constant. Hence the coordinates y cannot 
ontor into tho expression for T, or into any other expression of 
what actually takes place. 

Besides this, in virtue of tho equation of continuity, if the 
conductors aro of tho nature of linear circuits, only one variable 
is required to express the strength of tho current in each 
conductor. Let tho velocities jj, y 3 , &c. represent the strengths 
of tho currents in tho several conductors. 

All this would ho true, if, instead of electric currents, we had 
currents of an incompressible iluid running in flexible tubes. 
In this caao tho volocitios of these currents would enter into tho 
expression for T, but tho coefficients would depend only on the 
variables x, which determine the form anil position of the tidies. 

In tho case of tho fluid, tho motion of tho fluid in one tube 
does not directly affect that of any other tube, or of the fluid in 
it. Honco, in tho value of 7',, only the squares of tho velocities 
y, and not their products, occur, and in T me any velocity y is 
associated only with those velocities of tho form & which belong 
to its own tubo. 

In the case of electrical currents wo know that this restriction 
does not hold, for tho currents in different circuits act on each 
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other. Hence we must admit the existence of terms involving 
products of the form y x y 2 , and this involves the existence of 
something in motion, whose motion depends on the strength of 
both electric currents y x and y 2 . This moving matter, whatever 
it is, is not confined to the interior of the conductors carrying the 
two currents, but probably extends throughout the whole space 
surrounding them. 

573.] Let us next consider the form which Lagrange’s equa- 
tions of motion assume in this case. Let X' be the impressed 
force corresponding to the coordinate #, one of those which 
determine the form and position of the conducting circuits. This 
is a force in the ordinary sense, a tendency towards change of 
position. It is given by the equation 

~ __d dT dT 
~~ dt dx dx 

We may consider this force as the sum of three parts, corre- 
sponding to the three parts into which we divided the kinetic 
energy of the system, and we may distinguish them by the same 
suffixes. Thus X' = Z'^+Z'* + Z' we . 

The part X' m is that which depends on ordinary dynamical 
considerations, and we need not attend to it. 

Since T e does not contain x , the first term of the expression for 
X\ is zero, and its value is reduced to 



This is the expression for the mechanical force which must be 
applied to a conductor to balance the electromagnetic force, and 
it asserts that it is measured by the rate of diminution of the 
purely electrokinetic energy due to the variation of the co- 
ordinate x . The electromagnetic force, X e) which brings this 
external mechanical force into play, is equal and opposite to 
Z' a , and is therefore measured by the rate of increase of the 
electrokinetic energy corresponding to an increase of the co- 
ordinate x . The value of Z 0 , since it depends on squares and 
products of the currents, remains the same if we reverse the 
directions of all the currents. 

The third part of X' is 

■ _d L dT ne _dT me 
me ~ dt dx dx ' 
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The quantity contaimumlv juWuoU* ttf th«* tiirm i*. m, that 

dime. ] s ,i lim>ar function of the utrrngtlm of tin* current m The 

<(x 

first term, therefore, ilcpojuln on the rate of variation of the 
strengths of the currents, anil imlicuten n uo efuinieaf force on 
the conductor, which is zero when the currents are constant, and 
which is positive or negative according as the currents are in- 
creasing or decreasing in strength, 

The second term depends, nut on the variation of the currents, 
hut on their actual strengths. As it is a linear function with 
respect to these currents, it changes sign when the currents 
change sign. Since every term involves a velocity x, it is zero 
when the conductors are at rest. There are also terms arising 

from the time variations of tin* coefficients of v in ; these 

dx 

remarks apply imho to thorn* 

We may therefore investigate these terms separately. If the 
conductor are at rent, we have only the first term U* deal with, 
If the currents are constant, we have only the second, 

574] Ah it in of great importanee to determine whether any 
part of the kinetic energy is of the form , consisting of pro- 
ducks of ordinary velocities and strengths of electric currents, it 
is desirable that experiments should be made on this subject with 
groat care. 

The determination of the forces acting on bodies in rapid 
motion is diillcult. Let uh therefore attend to the first term, 
which depends on the variation of the strength of the current, 

If any part of the kinetic energy depends on the product of 
an ordinary velocity and the strength of it current, it will 
probably lie most easily observed when the velocity and the 
current are in the same or in opposite directions. We therefore 
take a circular coil of a great many windings, and suspend it by 
a fine vertical wire, ho that its windings are hurimmt&i, and the 
coil is capable of rotating about a vertical axis, either in the 
same direction as the current in the coil, or in the opposite 
direction. 

We shall suppose the current to be conveyed into the coil by 
means of the suspending wore, and, after passing round the 
windings, to complete its circuit by passing downwards through 
a wire in the same line with the suspending wire and dipping 
into a cup of mercury. 
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Since the action of the horizontal component of terrestrial 
magnetism would tend to turn this coil round a horizontal axis 
when the current flows through it, we shall suppose that the 
horizontal component of terrestrial magnetism 
is exactly neutralized by means of fixed 
magnets, or that the experiment is made at 
the magnetic pole. A vertical mirror is 
attached to the coil to detect any motion in 
azimuth. 

Now let a current be made to pass through 
the coil in the direction N.E.S.W, If elec- 
tricity were a fluid like water, flowing along 
the wire, then, at the moment of starting 
the current, and as long as its velocity is 
increasing, a force would require to be supplied 
to produce the angular momentum of the fluid 
in passing round the coil, and as this must be 
supplied by the elasticity of the suspending 
wire, the coil would at first rotate in the 
apposite direction or W.S.E.N., and this 
would be detected by means of the mirror. 

On stoppingthe current there would be another 
movement of the mirror, this time in the same direction as that 
of the current. 

No phenomenon of this kind has yet been observed. Such an 
action, if it existed, might be easily distinguished from the 
already known actions of the current by the following pecu- 
liarities. 

(1) It would occur only when the strength of the current 
varies, as when contact is made or broken, and not when the 
current is constant. 

All the known mechanical actions of the current depend on 
the strength of the currents, and not on the rate of variation. 
The electromotive action in the case of induced currents cannot 
be confounded with this electromagnetic action. 

(2) The direction of this action would be reversed when that 
of all the currents in the field is reversed. 

All the known mechanical actions of the current remain the 
same when all the currents are reversed, since they depend on 
squares and products of these currents. 
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If any action of this kind were discovered, we should be able 
to regard one of the so-called kinds of electricity, either the 
positive or the negative kind, as a real substance, and we should 
be able to describe the electric current as a true motion of this 
substance in a particular direction. In fact, if electrical motions 
were in any way comparable with the motions of ordinary 
matter, terms of the form T me would exist, and their existence 
would be manifested by the mechanical force X me . 

According , to Fechner’s hypothesis, that an electric current 
consists of two equal currents of positive and negative elec- 
tricity, flowing in opposite directions through the same con- 
ductor, the terms of the second class T me would vanish, each 
term belonging to the positive current being accompanied by an 
equal term of opposite sign belonging to the negative current, 
and the phenomena depending on these terms would have no 
existence. 

It appears to me, however, that while we derive great ad- 
vantage from the recognition of the many analogies between the 
electric current and a current of material fluid, we must carefully 
avoid making any assumption not warranted by experimental 
evidence, and that there is, as yet, no experimental evidence to 
shew whether the electric current is really a current of a material 
substance, or a double current, or whether its velocity is great or 
small as measured in feet per second. 

A knowledge of these things would amount to at least the 
beginnings of a complete dynamical theory of electricity, in 
which we should regard electrical action, not, as in this treatise, 
as a phenomenon due to an unknown cause, subject only to the 
general laws of dynamics, but as the result of known motions of 
known portions of matter, in which not only the total effects and 
final results, but the whole intermediate mechanism and details of 
the motion, are taken as the objects of study. 

575.] The experimental investigation of the second term of 




.namely-^ 


, is more difficult, as it involves the observation 


of the effect of forces on a body in rapid motion. 

The apparatus shewn in Fig. 34, which I had constructed in 
1861, is intended to test the existence of a force of this kind. 

The electromagnet A is capable of rotating about the horizontal 
axis BB\ within a ring which itself revolves about a vertical axis. 
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A, It, 0 l)o tho moments of inertia of tho electromagnet 
aliout tho axis of the coil, the horizontal axis Bit', and a third 
axis CC' respectively. 

Lot 0 ho tho angle which CC' makes with tho vortical, (j> the 
azimuth of tho axis Bit', and ^ a variablo on which tho motion 
of electricity in tho coil desponds. 



Then tho kinetic onorgy T of tho electromagnet may bo written 
2 T = A <}> 2 sin u 0 + It 0 8 + 0 cos a 0 + K (<j> sin 0 + ^)‘ i , 
whore K is a quantity which may bo called tho moment of inertia 
of tho electricity in tho coil. 

If 0 is tho moment of tho impressed forco tending to increase 
0, wo have, by tho equations of dynamics, 

A » « • * 

0 = It — {(A — 0) Bin 0 cos Q + J£<j> cos 0 (<p sin 0 + *(')}• 

By making tho impressed forco tending to increase equal 
to zero, we obtain <j, sin O+yjr = y. 
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n coiiKtinit, which wo may rommi. r »« r. j.n o. nltn^ tho strun^th 
of tho current in tho coil. 

If 0 in Komcwhat •'ivati-r than .1 ; H will • /.••rn, mu! tho 
librium about the axin lUl' will bo stable wh.it 


Hill 0 = 


Ey 

h’ .!)</< 


Thin valuta of 0 depends on that o! ) , tin* electric current, and 
in positive or negative according to tho directum of the current 
The current is passed through the mil by if bearings nfc H 
and H\ which are connected with the huttciy hv moans of springs 
rubbing on metal rings phuvd on the vertical avia. 

To determine the value of th n di dv of pup«*i in placed at ( \ 
divided by a diameter parallel to MY into t w* > parts, one of which 
is painted red and the other green. 

When the instrument is in motion n red circle ia seen at l* 
when 0 In positive, ill** radius of which indicates roughly the 
value of 0, When 0 is negative, n green circle in seen at (\ 

By means of nuts working on screws attached to the electro- 
magnet, the axis. (U? in adjusted to he a principal axis having 
its moment of inertia just exceeding that round the axis A , so m 
to make the instrument very Henmtive to the action of the ferae 
if it exists. 

The chief difficulty in tho experiments imme from the dt»- 
turhing action of the earths magnetic force, which caused the 
electromagnet to act like a dip* needle, The results obtained 
were on this account very rough, hut no evidence of any change 
in 0 could he obtained even when an iron cure wtm inserted in 
tho coil, bo im to make it a powerful electromagnet. 

If, therefore, a magnet contains matter in rapid rotation, the 
angular momentum of this rotation must he very small com- 
pared with any cpiantilies which we can measure, and we have 
as yet no evidence of the existence of the terms T m , derived from 
their mechanical action, 

57(h] Let uh next consider the forces acting on the currents of 
electricity, that in, the electromotive forces, 

Lot ) be the effective electromotive force due to induction, 
the electromotive force which must act on the circuit from 


without to balance it in V* 

r* ~ r 


Y, and, by t^ngrinigids etjiuiiion, 

tt tlT tIT 



electromotive force. 
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Since there are no terms in T involving the coordinate y, the 
second term is zero, and 7 is reduced to its first term. Hence, 
electromotive force cannot exist in a system at rest, and with 
constant currents. . 

Again, if we divide 7 into three parts, 7 m , 7 e , and 7 me , 
corresponding to the three parts of T, we find that, since T m 
does not contain y, F, = o. 


We also find 7 = — ~ • 

dT e ™ 

Here is a linear function of the currents, and this part of 

the electromotive force is equal to the rate of change of this 
function. This is the electromotive force of induction dis- 
covered by Faraday. We shall consider it more at length 
afterwards. 

577.] From the part of T, depending on velocities multiplied 


by currents, we find 


Y — ^ 

me ~~ dt dy 


Now a linear function of the velocities of the con- 

ductors. If, therefore, any terms of T me have an actual existence, 
it would be possible to produce an electromotive force indepen- , 
dently of all existing currents by simply altering the velocities 
of the conductors. For instance, in the case of the suspended 
coil at Art. 574, if, when the coil is at rest, we suddenly set it in 
rotation about the vertical axis, an electromotive force would be 
called into action proportional to the acceleration of this motion. 
It would vanish when the motion became uniform, and be re- 
versed when the motion was retarded. 

Now few scientific observations can be made with greater pre- 
cision than that which determines the, existence or non-existence 
of a current by means of a galvanometer. The delicacy of this 
method far exceeds that of most of the arrangements for 
measuring the mechanical force acting on a body. If, therefore, 
any currents could be produced in this way they would be de- 
tected, even if they were very feeble. They would be distin- 
guished from ordinary currents of induction by the following 
characteristics. 

(1) They would depend entirely on the motions of the con- 
ductors, and in no degree on the strength of currents or magnetic 
forces already in the field. 
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(2) They would depend not on the absolute velocities of the 
conductors, but cm their accelerations, and on squares and 
products of velocities, and they would change when the accede ra- 
tion becomes a retardation, though the absolute velocity in the 
same. 

.Now in all the cases actually observed, the induced currents 
depend altogether on the strength and the variation of currents 
in the field, and cannot be excited in a held devoid of magnetic 
force and of currents. In so far as they depond on the motion 
of conductors, they depend on the absolute velocity, and not on 
the change of velocity of these motions. 

Wo have thus three methods of detecting the existence of the 
terms of the form 7* w<? , none, of which have hitherto led to any 
positive result. I have pointed them out with the greater care 
because it appears to me important that we should attain tin* 
greatest amount of certitude within our reach on a point bearing 
so strongly on the true theory of electricity. 

Since, however, no evidence has yet been obtained of such 
terms, 1 shall now proceed on the assumption that they do not 
exist, or at least that they produce no sensible effect, an assump- 
tion winch will considerably simplify our dynamical theory. 
We. shall have occasion, however, in discussing the relation of 
magnetism to light, to shew that the motion which constitutes 
light may enter as a factor into terms involving the motion 
which constitutes magnetism, 
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THEORY OE ELECTRIC CIRCUITS. 

578.] We may now. confine our attention to that part of the 
kinetic energy of the system which depends on squares and 
products of the strengths of the electric currents. We may call 
this the Electrokinetic Energy of the system. The part de- 
pending on the motion of the conductors belongs to ordinary 
dynamics, and we have seen that the part depending on products 
of velocities and currents does not exist. 

Let A x , A 2 , &c. denote the different conducting circuits. Let 
their form and relative position be expressed in terms of the 
variables x v x 2y &c. the number of which is equal to the number 
of degrees of freedom of the mechanical system. We shall call 
these the Geometrical Variables. 

Let y x denote the quantity of electricity which has crossed 
a given section of the conductor A x since the beginning of the 
time t The strength of the current will be denoted b y y 19 the 
fluxion of this quantity. 

We shall call y x the actual current, and y x the integral cur- 
rent. There is one variable of this kind for each circuit in the 
system. 

Let T denote the electrokinetic energy of the system. It is 
a homogeneous function of the second degree with respect to the 
strengths of the currents, and is of the form 

T = £ L, x y* + i L 2 y£ + &c. + M l2 y x y 2 + &c., (1 ) 

where the coefficients Z, M, &c. are functions of the geometrical 
variables x x , x 2 , &c. The electrical variables y x , y 2 do not enter 
into the expression. 

We may call Z 1 , Z 2 , &c. the electric moments of inertia of the 
circuits A x , A 2 > &c., and M l2 the electric product of inertia of the 
two circuits A x and A 2 . When we wish to avoid the language of 
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[ 579 . 

tho dynamical theory, wo shall call /• ] the ooollioh'iit of .self- 
induction of tho circuit Jj. and *!/,.» tho coefficient of mutual 
induction of tho circuits A x and A,. M u is also Hilled the poten- 
tial of the circuit A , with respect to A , . These quantities depend 
only on the form ami relative position of the circuits. We shall 
find that in the electromagnetic system of measurement they are 
quantities of the dimension of a line. Hee Art. ti'27 . 

By differentiating T with respect toy, we obtain the quantity 
p u which, in tho dynamical theory, may ho railed the mo- 
mentum corresponding to jf v In the electric theory wo shall 
call p x the elecfcrokinotie momentum of the circuit A r Its 
value is p x » ^ + M VJ J, + &«. 

Tho olectrokincfcic momentum of the circuit d f is therefore 
made up of the product of its own current into its coefficient 
of self-induction, together with the sum of the products of the 
currents in the other circuits* each into the coefficient of mutual 
induction of A x and that other circuit. 

Klevtnm ot i re Ft tree, 

579.] Lot E bo tho impressed electromotive force in the circuit 
A, arising from some cause* such as a voltaic or thermo-electric 
battery, which would produce a current independently of mag. 
nelo-oloctrie induction. 

Lot It bo tins resistance of tin* circuit, then, by Ohm’s law, an 
electromotive force It# is required to overcome the resistance, 
leaving an electromotive force K It y available for changing the 
momentum of the circuit. Tailing thin force Y\ we have, by 
the general equations, 

v <rr 

~ *tt thf 

but since T does not involve //, the last term disappears. 

Hence, tho equation of electromotive force is 

E-Uj^ 

til 

" *-*+*• 

The hnprt'Hwtd oloctromotivo furoo E is thorofurt* tho hum 0! 
two parts. Tho first, lij), in rocjuiml to maintain tin- ourront j 
against tho resistance It. Tho second part is mjuimi t< 
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580.] 

increase the electromagnetic momentum p . This is the electro- 
motive force which must be supplied from sources independent 
of magneto-electric induction. The electromotive-force arising 

from magneto- electric induction alone is evidently — or, 

cto 

the rate of decrease of the electroldnetic momentum of the cir- 
cuit. 


Electromagnetic Force. 

580.] Let X r be the impressed mechanical force arising from 
external causes, and tending to increase the variable x. By the 
general equations d dT dT 


X'= 


dt dx dx 

Since the expression for the electrokinetic energy does not 
contain the velocity (x), the first term of the second member 
disappears, and we find 




dT 

dx 


Here X r is the external force required to balance the forces 
arising from electrical causes. It is usual to consider this force 
as the reaction against the electromagnetic force, which we shall 
call X , and which is equal and opposite to X ' . 

Hence X = ^ , 

dx 

or, the electromagnetic force tending to increase any variable is 
equal to the rate of increase of the electroldnetic energy per unit 
increase of that variable , the currents being maintained constant. 

If the currents are maintained constant by a battery during a 
displacement in which a quantity, W, of work is done by electro- 
motive force, the electrokinetic energy of the system will be at 
the same time increased by W. Hence the battery will be 
drawn upon for a double quantity of energy, or 2 W, in addition 
to that which is spent in generating heat in the circuit. This 
was first pointed out by Sir W. Thomson*. Compare this 
result with the electrostatic property in Art. 93. 

* Nichol’s Cyclopaedia of the Physical Sciences , ed. 1860j article c Magnetism, 
Dynamical Eolations of/ 
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(fane of Two Circuit*. 

581.] Lot A j bo called the Primary Circuit, and the 
Secondary Circuit. The rleetrokmotie energy of the system 
may bo written 

T = 4 Lyf" 4- Mfifo 4 1 Ay/, 

whore // and A ; are the coefficients of self-induction of the 
primary and secondary circuits respectively, and M in the co- 
efficient of their mutual induction. 

Let uh suppose that no electromotive force acts on the 
secondary circuit except that due to the induction of the primary 
current. We have then 

V'i = + f u Wi + jV A) = 0. 

Integrating this equation with resjmet to t % wo have 
R 2 y, 4 -f My t 4 Nj?,> = (\ a constant, 
where y % in the integral current in the secondary circuit. 

The method of measuring an integral current of short duration 
will he described in Art. 748, and it m mmy in most cases to 
ensure that the duration of the secondary current shall be very 
short. 

Let the values of the variable quantities in the equation at the 
end of the time t he accented, then, if y 4 is the integral current, 
or the whole quantity of electricity which flows through a section 
of the secondary circuit during the time I, 

ikik- Mj/ t + a ' y,-(MW+ A”//). 

If the secondary current arises entirely from induction, its 
initial value jb must he &ero if the primary current is constant, 
and the conductors are at rest before the beginning of the time t. 

If the time t is sufficient to allow the secondary current to die 
away, y/, its final value, is also jsoro, »ci that the equation becomes 

n,y.^ 

The integral current of the wseondary circuit depoudB in thin 
case on tho initial and final value# of Mj/ X , 

Indwelt Current*. 

582.] Lot uh begin by supporting tho primary circuit broken, 
or = 0, and lot a current be orttablishud in it when contact 

is made. 
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The equation which determines the secondary integral current 

is 

When the circuits are placed side by side, and in the same 
direction, M' is a positive quantity. Hence, when contact is 
made in the primary circuit, a negative current is induced in 
the secondary circuit. 

When the contact is broken in the primary circuit, the primary 
current ceases,, and the induced integral current is y 2y where 

The secondary current is in this case positive. 

If the primary current is maintained constant, and the form 
or relative position of the circuits altered so that if becomes M\ 
the integral secondary current is y 2y where 
R 2 y 2 = {M—M')y v 

In the case of two circuits placed side by side and in the same 
direction M diminishes as the distance between the circuits in- 
creases. Hence, the induced current is positive when this 
distance is increased and negative when it is diminished. 

These are the elementary cases of induced currents described 
in Art. 530. 


Mechanical Action between the Two Circuits . 


583.] Let x be any one of the geometrical variables on which 
the form and relative position of the circuits depend, the electro- 
magnetic force tending to increase x is 


1 r 1 * 0 dL . , dM ,i.o 

X - fa + Wi -XT + 


dx 


dN m 

dx 


If the motion of the system corresponding to the variation of 
X is such that each circuit moves as a rigid body, L and X will 
be independent of x } and the equation will be reduced to the form 

nrr . . dM 

Hence, if the primary and secondary currents are of the same 
sign, the force X , which acts between the circuits, will tend to 
move them so as to increase M . 

If the circuits are placed side by side, and the currents flow 
in the same direction, M will be increased by their being 
brought nearer together. Hence the force X is in this case an 
attraction. 


Q 3 
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584.] The whole of the phenomena of the mutual action of 
two circuits, whether the induction of currents or the mechanical 
force between them, depend on the quantity M, which we have 
called the coefficient of mutual induction. The method of calcu- 
lating this quantity from the geometrical relations of the circuits 

is givQn in Art. 524, but in the investiga- 
tions of the next chapter we shall not 
assume a knowledge of the mathematical 
form of this quantity. We shall consider 
it as deduced from experiments on in- 
duction, as, for instance, by observing 
the integral current when the secondary 
circuit is suddenly moved from a given 
position to an infinite distance, or to 
any position in which we know that 
M = 0. 

Note. — {There is a model in the Cavendish 
Laboratory designed by Maxwell which illustrates 
very clearly the laws of the induction of currents. 

It is represented in Fig. 34 a. P and Q are two 
disks, the rotation of P represents the primary 
current, that of Q the secondary. These disks 
are connected together by a differential gearing. 
The intermediate wheel carries a fly-wheel the 
moment of inertia of which can be altered by 
moving weights inwards or outwards. The resistance 
of the secondary circuit is represented by the friction 
of a string passing over Q and kept tight by an 
Fig. 34 a. elastic band. If the disk P is set in rotation (a 

current started in the primary) the disk Q will turn 
in the opposite direction (inverse current when the primary is started). When the 
velocity of rotation of P becomes uniform, Q is at rest (no current in the 
. secondary when the primary current is constant); if the disk P is stopped, Q 
commences to rotate in the direction in which P was previously moving (direct 
current in the secondary on breaking the circuit). The effect of an iron core in 
increasing the induction can be illustrated by increasing the moment of inertia of the 
fly-wheel, j 
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otiuniiT. 

5K5.J Wf, have proved in Arts. 582, 583, 584 that the electro- 
magnetic action Imtween the primary and the secondary circuit 
depends on the quantity denoted hy ill, "which is a function of 
the form and relative position of the two circuits. 

Although this quantity M is in fact the same as the potential 
of the two circuits, the mathematical form and properties of 
which we deduced in Arts. 423, 492, 521, 539 from magnetic 
and electromagnetic phenomena, we shall hero make no reference 
to these results, hut begin again from a new foundation, without 
any assumptions except those of the dynamical theory as stated 
in Chapter VII, 

The elcctrokinetic momentum of the secondary circuit consists 
of two parts (Art. 578), one, A/7,, depending on the primary 
current while the other, Nij , depends on the secondary current 
i r We are now to investigate the first of these parts, which 
we shall douote hy p, wlmro 

p = Mi v (1) 

Wo shall also suppose the primary circuit fixed, and the 
primary current constant. The quantity p, the elcctrokinetic 
momentum of the secondary circuit, will in this case dojxmd only 
on the form and position of the secondary circuit, so that if any 
closed curve he taken for the secondary circuit, and if the direc- 
tion along this curve, which is to he reckoned positive, he chosen, 
the value of p for this closed curve is determinate. If the 
opposite direction along the curve had been chosen as the 
positive direction, the sign of the quantity p would have been 
reversed. 
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586.] Since the quantity^ depends on the form and position 
of the circuit, we may suppose that each portion of the circuit 
contributes something to the value of p, and that the part con- 
tributed by each portion of the circuit depends on the form and 
position of that portion only, and not on the position of other 
parts of the circuit. 

This assumption is legitimate, because we are not now con- 
sidering a current , the parts of which may, and indeed do, act on 
one another, but a mere circuit , that is, a closed curve along 
which a current may flow, and this is a purely geometrical 
figure, the parts of which cannot be conceived to have any 
physical action on each other. 

We may therefore assume that the part contributed by the 
element ds of the circuit is Jds , where J is a quantity depend- 
ing on the position and direction of the element ds. Hence, the 
value of p may be expressed as a line-integral 



where the integration is to be extended once round the circuit. 

587. ] We have next to determine the form of the quantity J. 
In the first place, if ds is reversed in direction, J is reversed in 

sign. Hence, if two circuits ABCE and AEGD 
have the arc AEG common, but reckoned in 
opposite directions in the two circuits, the sum 
of the values of p for the two circuits ABCE 
and AEGD will be equal to the value of p for 
the circuit ABGD , which is made up of the two circuits. 

For the parts of the line-integral depending on the arc AEG 
are equal but of opposite sign in the two partial circuits, so that 
they destroy each other when the sum is taken, leaving only 
those parts of the line-integral which depend on the external 
boundary of ABGD . 

In the same way we may shew that if a surface bounded by a 
closed curve be divided into any number of parts, and if the 
boundary of each of these parts be considered as a circuit, the 
positive direction round every circuit being the same as that 
round the external closed curve, then the value of p for the 
closed curve is equal to the sum of the values of p for all the 
circuits. See Art. 483. 

588. ] Let us now consider a portion of a surface, the dimen- 


i if 1 


c 

Fig. 35. 
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sions of which are ho ho util with respect to tlm principal radii of 
curvature of the surface that the variation of the direction of the 
normal within this portion may bo neglected. Wo shall also 
suppose that if any very small circuit ho carried parallel to 
itself from one part of this portion to another, the value of p for 
the small circuit is not sensibly altered. This will evidently ho 
the case if the dimensions of the portion of surface are small 
enough compared with its distance from the primary circuit. 

// nay rlosn/ ru rrr hr tl rutrn <nt this portion of the suv/ace, 
the I'it/itt oj p null hr proportional to its t trnt. 

For the areas of any two circuits may he divided into small 
elements all of the .same dimensions, and having the same value 
of p. The areas of the two circuits are as the numbers of these 
elements which they contain, and the values of p for the two 
circuits are also in the same proportion. 

Hence, the value of p for the circuit which hounds any 
element tlS of a surface is of the form 

a/a; 

where / is a quantity depending on the position of US and on 
the direction of its normal. Wo have therefore a new expression 
lor p, o . 

/' ” j I ftlS, (3) 

where tie* double integral is extended over any surface bounded 
by the circuit. 

5H0. | Let AIM'D ho a circuit, of which At * is an elementary 
portion, so small that it may be considered 
straight, bet A P/I and I'tjll he small equal 
areas in the same plane, then the value of p will 
he the same for the small circuits A PH anti PQH X 
<*r /1 (A /7/j 

1 1<- wo p(Arnyrt>) p(Anych) 1 /»(.-! /*//), 

■ {<{Ain}('iy) ■) piCQH), 

™ p(AlU ’H), 

or the value of p is not altered by the mdmtitution of the crooked 
lint* A PQ(* for the straight line AC\ provided the area of the 
circuit is not sensibly altered. This, in fact, is the principle 
established by A injures second experiment {Art, in which 
a crooked portion of a circuit is shewn to he equivalent to a 


\A 



Flic. W. 
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utraight portion pmvhlwi no putt »t tl««- pm-iimi in at a 

houhiIiIo dintawo from tho *t might pm tom 

If thoroforo wo Hulwtituto for lh- ohm.-nt <i# tlmo Mnall 
elomontu, <Lr, <l‘t, nmi <h> dmvm in muto-wu. so im to form a 
continuous* path from the hogitmmg to tlm **f «h.< .-hm.’iit </*, 
and if Fdx, (><!>/, and //*/■' dmmio th«< ihimntH of tin. !im>« 
integral corronpondiug to dx, d</, ati.i >h r« «pi «'tiv. ly , lio n 

Jd* ~ fdx * u.hi t (4) 


5110.1 Wo art* now uhh* lit 
quantity ./ dopondn on tin* 
l>y( 4 )* j yds 


ttniiTillino I tin inode 111 whirl! t!«* 
direction of the element tin, J*‘or, 


,,*/*/ , , t i i 

4 U I // * 

IM if* 


(*) 


Thin in the expression for the resolved pari, in the direction of 
</*», of a vector, tin* component* of which, resolved in tho dims* 
tionn of the axon of j\ y, an*! am F, b\ ami If renpectiv*dy. 

If this vector ho denoted l»y t?{ s and the victor from the origin 
to a point of the circuit by p, tin* element of the circuit will \m 
dp % and the quaternion expression for dd* will bo 

~a '.'Mp. 


Wo may now write aquation (*J) in the form 

'-Ik, 


Ll dj' ^ dy „*i 


u * 


(«) 



Tho vacior SI and its constituent* F, (i, U depend «m the 
position of da in the bald, am! nut on the direction in which 
it m drawn. They an* therefore fmiatimm of j\ y t the co» 
ordinateH of da, ami not of I, m, n, ita ditutHion rosinrii, 

Tho vector SI represents in direction and magnitude the time* 
integral of tho electromotive intensity which a particle placed at 
the point (sr, y t z) would experience if the primary current were 
suddenly stopped. We shall therefore call it the Kleclrukiuottc 
Momentum at the /Hunt (. 1 % y t z), It m identical with the 
quantity which we investigated in An, tor* under tlie name 
of the vector-potential of magnetic induction, 

The eleetrokinetic momentum of any finite line or circuit m 
the line-integral, extended along the line or circuit, of the 
resolved part of the eleetrokinetic luoiiumtum at *meli point of 
the same. 
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591.] Let us next determine the value of p for the elementary 
rectangle ABGJD , of which the sides are dy and dz> the positive 
direction being from the direction of the z 

axis of y to that of 0 . 

Let the coordinates of 0, the centre of % — — 

gravity of the element, be and o b 

let (? 0 , H 0 be the values of Q and of H 

at this point. * 

The coordinates of A, the middle point 
of the first side of the rectangle, are y 0 Fl s* s7 ’ 

and z 0 — \dz. The corresponding value of G is 

Cl 

G = G 0 ~l^dz+lkc., (8) 

and the part of the value of p which arises from the side A is 

* j i /-v7 IdG , , 


approximately 
Similarly, for B , 


G « dy ~ 2~dz dydz ' 
H 0 dz + \~dydz, 


for D, —H 0 dz + y~ dydz . 


Adding these four quantities, we find the value of p for the 
rectangle, viz. dE dGs, , /1A . 

P = (-c&-^ d V dz - W 

If we now assume three new quantities, a, b, c, such that 
_dH dG \ 
a dy dz ’ 

; dF dH ... 

b =te~TE’\ (A) 

__dG dF 
C ~~ dx dyJ 

and consider these as the constituents of a new vector 33, then 
by Theorem IY, Art. 24 , we may express the line-integral of 21 
round any circuit in the form of the surface-integral of 33 over a 
surface bounded by the circuit, thus 


(. F $ + G + H J 
^ ds ds ds 


^d# =JJ(la + mb + nc)dS, (11) 
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or 



.21 cos eds 


- ff ' 


T. Vbco&ridS, 


( 12 ) 


■where e is the angle between 21 and ds, and rj that between 
23 and the normal to dS } whose direction-cosines are l, m, n, 
and T.2 1, 2\23 denote the numerical values of 2 1 and 23. 

Comparing this result with equation (3), it is evident that the 
quantity I in that equation is equal to 23 cos rj, or the resolved 
part of 23 normal to dS. 

592. ] We have already seen (Arts. 490, 541) that, according to 
Faraday's theory, the phenomena of electromagnetic force and 
induction in a circuit depend on the variation of the number of 
lines of magnetic induction which pass through the circuit. 
Now the number of these lines is expressed mathematically 
by the surface-integral of the magnetic induction through any 
surface bounded by the circuit. Hence, we must regard the 
vector 23 and its components a, b, c as representing what we 
are already acquainted with as the magnetic induction and its 
components. 

In the present investigation we propose to deduce the pro- 
perties of this vector from the dynamical principles stated in 
the last chapter, with as few appeals to experiment as possible. 

In identifying this vector, which has appeared as the result of 
a mathematical investigation, with the magnetic induction, the 
properties of which we learned from experiments on magnets, 
we do not depart from this method, for we introduce no new 
fact into the theory, we only give a name to a mathematical 
quantity, and the propriety of so doing is to be judged by the 
agreement of the relations of the mathematical quantity with 
those of the physical quantity indicated by the name. 

The vector 23, since it occurs in a surface-integral, belongs 
evidently to the category of fluxes described in Art. 12. The 
vector 21, on the other hand, belongs to the category of forces, 
since it appears in a line-integral. 

593. ] We must here recall to mind the conventions about 
positive and negative quantities and directions, some of which 
were stated in Art. 23. We adopt the right-handed system of 
axes, so that if a right-handed screw is placed in the direction of 
the axis of %, and a nut on this screw is turned in the positive 
direction of rotation, that is, from the direction of y to that of z, 
it will move along the screw in the positive direction of 
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We also consider vitreous electricity and austral magnetism 
as positive. The positive direction of an electric current, or 
of a line of electric induction, is the direction in which positive 
electricity moves or tends to move, and the positive direction of 
a line of magnetic induction is the direction in which a compass 
needle points with that end which turns to the north. See 
Fig. 24 , Art. 498 , and Fig. 25 , Art. 501 . 

The student is recommended to select whatever method ap- 
pears to him most effectual in order to fix these conventions 
securely in his memory, for it is far more difficult to remember 
a rule which determines in which of two previously indifferent 
ways a statement is to be made, than a rule which selects one 
way out of many. 



594.] We have next to deduce from dynamical principles the 
expressions for the electromagnetic force acting on a conductor 
carrying an electric current through the magnetic field, and for 
the electromotive force acting on the electricity within a body 
moving in the magnetic field. The mathematical method which 
we shall adopt may be compared with the experimental method 
used by Faraday* in exploring the field by means of a wire, 
and with what we have already done in Art. 490 , by a method 
founded on experiments. What we have now to do is to 
determine the effect on the value of p, the electrokinetic 
momentum of the secondary circuit, due to given alterations 
of the form of that circuit. 

Let A A\ BB' be two parallel straight conductors connected 
by the conducting arc C, which may be of any form, and by 
a straight conductor AB , which is capable of sliding parallel 
to itself along the conducting rails AA' and BB'. 


* Ex p. Bes.y 8082 , 8087 , 3118 . 
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Lot the circuit thus formed he considered as the secondary 
circuit, and let the direction ABU he aHnumed an the positive 
direction round it. 

Lot the sliding piece move parallel to itself from the position 
AJI to the position A ' B\ We have to determine the variation 
of />, the electrokinotic momentum of the circuit, duo to this 
displacement of the sliding piece. 

The secondary circuit Is changed from ABU lo A' B'( hence, 
l.y Art. 587, p (,4 tjy ( ') _ p (A HO) = /> ( A A ' /f It). ( 1 3 ) 

We have therefore to determine the value of p for the parallel- 
ogram AA'li'B. If this parallelogram in ho small that we may 
neglect the variations of the direction and magnitude of the 
magnetic induction at different points of its plane, the value 
of p in, hy Art 591, $1 cob jj . A d 7/7/, where is the magnetic 
induction, and 7 / the angle which it makes with the punitive 
direction of the normal to the parallelogram A A* B* B, 

We may represent the result geometrical iy hy the volume of 
the parallelepiped, whose base is the parallelogram *1/17/71, 
and one of whose edges is the line AM, which represents in 
direction and magnitude the magnetic induction iS, If the 
parallelogram is in the plane of the paper, and if AM h drawn 
upwards from the paper, or more generally, if the directions of 
the circuit A B> of the magnetic induction AM, and of the din 
placement A A \ form a right-handed system when taken in this 
cyclical order, the volume of the parallelepiped is to he taken 
positively. 

The volume of this parallelepiped represents the increment of 
the value of p for the secondary circuit due to the displacement 
of the sliding piece from AB to /17f. 

Elmirtmolive Form art log on thr Stddiag /Vr<v, 

595. | Tim electromotive force produced in the secondary 
circuit hy the motion of the sliding piece is, hy Art, 579 , 

1 1 7 /# 

h ~-jt- < ui 

If we suppose AA' to be the displacement in unit of lime, 
then AA f will represent the velocity* and tins parallelepiped will 

({ tf 

ropmwnt ^ . a-nd thoroforo, by equation (14), tko oluctroMotivt- 
forco in tho nogativo dimstion MA, 
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597 -] 

Hence, the electromotive force acting on the sliding piece AB, 
in consequence of its motion through the magnetic field, is 
represented by the volume of the parallelepiped, whose edges 
represent in direction and magnitude— the velocity, the mag- 
netic induction, and the sliding piece itself, and is positive when 
these three directions are in right-handed cyclical order. 

Electromagnetic Force acting on the Sliding Piece . 

596. ] Let i 2 denote the current in the secondary circuit in the 
positive direction ABO , then the work done by the electro- 
magnetic force on AB while it slides from the position AB to 
the position A'B' is (M'—M) i x i 2 , where M and M r are the 
values of M 12 in the initial and final positions of AB. But 
(M'—M) i x is equal to p f — p, and this is represented by the 
volume of the parallelepiped on AB, AM, and AA r . Hence, if 
we draw a line parallel to AB to represent the quantity AB . i 2 , 
the parallelepiped contained by this line, by AM, the magnetic 
induction, and by AA', the displacement, will represent the 
work done during this displacement. 

For a given distance of displacement this will be greatest 
when the displacement is perpendicular to the parallelogram 
whose sides are AB and AM. The electromagnetic force is 
therefore represented by the area of the parallelogram on AB 
and AM multiplied by i 2 , and is in the direction of the normal 
to this parallelogram, drawn so that AB, AM, and the normal 
are in right-handed cyclical order. 

Four Definitions of a Line of Magnetic Induction. 

597. ] If the direction AA f , in which the motion of the sliding 
piece takes place, coincides with AM, the direction of the mag- 
netic induction, the motion of the sliding .piece will not call 
electromotive force into action, whatever be the direction of AB, 
and if AB carries an electric current there will be no tendency 
to slide along A A'. 

Again, if AB, the sliding piece, coincides in direction with 
AM, the direction of magnetic induction, there will be no elec- 
tromotive force called into action by any motion of AB, and 
a current through AB will not cause AB to be acted on by 
mechanical force, • 
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Wo may tlioroforo doimo a lino of magnetic induction in four 
different way**. it in a lino nuch that 

(1) If a conductor bo moved along it parallel to itself it will 
experience no electromotive force. 

(2) If a conductor carrying a current he free to move along 
a line of magnetic induction it will experience no tendency to 
do BO. 

(3) If a linear conductor coincide in direction with a line of 
magnetic induction, and he moved parallel to it Hr If in any direc- 
tion, it will experience no electromotive force in the direction of 
itn length. 

(4) If a linear conductor carrying an electric current coincide 
in direction with a line of magnetic induction it will not ex- 
perience any mechanical force. 


General Equation# of Electromotive Intemity* 

598.] We have mm that E t the electromotive force due to in- 
duction acting on the aocondary circuit, m equal to — » where 


<*) 

To determine the value of E, let m differentiate the quantity 
under the integral sign with respect to (, rememl>ering that if the 
Kocondary circuit is in motion, .r, »/, and z are functions of the 
time. We obtain 


E. 


-/( 

-/( 

-/< 


, IF, U ,1(1,1. , 111,1: 

(In dt da dt da ' 


dt 
d Fdx 

dj' da 
tlb'df 


d U dq d It d z . dx 

+ 7 j- / + i . , ) #, dtt 


da* da 


dl 


dUdy 

dy ( In ^ dy da ^ 
d Fdx dfithf 
dz <Ih tlz tin d 


dhf 




Lr </h 
* H i dz 
dt/ tl« > dt 
d U dz .dz 
; <Ih ' dt 

d* 




) 

. ) «/*. 


iU 


( 2 ) 


Now consider the second lino of the integral, and substitute 

This 


JJt I tt 

from equations (A), Art. SSfl, the values of . and , 

<wf vm 
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lino thou becomes, 

I] i o 

''u 

which wo may write 


d,r da 


d Ft l if 
thf du 


dFdzsdx 
dz ds ' dt ( 


dh'ib , 

' a. > ,/i ‘ u 


Treating tin- third ami fourth lines in tin* same way, and eol- 

. . <t,r th/ (/; 

looting tin* tonus m ^ J , and ^ * romomhoring that 


t'.tlFtl.r ,i l x . , , dr . . 

</« dt + h <lHdt) d *~ h dt. ’ ^ 

and therefore that the integral, when taken round tho closed 
curve, vanishes, 

<l<! , <h <1 b\ tlx . 


,, ft <0 >1 b\dx , 

d: dr <t(r\ ilif 

+J("dr r di~ dt)d H dH 

i / * d j* d ijj (t 1 1 \ d Z » 

Wo may write thin tvxpmwkm in tho form 

t: *'/('■ t + « In, + 

. t thf t tlz t IF dty \ 

wbcro ~h m - M - i/t . 

tU djr, dU d'P j^i 


■/io 

■K 


#* * /i 


Kijimtlonfi of 
Ki«*itrmu<»tlv« (H) 
leUmaity, 


Thtt terms involving tim now quantity ♦ am introduced for 
the Hake of giving generality to the expressions for l\ Q, JU 
They disappear from the integral when extended round tho 
closed circuit Tt to quantity ♦ m therefore indeterminate as far 
m regard* the problem now before m $ in which tho idoctro- 
motive fore# round tho circuit m to bo determined, Wo shall 
find, however! that when wo know all the circumstances of the 
problem, wo can assign a definite value to +, and that it re- 
presents* according to a certain definition, the dmirm patented 
at the point (*c, y % %)* 
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The quantity under the integral sign in equation (f») re- 
presents the electromotive intensity acting on the element <t* 
of the circuit. 

If wo denote by 7 ? .(5\ the numerical value of the resultant of 
I\ Q , and /£, and by «, the angle between the direction of this 
resultant and that of the element rfs, we may write equation (fi) t 

A* = J T. {* coh *<7$. {<»} 

The vector (5* is the electromotive intensity at the moving 
element ds. Its direction and magnitude depend on the position 
and motion of r/a and on the variation of the magnetic field, but 
not on the direction of <fs. Hence wo may now disregard the 
circumstance that <Ih forms part of a circuit, and consider it 
simply as a portion of a moving body, acted on by the electro- 
motive intensity (5\ The electromotive intensity has already 
been defined in Art. 0 ft. It is also called the resultant electrical 
intensity, being the force which would bo experienced by a unit 
of positive electricity placed at that point. Wo have now ob- 
tained the most general value of this quantify in the case of 
a body moving in a magnetic fkdd duo to a variable electric 
system. 

If the body is a conductor, the electromotive form* wilt pro- 
duce a current; if it is a dielectric, the electromotive force will 
produce only electric displacement. 

The electromotive intensity, or the force on a particle, must be 
carefully distinguished from the electromotive force along an arc 
of a curve, the latter quantity being the line-integral of the 
former. See Art. fHL 

505). | The electromotive intensity, the components of which are 
defined hy equations (B) t depends on three <u rooms tnnees, The 
first of these is the motion of the particle through the magnetic 
field. The part of the force depending on tins motion is ex- 
pressed hy the first two terms on the right of each equation, It 
depends on the velocity of the particle transverse to the lines of 
magnetic induction. If (h in a vector representing the velocity, 
and another representing the magnetic induction, then if m 
the part of the electromotive intensity depending on the motion, 

<5* = rem m 

or, the electromotive intensity in the vector part of the product 
of the magnetic induction multiplied by the velocity # that m to 
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say, the magnitude of the electromotive intensityis represented by 
the area of the parallelogram, whose sides represent the velocity 
and the magnetic induction, and its direction is the normal to 
this parallelogram, drawn so that the velocity, the magnetic in- 
duction, and the electromotive intensity are in right-handed 
cyclical order. 

_ Ttie third term in each of the equations (B) depends on the 
time- variation of the magnetic field. This may he due either 
to the time-variation of the electric current in the primary 
circuit, or to motion of the primary circuit. Let @ 2 he the part 
of the electromotive intensity which depends, on these terms. 
Its components are 

dF dG , dH 
dt dt dt 

and these are the components of the vector, — ^ or — 21. 
Hence, <S 2 =-2[. (8) 

The last term of each equation (B) is due to the variation of 
the function ^ in different parts of the field. We may write 
the third part of the electromotive intensity, which is due to this 
cause, (9) 

The electromotive intensity, as defined by equations (B), may 
therefore be written in the quaternion form, 

@ = ( 10 ) 


On the Modification of the Equations of Electromotive Intensity 
when the Axes to which they are referred are moving in Space . 

600.] Let x\ y\ z r be the coordinates of a point referred to a 
system of rectangular axes moving in space, and let x : y , 0 be the 
coordinates of the same point referred to fixed axes. 

Let the components of the velocity of the origin of the moving 
system be u, v,nv, and those of its angular velocity <u 13 co 2 , <*> 3 
referred to the fixed system of axes, and let us choose the fixed 
axes so as to coincide at the given instant with the moving 
ones, then the only quantities which will be different for the two 
systems of axes will be those differentiated with respect to the 

time. If — denotes a component velocity at a point moving 

^ . . , cfo , dod 

in rigid connexion with the moving axes, and dt dt t 0Se 


VOIi. II. 


R 
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[600* 


of any moving point, having tho name instantaneous position, 
referred to tho lixod and tho moving axon respectively, then 

dx 


_ hx <(x 
dt “ u + ilt * 
with similar equations for the other components. 

By tho theory of the motion of a body of invariable form, 

8 - r _ // 4 . ... - _ „ \ 

ht 
hy 

It, 

H z 

It ~ + "’ l ^ “ “a* 1 ' 1 


(1) 


n 4- w, z 
v 4" x 


«:»//• 


i 


( 2 ) 


Since Fia a component of a directed quantity parallel to x, if 
di v (IF 

bo tho value of ,, referred to the moving uxch, it may ho 


db 

ahown that 

(IF dFhx 


dl 


dFby dFhs , 
dt ~ dx ht dy it ^ d; M * ' " >i! 


II w., + 


dF 
dt ' 


( 3 ) 


<!( 


d F d F 

Substituting for and y their values uh deduced from tho 
(nations (A) of magnetic induction, and remembering that, by (2), 



(l hx 

= 0, 

fi #7/ 


d hz 

(«) 


dx ht 


- 

dx ht'"'" 

wo find 







dF _ 

d Fox 

d 8;r 

</r; 

A// / 

f f/ By d U hz 

d hz 

dt 

dx It ^ 

dx ht 

+ </,r 

4- (t 

u 

dx ht + dx U + 

dx hi 





f hz 

dF 





<! at + 

' ht + 

dt ‘ 

O) 

If We 

i now put 

~*' = 

■ A' ?,r . 

sc 

- "u 

+ "l* * 

01 


// F 


dv 

hi/ 




dt 

SZ ' - “ 

dx 

'■hi* 

/j 4. 

at T </< 

(7) 


Tho equation for /*, the component of the electromotive inten 
»ity parallel to u\ is, hy (It), 

dF ,/+ 


dy . dz 
* dt 1 tit 


dt 


tlx 


(») 

referred to the fixed axes, Substituting the values of tho <pianti* 
ties an reiorral to the moving axes, we have 
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602.] 

p,___ dy' dz f dF + 

~~ C dt dt dt dx * 

for the value of P referred to the moving axes. 

601.] It appears from this that the electromotive intensity is 
expressed by a formula of the same type, whether the motions 
of the conductors be referred to fixed axes or to axes moving in 
space, the only difference between the formulae being that in 
the case of moving axes the electric potential 4* must be changed 
into 4' + 4 // . 

In all cases in which a current is produced in a conducting 
circuit, the electromotive force is the line-integral 



taken round the curve. The value of 4* disappears from this 
integral, so that the introduction of 4*' has no influence on its 
value. In all phenomena, therefore, relating to closed circuits 
and the currents in them, it is indifferent whether the axes 
to which we refer the system be at rest or in motion. See 
Art. 668. 


On the Electromagnetic Force acting on a Conductor which 
carries an Electric Current through a Magnetic Field . 


602.] We have seen in the general investigation, Art. 583, that 
if x L is one of the variables which determine the position and 
form of the secondary circuit, and if X 1 is the force acting on 
the secondary circuit tending to increase this variable, then 


^ dM . . 


Since is independent of we may write 

t dx . ^dy ^ -jj dz 
ds 


Mi 1 = p 


ds 

and we have for the value of X 19 


F^+O^ + H^Jds, 


ds 


(1) 

( 2 ) 



Now let us suppose that the displacement consists in moving 
every point of the circuit through a distance b x in the direction 
oix^lx being any continuous function of s, so that the different 
parts of the circuit move independently of each other, while the 
circuit remains continuous and closed. 
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Also let X be the total force in the direction of x acting on 
the part of the circuit from $ == 0 to s = s, then the part corre- 

T I it 1 i 7T •ni XX. 7 TTT 1 VI . 1 n 


sponding to the element ds will be 


We shall then have 


the following expression for the work done by the force during 
the displacement, 

+jr !)»**• <*> 

where the integration is to be extended round the closed curve, 
remembering that bx is an arbitrary function of s. We may 
therefore perform the differentiation with respect to bx in the 
same way that we differentiated with respect to t in Art. 598, 


remembering that 




II 

>-* 

dy 

dhx 

A 1 

= 0 ' “ d SS =0 - 

(5) 

We thus find 




/?***= ^ 

Cb 

CO 

1 


(6) 


The last term vanishes when the integration is extended 
round the closed curve, and since the equation must hold for all 
forms of the function bx, we must have 

dX . / dy ydz^ , 

ds ~^ C ds b ds )* ^ 

an equation which gives the force parallel to x on any unit 
element of the circuit. The forces parallel to y and z are 


d¥ . 

/ dz 

dx N 

(8) 

II 

.1* 

ds - 

c s)’ 

II 

N Ijs 

dX 

?Ts~ 

4 )- 

(9) 


The resultant force on- the element is given in direction and 
magnitude by the quaternion expression i 2 V. dp^8 y where i 2 is the 
numerical measure of the current, and dp and S3 are vectors 
representing the element of the circuit and the magnetic in- 
duction, and the multiplication is to be understood in the Hamil- 
tonian sense. 

603.] If the conductor is to be treated not as a line but as a 
body, we must express the force on the element of length, and the 
current through the complete section, in terms of symbols denoting 
the force per unit of volume, and the current per unit of area. 

Let X , Y , Z now represent the components of the force referred 
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to unit of volume, and u, v, w those of the current referred to 
unit of area. Then, if 8 represents the section of the conductor, 
which we shall suppose small, the volume of the element 

ds will be Sds, and u = ^ — • Hence, equation (7) will become 


XSds 


■■ S(vc—wb ), 


( 10 ) 


(Equations of 
Electromagnetic 
Force.) 


(C) 


ds 

or X = vc ~wb.\ 

Similarly Y = wa - uc, I 

and Z = vJj — va . ) 

Here X , Y, Z are the components of the electromagnetic force 
on an element of a conductor divided by the volume of that 
element; u , v , w are the components of the electric current 
through the element referred to unit of area, and a, b , c are the 
components of the magnetic induction at the element, which are 
also referred to unit of area. 


If the vector g represents in magnitude and direction the force 
acting on unit of volume of the conductor, and if (5 represents 
the electric current flowing through it, 

% = v.m. (ii) 

[The equations (B) of Art. 598 may be proved by the following method, derived 
from Professor Maxwell’s Memoir on A Dynamical Theory of the Electromagnetic 
Field. Fhil. Tram. 1865, pp. 459-512,. 

The time variation of —p may be taken in two parts,, one of which depends and the 
other does not depend on the motion of the circuit. The latter part is clearly 
CrdF. dG dH\ 

-J {-dt dx+ -M d,J+ xi d y- 

To find the former let us consider an arc 8 s forming part of a circuit, and let us 
imagine this arc to move along rails, which may be taken as parallel, with velocity v 
whose components are x, y, z, the rest of the circuit being meanwhile supposed 
stationary. We may then suppose that a small parallelogram is generated by the 
moving arc, the direction- cosines of the normal to which are 

ny-^mz Iz—nx mx—ly 
P’ v “ v sin0 5 v sin0 ’ v sin 6 9 

where l , m, n are the direction-cosines of 5 s, and 9 is the angle between v and 8s. 

To verify the signs of A, v we may put m = — 1, x = v ; they then become 
0, 0, —1 as they ought to do with a right-handed system of axes. 

Now let by o be the components of magnetic induction, we then have, due to the 
motion of 8 s in time 5 1 , 

dp = (a\ + bp + cv) v8t8s sin 9. 

If we suppose each part of the circuit to move in a similar manner the resultant 
effect will be the motion of the circuit as a whole, the currents in the rails forming a 
balance in each case, of two adjacent arcs. The time variation of — p due to the 
motion of the circuit is therefore 

~~J'{ a ( ny—mz ) + two similar terms} ds 

taken round the circuit 

es f (cy—bz) dx + two similar integrals. 

The results in Art. 602 for the components of electromagnetic force may be deduced 
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from tha altwe expression for ftp ; via, tot the arc 8# displaced in Uto direct nm 
f\ m\ n' through a distance 3/, then 

8p ■ ! — 4 two mmilnr term*} fix h*. 

.Now lot X bo the uMHunjumrut of the force upon Urn aru «, then f*»r unit current we 
find by Art, Si> 0 # ,/ p ^ 

ttx tix 

-* an — hn, j 

Kt ptniu*M of th? HI rfitrommjnoti® Xitdd, 

• J If wo assume that electric current i always flow in closed circuits, we can without 
introducing the vector- potential deduce cqmuhuti* which will determine the state of 
thu eicotromagiHitio field. 

For lot i bo Urn strength of the eurreitt round any circuit which we shall momma 
to bo at rest. The ehmtrok incite energy T dut> to thin current U 

i j J i7 a i ml* \ nr) d*s\ 

whore dS it* an element of a surface bounded by the current. 

Hence — the total electromotive force round the circuit tending to increase s 


7 / (, S -3 


n c 4 . 

~JJ v,tt ' ’"' ll +w .7f ) AS; 

lienee if A", T t Z are the compommia of the electromotive Inteimlty 

J\ \xih+ y>ly *%•!•) ~ ~ fj ( l + m '!u h,i !//) aS; U) 

but by 8titke»' Theorem tla* !«ft*b»(iil *bl«> «f UtU ,*nti»U<m i, iiijiml in 
rt\,f>1X dV\ MX dZ , /,IY ./AA, 

Jj Kdy ~ rfj + m \,U ~ rf, ) + " ( rfx " ,/y)K 

Equating this Integral to Urn right-hand side of equation (1), we obtain, sine*? the 
surface dosing up the current k quite arbitrary# 

iV/ * ~t Y m </<# 

tiy *" ti m tU 1 

dX dZ dh 
di dx mm t U * 
d V dX tin 

d# dy m (It * 


These with the relations 


dy dfi 
dy ds f 
da dy 

'7i—zr 

d$ da 
dx iff * 

r 


in t\ conductor wham* Kpedfle rmhimnm U a ; 

„ X t*X K d V K d% 

4 w dt 4® di 4w di 

in an insulator whew specifics inductive capacity I* A\ ar# anffident In determine the 
state of the deetromagucUc field, The buttmUry cxmdIUatt* mi my surface *r* that 
the magnetic induction normal to the surface should bn mmiimmm, and that the 
magnetic force parallel to the surface should *br» b« mmthwnm 
Hum method of Investigating the field ban the merit of simplicity. 

It han been strongly supported by Mr. if**vi*i<ltn It Is not howsvsr u$ general a* 
the method In the text# which emikt be applied mm If the <mmmU did m»i always 
flow in doted oinmits. t 
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(lENKUAf* EQUATIONS OF T1IK l',hKV7\m\ AdNKTlO FlKhD. 

604.) In our theoretical discussion of electrodynamics wo 
began by assuming that a system of circuits carrying electric 
aurrentx in a dynamical system, in which tho currents may bo 
regarded an vtdoeitmiqand in which tho Mordinatas corresponding 
to these votomtioK do not themselves appear in tho equations. 
It follows from thin that the kinetic energy of tho system, in 
so far m it depends on the currents, is a homogeneous quadratic 
function of the currents, in which the cottfilcicntH depend only 
on the form and relative position of tho circuits. Assuming 
these coefficients to be known, by experiment or otherwise, 
we deduced, by purely dynamical reasoning, the laws of tho 
induction of currents, and of electromagnetic attraction. In 
tliis investigation we introduced the conceptions of tho electro- 
kinetic energy of a system of currents, of the. electromagnetic 
momentum of a circuit, and of the mutual potential of two 
circuits. 

Wo then proceeded to explore the field by means of various 
configurations of the secondary circuit, and were thus led to 
the conception of a vector \H. having a determinate magnitude 
and direction at any given point of tho field. Wo called this 
vector the elaatromagnetic momentum at that point. This 
quantity may be considered as the time-integral of tho electro- 
motive intensity which would be produced at that point by the 
sudden removal of all the currents from the field. It is 
identical with the quantity already investigated in Art. 405 
m tho vector-potential of magnetic induction. Its components 
parallel to *c, y, and s are t\ (/, and //. The electromagnetic 
momentum of a circuit m the line-integral of SI round the circuit. 
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We then, by means of Theorem IV, Art. 24, transformed the 
line-integral of 21 into the surface-integral of another vector, S3, 
whose components are a, b, c , and we found that the phenomena 
of induction due to motion of a conductor, and those of electro- 
magnetic force can be expressed in terms of S3. We gave to 
23 the name of the magnetic induction, since its properties are 
identical with those of the lines of magnetic induction as 
investigated by Faraday. 

W e also established three sets of equations : the first set, 
(A), are those of magnetic induction, expressing it in terms of 
the electromagnetic momentum. The second set, (B), are those 
of electromotive intensity, expressing it in terms of the motion 
of the conductor across the lines of magnetic induction, and 
of the rate of variation of the electromagnetic momentum. 
The third set, (C), are the equations of electromagnetic force, 
expressing it in terms of the current and the magnetic in- 
duction. 

The current in all these cases is to be understood as the 
actual current, which includes not only the current of con- 
duction, but the current due to variation of the electric dis- 
placement. 

The magnetic induction 23 is the quantity which we have 
already considered in Art. 400. In an unmagnetized body it 
is identical with the force on a unit magnetic pole, but if the 
body is magnetized, either permanently or by induction, it is 
the force which would be exerted on a unit pole, if placed in 
a narrow crevasse in the body, the walls of which are per- 
pendicular to the direction of magnetization. The components 
of 23 are a, b, c. 

It follows from the equations (A), by which a , b , c are defined, 

that da db dc__ 

dx + dy + dz~ 

This was shewn at Art. 403 to be a property of the magnetic 
induction. 

605.] We have defined the magnetic force within a magnet, 
as distinguished from the magnetic induction, to be the force 
on a unit pole placed in a narrow crevasse cut parallel to the 
direction of magnetization. This quantity is denoted by and 
its components by a, /3, y. See Art. 398. J 
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If 3 is the intensity of magnetization, and A , B, C its 
components, then, by Art. 400, 

a = a-j- 4:77 A, \ 

b = /3 47rB, r (Equations of Magnetization.) (D) 

C = y -f- 4:77 C. ) 

We may call these the equations of magnetization, and they 
indicate that in the electromagnetic system the magnetic in- 
duction 35, considered as a vector, is the sum, in the Hamiltonian 
sense, of two vectors, the magnetic force and the magnetiza- 
tion 3 multiplied by 4 7 r, or 

S3 = § + 47r3. 

In certain substances, the magnetization depends on the mag- 
netic force, and this is expressed by the system of equations of 
induced magnetism given at Arts. 426 and 435. 

606.] Up to this point of our investigation we have deduced 
everything from purely dynamical considerations, without any 
reference to quantitative experiments in electricity or magnetism. 
The only use we have made of experimental knowledge is to 
recognise, in the abstract quantities deduced from the theory, 
the concrete quantities discovered by experiment, and to denote 
them by names which indicate their physical relations rather 
than their mathematical generation. 

In this way we have pointed out the existence of the electro- 
magnetic momentum 51 as a vector whose direction and mag- 
nitude vary from one part of space to another, and from this we 
have deduced, by a mathematical process, the magnetic induction, 
35, as a derived vector. We have not, however, obtained any 
data for determining either 5[ or 35 from the distribution of 
currents in the field. For this purpose we must find the mathe- 
matical connexion between these quantities and the currents. 

We begin by admitting the existence of permanent magnets, 
the mutual action of which satisfies the principle of the 
conservation of energy. We make no assumption with respect 
to the laws of magnetic force except that which follows from 
this principle, namely, that the force acting on a magnetic pole 
must be capable of being derived from a potential. 

We then observe the action between currents and magnets, 
and we find that a current acts on a magnet in a manner 
apparently the same as another magnet would act if its strength, 
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form, and position were properly adjusted, and that the magnet 
acts on the current in the same way as another current. These 
observations need not be supposed to be accompanied by 
actual measurements of the forces. They are not therefore to 
be considered as furnishing numerical data, but are useful only 
in suggesting questions for our consideration. 

The question these observation suggest is, whether the mag- 
netic field produced by electric currents, as it is similar to that 
produced by permanent magnets in many respects, resembles it 
also in being related to a potential? 

The evidence that an electric circuit produces, in the space 
surrounding it, magnetic effects precisely the same as those 
produced by a magnetic shell bounded by the circuit, has been 
stated in Arts. 482 - 485 . 

We know that in the case of the magnetic shell there is a 
potential, which has a determinate value for all points outside 
the substance of the shell, but that the values of the potential 
at two neighbouring points, on opposite sides of the shell, differ 
by a finite quantity. 

If the magnetic field in the neighbourhood of an electric 
current resembles that in the neighbourhood of a magnetic shell, 
the magnetic potential, as found by a line-integration of the 
magnetic force, will be the same for any two lines of integration, 
provided one of these lines can be transformed into the other by 
continuous motion without cutting the electric current. 

If, however, one line of integration cannot be transformed 
into the other without cutting the current, the. line-integral of 
the magnetic force along the one line will differ from that along 
the other by a quantity depending on the strength of the 
current. The magnetic potential due to an electric current is 
therefore a function having an infinite series of values with 
a common difference, the particular value depending on the 
course of the line of integration. Within the substance of the 
conductor, there is no such thing as a magnetic potential. 

607.] Assuming that the magnetic action of a current has 
a magnetic potential of this kind, we proceed to express this 
result mathematically. 

In the first place, the line-integral of the magnetic force round 
any closed curve is zero, provided the closed curve does not 
surround the electric current. 
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In the next place, if the current passes once, and only once, 
through the closed curve in the positive dir ection, the line- 
integral has a determinate value, which may be used as a 
measure of the strength of the current. For if the closed curve 
alters its form in any continuous manner without cutting the 
current, the line-integral will remain the same. 

In electromagnetic measure, the line-integral of the magnetic 
force round a closed curve is numerically equal to the current 
through the closed cuiwe multiplied by 4 77. 

If we take for the closed curve the rectangle whose sides 
are dy and dz, the line-integral of the magnetic force round the 
parallelogram is d d „ 

and if u, v, w are the components of the flow of electricity, the 
current through the parallelogram is 

u dy dz. 

Multiplying this by 4 7 r, and equating the result to the line- 
integral, we obtain the equation 


dy d/3 . 

47 tU> = -= 7— , \ 

dy dz 


with the similar equations 


. da dy 

1TV ~~ dz dx* 

. dfi da 

'kitw = — -7- 9 

ax dy 


(Equations of 
Electric Currents.) 


(E) 


which determine the magnitude and direction of the electric 
currents when the magnetic force at every point is given. 

When there is no current, these equations are equivalent to 
the condition that 


adx + ,( 3 dy+ydz = — 

or that the magnetic force is derivable from a magnetic poten- 
tial in all points of the field where there are no currents. 

By differentiating the equations (E) with respect to x, y, and 0 
respectively, and adding the results, we obtain the equation 
dt 6 dv dw ___ 

dx + dy dz ’ 

which indicates that the current whose components are u , v , w 
is subject to the condition of motion of an incompressible fluid, 
and that it must necessarily flow in closed circuits. 
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This equation is true only if we take u, v, and w as the com- 
ponents of that electric flow which is due to the variation of 
electric displacement as well as to true conduction. 

We have very little experimental evidence relating to the 
direct electromagnetic action of currents due to the variation of 
electric displacement in dielectrics, hut the extreme difficulty 
of reconciling the laws of electromagnetism with the existence 
of electric currents which are not closed is one reason among 
many why we must admit the existence of transient currents 
due to the variation of displacement. Their importance will be 
seen when we come to the electromagnetic theory of light. 

608.] We have now determined the relations of the principal 
quantities concerned in the phenomena discovered by Orsted, 
Amp&re, and Faraday. To connect these with the phenomena 
described in the former parts of this treatise, some additional 
relations are necessary. 

When electromotive intensity acts on a material body, it pro- 
duces in it two electrical effects, called by Faraday Induction 
and Conduction, the first being most conspicuous in dielectrics, 
and the second in conductors. 

In this treatise, static electric induction is measured by what 
we have called the electric displacement, a directed quantity or 
vector which we have denoted by 2), and its components by 

f: g, h. 

In isotropic substances, the displacement is in the same 
direction as the electromotive intensity which produces it, and 
is proportional to it, at least for small values of this intensity. 
This may be expressed by the equation 

1 rrcr. (Equation of Electric - /t?\ 

£ = 4 ^ K Displacement.) ) 

where K is the dielectric capacity of the substance. See 
Art. 68. 

In substances which are not isotropic, the components /, g, h 
of the electric displacement 2) are linear functions of the com- 
ponents P, Q, R of the electromotive intensity @. 

The form of the equations of electric displacement is similar 
to that of the equations of conduction as given in Art. 298. 

These relations may be expressed by saying that K is, in 
isotropic bodies, a scalar quantity, but in other bodies it is a 
linear and vector function, operating on the vector 
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609. ] The other effect of electromotive intensity is conduction. 
The laws of conduction as the result of electromotive intensity 
were established by Ohm, and are explained in the second part of 
this treatise, Art. 241. They may be summed up in the equation 

= C (Equation of Conductivity.) (G) 

where @ is the electromotive intensity at the point, ff is the 
density of the current of conduction, the components of which 
are p, q, and r, and 0 is the conductivity of the substance, 
which in the case of isotropic substances, is a simple scalar 
quantity, hut in other substances becomes a linear and vector 
function operating on the vector @. The form of this function 
is given in Cartesian coordinates in Art. 298 . 

610. ] One of the chief peculiarities of this treatise is the 
doctrine which it asserts, that the true electric current g, that 
bn which the electromagnetic phenomena depend, is not the 
same thing as the current of conduction, but that the time- 
variation of 3), the electric displacement, must be taken into 
account in estimating the total movement of electricity, so that 
we must write, 

S = jv + 3), (Equation of True Currents.) (H) 


or, in terms of the components, 

df x 

v '=p + i' 

clg . 

v= i+di’> 

dh 

w = r+ dt-) 


(H*) 


611.] Since both St and 2) depend on the electromotive intensity 
we may express the true current (5 in terms of the electro- 


motive intensit y, thus 

«=( C+ 4T X |)®' (1) 


or, in the case in which C and K are constants, 

u = ( 1P + TT: K ~dr\ 

g’ (I * } 
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012.] The vohnne-ileimity of tin* frco oleetricity at any point, 
In found from tliu component* of electric dixplneemont hy tho 
equation ,//• ,/ (/ ,//, 

'* " <lr 4 ,h f 4 ,/; • < J ) 


613.] The surface density of electricity in # 

(r = If f mtj -f nh -f Vf in \( j n f h\ (K) 

where /, m, n are the dimst'am-cosines of the normal drawn from 
the surface into the medium in which /, */, h are tho component# 
of the displacement, and l\ tn\ //are those of the normal drawn 
from tin*, surface into the medium in winch they are/', f y h\ 

614] When the magnetisation of the medium is entirely 
induct'd hy the magnetic force acting on it, we may write' tin? 
equation of induced magnetisation, 

» = (L) 

where g is tho coefficient of magnetic permeability, which may 
bo considered a scalar quantity, or a linear and vector function 
operating on 4/ according as the medium m isotropic or not. 

615.] These may he regarded m the principal relations among 
the quantities we have been considering. They may be com- 
bined ho as to eliminate some of these quantities, hut our object 
at present is not to obtain compactness in the mathematical 
formulae, hut to express every relation of which we have any 
knowledge, To eliminate a quantity which expresses a useful 
idea would be rather a loss than a gain in this stage of our 
enquiry. 

There' is one result, however, which we may obtain hy com- 
bining equations (A) ami (K), and which is of very great im- 
portance. 

If wo suppose that no magnets exist in the field except in the 
form of electric circuits, the distinction winch we have' hitherto 
maintained between the magnetic force and the magnetic in- 
duction vanishes, because it is only in magnetised matter that 
these quantities differ from each other. 

According to Ampere*# hypothesis, which will lie explained in 
Art. 833, the properties of what we call magnetized matter are 
due to molecular electric circuits, so that it m only when wo 
regard tho substance in large masses that our theory of mag- 
netization is applicable, and if our mathematical methods are 
supposed capable of taking account of what goes on within the 
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individual molecules, they will discover nothing but electric 
circuits, and we shall find the magnetic force and the magnetic 
induction everywhere identical. In order, however, to be able 
to make use of the electrostatic or of the electromagnetic system 
of measurement at pleasure we shall retain the coefficient n, 
remembering that its value is unity in the electromagnetic 
system. 

616.] The components of the magnetic induction are by 
equations (A), Art. 591, 

__ dH __ dGc \ 
a ~~ dy dz 3 
_dF dH , 

" dz ~ dx ’ f 


47 rU = 


4:71 V = 


_dG _dF 
G ~~ dx dy 

The components of the electric current are by equations (E) 
Art. 607, given by dy , 

dy~ dz’ j 
da dy 
' dz ~ dx ’ 
d/3 da 

dx~ dy' 

According to our hypothesis, a, b , c are identical with pa, pp, 
ay respectively. We therefore obtain {when p is constant} 
d 2 G. d 2 F d 2 F . d 2 II 


4nw = —r- — - 


dF §!L 

~~ dx dy + dz 9 


dccdy dy 2 

If we write 

and* V * = ~(dx 2 

we may write equation (1), 


dz 2 + dzdx 


,d 2 


<P_ 
' dy 2 


A 

+ . 7., 2 + dz E 


( 1 ) 

( 2 ) 

'( 3 ) 


Similarly, 


4 *p U ~ + V 2 F} 
„pv = ^ + V 2 G, 


( 4 ) 


47TfJbW ■ 


dz 


* The negative sign is employed here in order to make our expressions consistent 
with those in which Quaternions axe employed. 
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If \vo writo F — pjj j " tlxihpl 

O' — p J jj * < Ledijih . 

Jl'^p 


(S) 


Lnlif*h t 


(B) 


* ’ -.1 Ijj J r 

whore r is the distance of the given point from the element 
(u;, v/, 0 ) and the integrations are to ho extended uwr all space, 
then 


(7) 


f ~ r~. 

ttx ’ 

a - w~~ 

'0 ! 
» } 

<t>i | 

i 

^N. 

1! 

<lz ’ 1 


The quantity x disappears from the equations (A), and it is 
not related to any physical phenomenon, If we suppose it to he 
7,oro everywhere, J will also ho zero everywhere, and equations 
(5), omitting the accents, will give the true values of the 
components of SI. 

617.] We may therefore adopt* as a definition of ?b that it 
is the vector-potential of the electric current* standing in the 
same relation to the electric current that the scalar jmieniittl 
stands to the matter of winch it is the potential, and obtained 
by a similar process of integration, winch may he thus de- 
scribed 

From a given point let a vector be drawn, representing in 
magnitude and direction a given element of tin electric current, 
divided by the numerical value of the distance of the element 
from the given point. Let this be done for every element of 
the electric current. The resultant, of all the vectors thus 
found is the potential of the whole current. Since the current 
is a vector quantity, its potential in also a vector. See Art. 422. 

When the distribution of electric currents in given, there is 
one, and only one, distribution of the values of fl, such that ft 
is everywhere finite and continuous, and satisfies the equations 
Vnn= 4irg(S, m 0 t 

and vanishes at an infinite dicta mv from the cileciric system. 
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This value is that given by equations (5), which may he written 
in the quaternion form 

-<■/// ~ dxdydz . 

Quaternion Expressions for the Electromagnetic Equations* 

618.] In this treatise we have endeavoured to avoid any 
process demanding from the reader a knowledge of the Calculus 
of Quaternions. At the same time we have not scrupled to 
introduce the idea of a vector when it was necessary to do so. 
When we have had occasion to denote a vector by a symbol, 
we have used a German letter, the number of different vectors 
being so great that Hamilton’s favourite symbols would have 
been exhausted at once. Whenever therefore a German letter 
is. used it denotes a Hamiltonian vector, and indicates not only 
its magnitude but its direction. The constituents of a vector 
are denoted by Roman or Greek letters. 

The principal vectors which we have to consider are 

Symbol of Constituents , 
Vector. 


The radius vector of a point p x y z 

The electromagnetic momentum at a point 21 F G E 

The magnetic induction 23 a b o 

The (total) electric current ® u v w 

The electric displacement 3) f g h 

'The electromotive intensity ® PQR 

The mechanical force S Xlc Z 

The velocity of a point ® or p x y z 

The magnetic force a Z 3 X 

The intensity of magnetization 3 ABC 

The current of conduction if ? ? r 


We have also the following scalar functions : 

The electric potential 

The magnetic potential (where it exists) 12. 

The electric density e. ■ 

The density of magnetic c matter ’ nt. 

Besides these we have the following quantities, indicating 
physical properties of the medium at each point : 

(7, the conductivity for electric currents, 
if, the dielectric inductive capacity. 

/x, the magnetic inductive capacity. 

VOL. II. s 
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These quantities uiv, in hot n. pie media, m<r.« walur functions 

of p, hut in general they mv linear «m«I v.rt.-r uji.-nilj.r8 mi tiu* 

vector functions to which they arc applied. A" and n ur<- certainly 

always self-conjugate, ami (' is probably so ii1.hu, 

(ill).] The equations (A) of magnetic induction, of which the 

first is, till <l ( l 

a =. - , * 

ill/ tl: 

may now bo written 'B I •!> 

wlioro V is tho operator 

. (I . tl . >1 
> , -) J , f l‘ ,< 

and V indicates that the vector part of the result of this operation 
is to bo taken. 

Since SI in subject to tho condition S ,V St ■ *b inn pure 
vector, and the symbol V in unneeeHHnry. 

Tho equations (B) of electromotive force, of which the tirni in 

. UP ./♦ 
d( - dr 

become V*. 

The equations (0) of mechanical force, of which the first in 

tlu * 

A = re — Air *f «/ m . , 

itj' 

become «= WS* m (* ~ mV a 

The equations (1>) of magnetisation, of which the first is 
tl rs a f 4 if /t , 

become ^ 4 4 a X 

Tho o({uationH (K) of electric currents, of which the first m 

tty tlfi 

4W‘U%s — ! , 

dtj <h 

become I j?(* ^ F . V 

, The equation of the current of conduction in, by Ohm's I#aw, 

stoats. 

That of electric displacement m 

/>= 1 A' l*. 

4 IT 


* f In tho nt ami and tnUthma of thin work - * ' wan written f«*r f* it* ihl* 
1 th 

Tho oorr«otion b due tu Prof. U. K. Kiuger&hl Vtm#* &• *>. M4k t tHSj, j 
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619.] 

The equation of the total current, arising from the variation of 
the electric displacement as well as from conduction, is 

@=tf + 2). 

When the magnetization arises from magnetic induction, 

93 = ti§. 

We have also, to determine the electric volume-density, 

e = $ . V 2). 

To determine the magnetic volume-density, 

m = S.V3. 

When the magnetic force can be derived from a potential, 

<£j=-VH 


APPENDIX TO CHAPTER IX. 

The expressions (5) are not in general accurate if the electromagnetic 
field contains substances of different magnetic permeabilities, for in that 
case, at the surface of separation of two surfaces of different magnetic 
permeabilities, there will in general be free magnetism ; this will con- 
tribute terms to the expression for the vector potential which are 
given by equations (22), p. 30. The boundary equations at the surface 
separating two media whose magnetic permeabilities are fx x and fx 0) and 
where F l: G 1 , II x and F 2 , 6r 2 , II 2 denote the values of the components of 
the vector potential on the two sides of the surface of separation, Z, m 9 n 
the direction cosines of the normal to this surface ; are (1), since the 
normal induction is continuous, 


<dE x 

dGy. 

) +m\ 

(dF t 

dH^ 

i+H 

rdG 1 


' dy 

dz ' 

' dz 

dx ' 

< dx 

dy J 

d JL>. 


) + m | 

fdj\_ 

dE ,, 

) + »l 

( d f* 

r- 

1 

■ dy 

dz ' 

^ dz 

dx ' 

^ dx 

dy * 


and (2), since the magnetic force along the surface is continuous, 


1 

,dE, 

da u 

1 

dG 2 \ 

Mi 

( dy " 

~ dz V 

yl dy 

dz ) 

1 

(dF x 

dE\\ 

l 

1 

dH 2 \ 

th 

v dz ~ 

" dx) 

M 2 ^ dz 

dx ) 




m 


1 

f dG x 

dF A 

1 /dG 2 

dF A 

Mi 

br 


1 u 2 ' dx 

dy) 


n 


s a 
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The expressions (5) do not in general satisfy both these surface conditions. 
It is therefore best to regard F, G, H as given by the equations 

V 3 ^ 7 = 47 TfJLU 
V 2 ^ = 47TjUV 

V 2 II ~ ^TTfJLW 

and the preceding boundary conditions.} 

{It does not appear legitimate to assume that <Sr in equations (B) 
represents the electrostatic potential when the conductors are moving, 
for in deducing those equations Maxwell leaves out the term 

-l( F ^ + G + 

ds\ dt ^ dt * dtF 

since it vanishes when integrated round a closed circuit. If we insert this 

term, then ¥ is no longer the electrostatic potential but is the sum of 

this potential, and dx d d 

F-J-+ Cr-~ + H—‘ 
dt dt dt 

This has an important application to a problem which has attracted 
much attention, that of a sphere rotating with angular velocity co about 
a vertical axis in a uniform magnetic field where the magnetic force is 
vertical and equal to c. Equations (B) become in this case, supposing 
the sphere to have settled down into a steady state, 

d* 

j r = ciox — j 

dx 


Q = cioy — 


R = 


dV 
dy 5 
dv 

dz 


Since the sphere is a conductor and in a steady state, and since 

~ j — are the components of the current, 
dP dQ dR __ 
dx ^ dy ^ dz 


hence 


_ d 2 <P d 2 * d 2 * 

CC ° dec 2 dy 2 dz 2 


This equation has usually been interpreted to mean that throughout the 
sphere there is a distribution of electricity whose volume density is 
ca>/2ir, but this is only legitimate if we assume that is the 
electrostatic potential. 

If in accordance with the investigation by which equations (B) were 
deduced we assume that, being the electrostatic potential, 

dz 


r dx 
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or in this case 
then, since 


¥ = # + co(Gx— Fy), 


( 


d 2 d 2 d 2 > 


^dx 2 dy- 




we see that since 


— 2 c, 

d 2< tr d 2< ir d 2 ^r 

d^ + df + d^= 2ci0 > 

d 2 $> d 2 $ d 2 $ 

dtf + df + lh?~ 0 ’ 

that is, there is no distribution of free electricity throughout the 
volume of the sphere. 

There is therefore nothing in the equations of the electromagnetic 
field which would lead us to suppose that a rotating sphere contains free 
electricity. 

j Equations of the Electromagnetic Field expressed in 
Polar and Cylindrical Co-ordinates . 

If F , G, H are the components of the vector potential along the 
radius vector, the meridian and a parallel of latitude respectively, 
a , b, c the components of the magnetic induction, a, ft, y the components 
of the magnetic force, and u } v, w the components of the current in those 
directions, then we can easily prove that 

S' 


r 2 sin 6 
1 

r sin 6 
d 


4:TTU = 


4t tv = 




l 

r 2 sin Q \ 

1 f da 


d__ 

dr 

a 1 ( d . N da) 

^ W= r\^ r ^-Ter 


If P, Q , R are the components of the electromotive intensity along 
the radius vector, the meridian and a parallel of latitude, 
da 1 

dt 


db_ 
dt ' 


r 2 sin 0 
1 

r sin 9 
d 


$± { rsmd£)-^{rQf 


do 1 5 d dp i 

-dt = -7U {rQ) -Te\ 
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If the cylindrical co-ordinates are p, 6, z , and if F, G, H are the com- 
ponents of the vector potential parallel to p, 6, z; a, b, c the components 
of the magnetic induction, a, 13, y the components of the magnetic force, 
and n, v, w the components of the current in these directions, then 

1 \dH d I 

a= pl¥T,Wj J 


' = 3 ?}’ 


4n:v — 


If P, Q, B are the components of the electromotive intensity parallel 


to p, 9, z, 




CHAPTER X. 


DIMENSIONS OF ELECTRIC UNITS. 


620. ] Eyeby electromagnetic quantity may be defined with 
reference to the fundamental units of Length, Mass, and Time. 
If we begin with the definition of the unit of electricity, as 
given in Art. 65 , we may obtain definitions of the units of every 
other electromagnetic quantity, in virtue of the equations into 
which they enter along with quantities of electricity. The 
system of units thus obtained is called the Electrostatic System. 

If, on the other hand, we begin with the definition of the unit 
magnetic pole, as given in Art. 374 , we obtain a different system 
of units of the same set of quantities. This system of units is 
not consistent with the former system, and is called the Electro- 
magnetic System. 

We shall begin, by stating those relations between the different 
units which are common to both systems, and we shall then 
form a table of the dimensions of the units according to each 
system. 

621. ] We shall arrange the primary quantities which we have 
to consider in pairs. In the first three pairs, the product of the 
two quantities in each pair is a quantity of energy or work. In 
the second three pairs, the product of each pair is a quantity of 
energy referred to unit of volume. 

Fibst Three Pairs. 

Electrostatic Pair . 

Symbol. 

(1) Quantity of electricity e 

(2) Electromotive force, or electric potential . . E 
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d /< ttjttritc I’m r. Symtol, 

(3) Quantity of free magnetism, or strength of a polo >n. 

(•l) Magnetic potential i A 

Kin i rttlci lid it' l 'n i r. 

(5) Klectrokinctie momentum of a circuit . . . /> 

(ft) Electric current. . < ' 


Ski 'on i' Tiihkf. I* a tits. 

Khd fi wit i tit' Pair. 

(7) Electric displacement (measured hy surface-density) ’£> 

(8) Kloctromotavo intensity t? 

Muyitdic Pair, 

(9) Magnetic induction ® 

(10) Magnetic force 


Klni raki mile Pair. 

(11) Intensity of electric current nt a point . , 

(12) Vector potential of electric current* . . 21 

622. The following relations exist ltetwoon these quantities. 

I I?M I 

.In the first place, since the dimensions of energy are I , 

and those of energy referred to unit of volume j J , wo have 
the following equations of dimensions : J 

[ K *] = t».ui=[,<n-[y?]. o) 

Second iy, since r, />, and 91 are the timodntegrals of C, K. 
and (5 respectively, 


m 
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Thirdly, since E, 12, and p are the line-integrals of «£). 
and 21 respectively, 

KHSHH-w* w 

Finally, since e, <7, and m are the surface-integrals of 2), (£, 
and 23 respectively, 

[a=[-a=[s]=^ <*> 

623.] These fifteen equations are not independent, and in 
order to deduce the dimensions of the twelve units involved, we 
require one additional equation. If, however, we take either 
e or m as an independent unit, we can deduce the dimensions of 
the rest in terms of either of these. 

r L 2 Mi 

(') M =W 

r Ml [ml 

(2) i E ] ~ L 37 J 

, r Ml r T 

(3) and (5) I >] = [m] = [-^rj - M- 

_ , _ r el r JJMl 

(4) and (6) [0] = [Q] = jjj? J — [ m y2j * 

w m =[S- 

(>) [«] = [ 7T‘~\ = [ir] ' 

w m =g] =[?]• 

c») »] -m- 

(») m =M=&]' 

(12) M =[^] =[|]- 

* j^We liave also [-—] = [D].J 



266 DIMENSIONS OE UNITS. [625. 


624. ] The relations of the first ten of these quantities may be 
exhibited by means of the following arrangement : — 

e , 5), <£), G and 12. E, ©, m and p. 

mand_p, 33, (5, E. O and 12, Jr>, 2), e. 

The quantities in the first line are derived from e by the same 
operations as the corresponding quantities in the second line are 
derived from m. It will be seen that the order of the quantities 
in the first line is exactly the reverse of the order in the" second 
line. The first four of each line have the first symbol in the 
numerator. The second four in each line have" it in the de- 
nominator. 

All the relations given above are true whatever system of 
units we adopt. 

625. ] The only systems of any scientific value are the electro- 
static and the electromagnetic systems. The electrostatic system 
is founded on the definition of the unit of electricity, Arts. 41, 
42, and may be deduced from the equation 



which expresses that the resultant electric intensity @ at any 
point, due to the action of a quantity of electricity e at a 
distance L, is found by dividing e by L A . Substituting in the 
equations of dimensions (l) and (8), we find 

r^furii rmi riif- 
L eT* J ~ \_P J J lLTj ~ L^J 5 


whence [e] = m = 

in the electrostatic system. 

The electromagnetic system is founded on a precisely similar 
definition of the unit of strength of a magnetic pole, Art. 374, 
leading to the equation m 


■whence 


ei _ r if n rZf i_rm' 

LT\-\Jfl LmT2}~LL*y 


and [e] = [m] = 

in the electromagnetic system. From these results we find the 
dimensions of the other quantities. 
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I'ttltfe of Dime unions, 

UhmWnmH in 



Symbol, 

KU'(‘tr<»HtaUo 

lOloctronmpietie 


SyKtt'iu. 

Syntom. 

Quantity of electricity . 

. . • e 

[IAaHT l ] 

[IA 1/4]. 

Lino-integral of electro- J 
motive inteuaity ) 

. . K 

\P m t >] 

l_/J il/4 7 T ' 2 ]. 

Quantity of magnet inm 
Klectrokinelie momentum 
of a circuit 

1 (?«•/ 
j' he 

[/.i i/i j 

[IA 1/4 7’- 1 ]. 

Klcetric current | 
Magnetic potential \ 

. . . j"l 

ILL\ 

[lAM^T ■-] 

[IA 1/4 7'-']. 

Klcetric displacement / 
Surfaco-denmty f 

. . . H> 

[L 4 1/4 7' -V| 

[ A-5 1/4]. 

Electromotive inteimity . 

... iff 

[// l 1/4 T ' ) 

[IA 1/4 7 T - 2 ]. 

Magnetic induction . . . 

. . . ti 

\ /,e 1/4 | 

[L 4 1/4 T >]. 

Magnetic force 

• • • * 

\IA AH T -\ 

[ L 4 1/4 7'-']. 

Strength of current at a point 

[Ir } > .1/4 7’--] 

j [L * 1/4 7’-' j. 

Vector potential ..... 

. . . VI 

1/. 4,1/4] 

[7/4 1/4 7’ >]. 

0)17, j We have already 

oomudom 

1 tho products of the pairs of 


the«o tpmniitieH in tho order in which they stand, Their ration 
arc in certain canon of Moumtitic importance. Thun 


\M 

rr 


Symbol. Hyrnttnn 

capacity of an accumulator . . (/ 

cooilicicnt of Ht'lf-imiuction 
of a circuit, or clrcli 
magnetic capacity 
D ( KjweUic imluctivc capacity 
6 ” { 

« ^ 


Klt*(itnmtifct2o UUK’troumgnotto 
Syutom. 

ra- 


tetum \ 

[,;] 


of dielectric 
magnetic inductive capacity . 

resistance of a conductor . . « 




L° 1 

-7’- 


It 


4 ? 

K 

if 

t? ( specific ronistanco of ft 
(£ ( auhstatuic 

62H,] If the tmit.8 of length, moan, and time tiro tho same in tho 
two systems, tho uumltor of electrostatic units of electricity con- 


[I] 

[IJ 

m 


lu. 

T- 

L- 

U)l. 


ra- 

il?} 
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iained in one electromagnetic unit in numerically equal to a certain 
velocity, tlio absolute value of which does not depend cm the mag. 
nitudeof the fundamental units employed. This velocity in an im- 
portant physical quantity, whirl* wo shall donut 0 hy the symlnd a 

JVuhiltn* of Elect eoUat tc l nuts in *<ne hied rononjnet ic V nit. 

For o, (\ 12, 5), I’. 

For v/i, P , 'l\ <?, SI \ • 


For electrostatic capacity* dielectric inductive capacity, and 
conductivity* vi 

For electromagnetic capacity, magnetic inductive eajmoity, 

and resistance, -«? * 
ir 


Several methods of determining the velocity e will he given 
in Arts. 7G8 780. 

In the electrostatic system the specific. dielectric inductive 
capacity of air in assumed equal to unity. This quantity ia 

therefore represented by ^ in the electromagnetic system. 

In the electromagnetic system the specific magnetic inductive 
capacity of air is assumed equal to unity. This quantity k 

therefore represented hy in the electrostatic system. 

Practical Ptfdem of Electric Vnita. 

<W9.] Of the two systems of units* the electromagnetic in of 
the greater use to those practical electricians who are occupied 
with electromagnetic telegraphs. If, however, the units of 
length, time, and mass are those commonly used in other scientific 
work, such as the tmHre or the centimetre, the second, and the 
gramme, the units of resistance and of electromotive force will 
ho ho small that to express the quantities occurring in practice 
enormous numbers must he used, ami the units of quantity and 
capacity will lie bo large that only exceedingly small f meltons of 
them can over occur in practice. Practical electricians have there- 
fore adopted a set of electrical units deduced hy tho « 4 eciromagnetic 
system from a large unit of length and a small unit of tomtit. 

The unit of length used lor this purpose m ten million of 
metres, or approximately the length of 11 quadrant of a meridian 
of the earth. 
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The unit of time is, as before, one second. 

The unit of mass is Ur 11 grammes, or one hundred millionth 
part of a milligramme. 

The electrical units derived from these fundamental units 
have been named after eminent electrical discoverers. Thus tho 
practical unit of resistance is called the Ohm, and is represented 
hy the resistance-coil issued by tho British Association, and 
described in Art. 310. It is expressed in tho electromagnetic 
Hy.stem by a velocity of 10,000,000 metres per second. 

The practical unit of electromotive force is called the Volt, 
and is not very different from that of a Darnell’s cell. Mr. 
Latimer ( dark has recently invented a very constant coll, whose 
electromotive force is almost exactly M54 Volts. 

The practical unit of capacity is called tho Farad. The 
quantity of electricity which Hows through one Ohm under the 
electromotive force of one Volt during one second, is equal to the 
charge produced in a condenser whose capacity is one Farad by 
an electromotive force of one. Volt. 

The use of these names is found to bo more convenient in 
practice than the constant repetition of tho words * electro- 
magnetic units,' 1 with the additional statement of tho particular 
fundamental units on which they are founded. 

When very largo quantities are to be measured, a large unit is 
formed by multiplying the original unit by one million, and 
placing before its name the prefix mrtja. 

In like manner by prefixing micro a small unit is formed, one 
millionth of the original unit. 

The following table gives the values of these practical units in 
the different systems which have boon at various times adopted. 


KtlJUiAMKXrAl. 

rmowAti 

U. A. Uhcoiit, 

Thomson. 

Wkbkr. 

Bnjym. 

Hyhtkm. 

1803. 




bUo th'a Q,hw Irani t 

Mt in , 

Centimetre, 

Millimetre , 

Turn, 


Second f 

Second, 

Second } 

Mum, 

U) awU Gramme . 

Gramme. 

Gramme. 

Mil Ugramme . 

RtnIntlMin* 

Ohm 

10 7 

10“ 

10'“ 

KUxstrnmoUva form* 

Volt 

l() n 

HI* 

10 u 

Capacity 

Parw.1 

to- 7 

10-“ 

io-“ 

Quantity 

F&md 

to ft Volt.) 

io- 9 

IQ- 1 

10 
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ON ENERGY AND STRESS !N THE KLE <TR< *M Ail NKTIf* FIELD. 
El vet rout a tiv E n r rtjij, 

680. ] The energy of the system may be <li into the 
Potential Energy and the Kinetic Energy. 

The potential energy due to elretrifiention has been already 
considered in Art. 85. It may he written 

W r = i S (!•+). (1) 

where c in the charge of electricity at a place whi te the electric 
potential in T, and the summation in to l*o extended to every 
place whore there 5 b electrification. 

If/, //, A are the components of the electric displacement, the 
quantity of electricity in the (dement of volume dxthjilz in 
aI( <1 r/ ith i * , i 

’ “ (;/; + ,i a + < s > 

,m,i <’» 

where the integration in to bo extended throughout all apace, 

681. j Integrating thin expression by parts, and remembering 
that when the distance, r f from a given point of m finite elec- 
trified system becomes infinite, the jmtentiid becomes an 
infinitely small quantity of the order r K and that j\ ft tasemne 
infinitely small quantities of the order r \ the expression m 
reduced to 

:<<)“'■*<■<>■ w 

where tho integration in to ho extended throughout all apace. 
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If we now write P, Q, P for the components of the electro- 
motive intensity, instead of — ^ ^ and — — 5 we find 

cix ay dz 

W = 4 J'j'j'iBf +Qg + Rh)dxdydz.* (5) 

Hence, the electrostatic energy of the whole field will he the 
same if we suppose that it resides in every part of the field where 
electrical force and electrical displacement occur, instead of being 
confined to the places where free electricity is found. 

The energy in unit of volume is half the product of the electro- 
motive force and the electric displacement, multiplied by the 
cosine of the angle which these vectors include. 

In Quaternion language it is — J 


Magnetic Energy. 


1 632.] We may treat the energy due to magnetization in a way 
similar to that pursued in the case of electrification, Art. 85. If 
A, B, C are the components of magnetization and a, /3, y the 
components of magnetic force, the potential energy of the system 
of magnets is then, by Art. 389, 


■\ fff ( Aa + Bj3 + Cy)dxdydz , 


( 6 ) 


the integration being extended over the space occupied by mag- 
netized matter. This part of the energy, however, will be 
included in the kinetic energy in the form in which we shall 
presently obtain it. 

633.] We may transform this expression when there are no 
electric currents by the following method. 

We know that da db dc 

S + % + S = °- <7) 


* {This expression for the electrostatic energy was deduced in the first volume on 
the assumption that the electrostatic force could be derived from a potential function. 
This proof will not hold when part of the electromotive intensity is due to 
electromagnetic induction. If however we take the view that this part of the 
energy arises from the polarized state of the dielectric and is per unit volume 

(f 2 + g 2 + h 2 ), the potential energy will then only depend on the polarization 


8t tK 


of the dielectric no matter how it is produced. Thus the energy will, since 


f _ r> 9 _ o _ h _ _ p 
T Vk 4ttjs: “ ^ ittK ’ 

he equal to -|(P/+ Qg + Bh) per unit volume.} 

•f See Appendix I at the end of this Chapter, 
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Hence, by Art. 97, if 

da da da 

a dx 9 dy i— * 3 ^ ~~ dz 3 

as is always the case in magnetic phenomena where there are no 
currents, r r r 

/ / (aa + hft + cy)dxdydz=0, ( 9 ) 

the integral being extended throughout all space, or 

Iff (/^ + 4 i?) /3 4- (y + 4 7r(7) y } dx dy dz = 0. (10) 

Hence, the energy due to a magnetic system 
— 4 fff (Aa + JBp + Cy)dxdydz = J (a 2 + j3 2 + y 2 )dxdydz y 

= ffdxdydz. (11) 
j Electrofoinetic Energy . 

634] We have already, in Art. 578, expressed the kinetic 
energy of a system of currents in the form 

2 7 = 42 (^), (12) 
where 50 is the electromagnetic momentum of a circuit, and i is 
the strength of the current flowing round it, and the summation 
extends to all the circuits. 

But we have proved, in Art. 590, that p may he expressed as 
a lino-integral of the form 

*-/('= +0 ; % +B >’ <”> 
where F 9 0 } II are the components of the electromagnetic mo- 
mentum, St, at the point (x,y,z), and the integration is to be ex- 
tended round the closed circuit s. We therefore find 

r P — x Vo C ( T?-® _l_ a ( M Q i-\a\ 


J v ds ds ds' 


If u, v, w are the components of the density of the current at 
any point of the conducting circuit, and if S is the transverse 
section of the circuit, then we may write 

i — = uS, = vS, = wS, (15) 

ds ds ds v ; 

and wo may also write the volume 

Eds c= dxdydz , 



and we now find 
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T = 1 


j j'J (Fu + (h: + // w)<l,rtly<lz, (16) 


wlioro tho integration is to l>o extended to every part of space 
where there are electric currents. 

<535. ] Let us now substitute for u,v,v > their values as given 
by the. equations of electric currents (K), Art. 607, in terms of 
tho components u, ,-i, y of the magnetic force. Wo then have 




where the integration in extended over a portion of space in- 
cluding all tho cumaitH. 

If we integrate thin by parts, and remombor that, at a great 
distance r from the nystem, a, }i< and y are of the order of 
magnitude r l \ land that at a surface separating two media, JP 
(r, //, and the tangential magnetic force are continuous,} *we find 
that when the integration is extended throughout all space, the 
expression in reduced to 

i nn t dU da, Jt dF dll. ,d,u dV.\ 

= »«JJJn iiv-d* u lt (,h~d B ) + *(<i*—d y 

iv equations (A), Art. fdH, of magnetic induction, we may 
Hiihstitute for the quantities in small brackets the components 
of magnetic induction </, h, <*, so that the kinetic energy may he 
written , rrr 

T k ^ ^ J j j ( a a + v y) dx dydz, (19) 


iyd:. (18) 


where the integration in to ho extended throughout every part of 
space in which the magnetic force and magnetic induction have 
values differing front zero. 

The quantity within brackets in this expression is tho product 
of the magnetic induction into tho resolved part of tho magnetic 
force in its own direction. 

In the language of quaternions this may ho written more simply, 

where 11 is tint magnetic induction, whoso components are a, b,c, 
and $ is the magnetic force, whoso components are «, 0, y. 

(53(5. ] The electrokinetic energy of tho system may therefore 
ho expressed either as an integral to he taken whore there are 
electric currents, or as an integral to ho taken over every part of 

vo i,. u. T 
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the field in which magnetic force exists. The first integral, 
however, in the natural expression of the theory which supposes 
the currents to act upon each other directly at a dint mice, while 
the second is appropriate to the theory which endeavours to 
explain the action between the currents by menus of Home 
intermediate action in the space hetween them, Ah in this 
treatise we have adopted the latter method ot investigation, 
wo naturally adopt the second expression na giving the most 
significant form to the kinetic energy. 

According to our hypothesis, we assume the kinetic energy to 
exist wherever there in magnetic force, that K in general, in 
every part of the field. The amount of this energy per unit of 

volume is — * aS* . W and this energv exists in the form of same 

8rr 

kind of motion of the matter in every portion of apace, 

When we come to consider Faraday’s disci *very of the effect 
of magnetism on polarised light, we shall point out masons for 
believing that wherever there are lines of magnetic force, there 
is a rotatory motion of matter round those linen. See Art. 82L 

Mat) nut tv and Efrrt rule! neti\' Km r*jy nnn/ta m/, 

037,] We found in Art. 423 that the mutual potential energy 
of two magnetic shells, of strengths */• ami *f*\ and hounded by 
the closed curves n ami / respectively, m 

f'fcnH t , # # 

II tint in , 

where < is the angle 1 between the directions of d* ami dn\ and r 

is tlni distance hetween them. 

We also fount! in Art, &21 that the mutual energy of two 
circuits s and s', in which currents 1 and i* flow, in 

If i, are equal to </*, <t* f respeetively, the mechanical action 
between the magnetic shells is equal to that lietween the cor- 
responding electric circuits, and in the same direction. In the 
ease of the magnetic shells the force tends to diminish their 
mutual potential energy, in the case of the circuits it tends to 
increase their mutual energy, because this energy is kinetic. 

It is impossible, by any arrangement of magnetized matter, to 
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produce a system corresponding in all respects to an electric 
circuit, for the potential of the magnetic system in single valued 
at every point of space, whereas that of the electric system is 

many-valued. 

But it is always possible, by a proper arrangement of infinitely 
small electric circuits, to produce a system corresponding in all 
respects to any magnetic system, provided the line of integration 
which we follow in calculating the potential is prevented from 
passing through any of these small circuits. This will ho more 
fully explained in Art. 833. 

The action of magnets at a distance is perfectly identical with 
that of electric currents. We therefore endeavour to trace both 
to the same cause, and since we cannot explain electric currents 
by means of magnets, wo must adopt the other alternative, and 
explain magnets by means of molecular electric currents. 

688.] Iti our investigation of magnetic phenomena, in Part III 
of this treatise, we made no attempt to account for magnetic 
action at a distance, hut treated this action as a fundamental 
fact of experience. We therefore assumed that the energy of a 
magnetic system is potential energy, and that this energy is 
drmin!nftctl when the parts of the system yield to the magnetic 
forces which act on them. 

If, however, we regard magnets ns deriving their properties from 
electric currents circulating within their molecules, their energy 
is kinetic, and the force' between them is such that it tends to 
move them in a direction such that if the strengths of the cur- 
rents were maintained constant the kinetic energy would increawi 

This mode of explaining magnetism requires us also to abandon 
the method followed in Puri III, in which we regarded the magnet 
as a continuous and homogeneous body, the minutest part of 
which has magnetic properties of the same kind as the whole. 

We must now regard a magnet as containing a Unite, though 
very great, number of electric circuits, so that it has essentially 
a molecular, as distinguished from a continuous structure. 

If we suppose our mathematical machinery to bo so coarse 
that our line of integration cannot thread a molecular circuit, 
and that an immense number of magnetic molecules are contained 
in our element of volume, we shall still arrive at results similar 
to those of Part 111, but if we suppose our machinery of a liner 
order, and capable of investigating all that goes on in the 

T % 
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interior of the moleculcn, we muni giv« up the old theory of 
magnotinm, and adopt that of Amprtv* which admit* of j l0 
magnets except theme which euiinist uf tdcHric currents. 

Wo must also regard doth magnetic and electromagnetic 
energy an kinetic energy* and we mti*f atirilmte to it the proper 
Btgn, aa given in Art. I»:i5. 

In what follows* though we may occasionally, m in Art. 1139 
&C M attempt to carry out I lit' old theory of magnet ism* we .shall 
find that wo obtain a perfectly comuhteut system only whm we 
abandon that theory and adopt Ampere's theory of molecular 
currents, as in Art. <M*t. 

The energy of the field therefore consist* of two parts only, 
the electrostatic or potential energy 

F = i fff i Ith) tl.nl 

and the electromagnetic or kinetic energy 

r = fJJ (<ta + f>(i + 


ON THK KOltUKH WHICH ACT us AX K!,K\tl\T UN \ |mj,y 
I’KAOKU IN THK KKKiTUitMAUNKTIi) KIKt.O. 

Farcra Util 111/ mi it Miti/nrth’ b'lrmmt. 

*63!). j Thu potential energy of the ebuent d.rdydz ( ,f a |,<„|y 
magnetized with nn intensity whose components me ,j, f{ t q 
mid pin cod m it iudd of luw^tictic ftirn* whoso components arc 
«- ti> y* > H -{/I « I H,i 4 ( 'y)d.td :l di. 

Hence, if the force urging the element to move without rotation 
in tho direction of x in A', dj-dyd;. 


X x 


if X flX tlx 


and if tho moment of the couple tending t«» turn 
about the axis <»f ,r from •;/ towards ; is I,d.nlyd;, 


( 1 ) 

the element 


L cs It y (2) 

Hie forces and the moments corresponding to the axes of y 
and s may ho written down by making the proper substitutions, 
040. | If the magnetized body carries an electric current, of 
which tho components are u, »*, n\ then, by equations {( '), Art, 1503, 

• Hm Api.emli* li at t).» «mil of till. » ItsjiWir, 
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there will In' an additional electromagnetic force whoso com- 
ponents are A’ a , II, Z.,, of which A'., is given by 

A'., — vc -v'h. ( 3 ) 

lionets the total force, A', arising from tho magnetism of the 
molecule, as well as tint current passing through it, is 


A- = /i 

Uu' <(.r tLc 


(0 


Tho quantities a, v arc tho components of magmatic induction, 
and arc rolatod to «* /4, y, tho components of magnetic force, hy 
the equations given in Art. 4 00 , 

a = a + 4 7T A , 

A =s /4 -}• 4 n .//, 

, e ss y + 4 n (A 

The components of the current, u, v> w, can he expressed in 
terms of a, ;i f y hy the equations of Art*, 007, 

\ 


4 77 n i 

4 it o i 
4 TtW ; 


Hence 


tly dft 
: d y dP 

(I a ( / y 

: ~~ <U 5 

<//4 of a 

: ax ~ * 


( 6 ) 


■v - + - * t + i'-«t + * c v - s + - & - id} 

(7) 

(«) 


Iff/ a . f/ a d a id , „ „ ) 

= 4 a Tdx + h dy + r dz " 2 <Tr ( a ‘ + + ' 

By Art, 403, <la + <ll> + <ic == 0. 

u.r of// (/; 

Multiplying this equation, (k), hy «, end dividing hy 4 n, wo 
may add tlm result to (7), and wo find 

X = ~ L«* - i («* + /<■ + rfl + ,;'|H + j 1 . M } , (») 


also, hy ( 2 ), 


/, 


( 10 ) 


4 nr 


(by-c/i), 


(») 


where A r is tho force referred to unit of volume in the direction 
of a-, and L is tho moment of the forces (per unit volume) about 
tins axis. 
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Oil the Kxpht nation of these Forves ftp the lltfjHithrmi* of a 
Medium in a Mate of Strew*, 

641. | Lot uh denote a stress of any kind referred to unit of 
area by a symbol of tin* form J hk , when* the first suffix, ht 
indicates that tho normal to tho surface on which the stress is 
supposed to act is parallel to Urn axis of h % and the seeund 
suffix, fc1 indicates that tho direction of tin* stress with which 
tho part of the body on tin* positive side of tho surface acts on 
the part on the negative side is parallel to the axis of k. 

Tho directions of// and k may he the name, in which case the 
stress is a normal stress* They may he oblique to each other* in 
which ease the stress is an oblique stress t or they may be perpen- 
dicular to each other, in which ease the stress is & tangential 
stress. 

The condition that the stresses shat! not produce any tendency 
to rotation in the elementary portions of the body is 

— ***** 

In tho case of a magnetized body, however, there is such a 
tendency to rotation, and therefore this condition, which holds 
in the ordinary theory of stress, is not fulfilled. 

Let ns consider the effect of the stresses on tho six sides of 
the elementary portion of the hotly tivtlpdz, taking the origin 
of coordinates at its centre of gravity. 

On tho positive face dydz, for which the value of x m |c h\ 
tho forces are ~ 

Parallel to ./■, ( 4, + | 'f; <Lt) d,,dz = A% „ \ 

Parallel to y, (7;, + \ d f*dx)dydz =}};,. I (12) 

d P 

Parallel to s, (/;.+ 1 (j ‘Jdx)d,jdz a Z„. f 

Tim fore, oh acting on Urn opposite side, -X ~Y„„, ami 
"~X *> >»ay 1® found from those liy changing tho sign of ds. 
Wo may express in tho same way this systems of three forces 
acting on each of this other faces of t,ho element, this direction 
of tho force being indientod hy tho capital letter, wul this face on 
which it acts hy tho suffix. 
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If Xdxdydz is the whole force parallel to a acting on the 
element, 0 

Xdxdydz = X +x + X +v + X +z +X_ x +X_ v + Z_ z> 

— fdPxx . dT? v a, dP^ \ 7J7 

~^dx + -d^ + -dj) dxd y dz ’ 


whence X = — p + —F a-—P 

dx^dy^dz*™' ( 13 ) 

11 L dxdy dz is the moment of the forces about the axis of x 
tending to turn the element from y to z, 

Ldxdydz = $ dy (Z +v ~Z_ v )-\ dz (Y +z - F ,), 
P tv )dxdydz, 

whence L = P v ,~P, y . (14) 

Comparing the values pf X and L given by equations (9) and 
(1 1) with those given by (13) and (14), we find that, if we make 

p xx = ~^ {«<*-£ (a 2 + /3 2 + y 2 )}, \ 

± {bp-Hcd + p+y 2 )}, 


P 

M VV 


P = 

-Ly z 


P = 


h ^ 

-i(a 2 + /3 2 + y% 

4>’ 

^*y “ 4^ c ^ 5 

1 

_ l 

4^ Ca ’ 


s 0 * 



(15) 


the force arising from a system of stress of which, these are the 
components will be statically equivalent, in its effects on each 
element of the body, to the forces arising from the magnetiza- 
tion and electric currents. 

642.] The nature of the stress of which these are the com- 
ponents may be easily found, by making the axis of x bisect 
the angle between the directions of the magnetic force and 
the magnetic induction, and taking the axis of y in the plane 
of these directions, and measured towards the side of the 
magnetic force. 

If we put Jq for the numerical value of the magnetic force, 
23 for that of the magnetic induction, and 2 e for the angle 
between their directions, 
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a = .£) cos e, 
a = 33 cos e, 


P = —$ sin e, 
b = — 58 sin e, 


y = 0 


°*l 
0 ; / 


[642. 

(16) 


P ct = ^( + S3^cos 2 €-J^\ 

P — 2 

•Lyz — -*■ 


p _ r _ 0 


T xy = — 93£ cos e sin e, 


477 


P yx — — — 23<£> cos e sra e. 


(17) 


4 7T 


Hence, the* state of stress may be considered as compounded 
of— 

(1) A pressure equal in all directions = — fi 2 . 

87 r 

(2) A tension along the line bisecting the angle between the 
directions of the magnetic force and the magnetic induction 

= ^ = 33§oos 2 «. 

(3) A pressure along the line bisecting the exterior angle 

1 


between these directions = 


47T 


sin 2 e. 


(4) A couple tending to turn every element of the substance 
in the plane of the two directions from the direction of magnetic 

induction to the direction of magnetic force = — sin 2 e. 

w 4 7T 


When the magnetic induction is in the same direction as the 
magnetic force, as it always is in fluids and non-magnetized 
solids, then e = 0, and making the axis of x coincide with the 
direction of the magnetic force, 


47 r 




P : 

- L VV 


F **~ Sv®*’ 


(18) 


and the tangential stresses disappear. 

The stress in this case is therefore a hydrostatic pressure 

~ <£) 2 , combined with a longitudinal tension — 33 <5 along the 
87 r 47 T 

lines of force. 
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<>4.M 

(M3. | When Hi ere is no magnetization, © = and the stress 
is nil 1 1 further simplified, being a tension along the linos of 

force equal to 1 *£r, eomhined with a pressure in all directions 

at right angles to the line of foree, numerically equal also to 

1 The components of stress in this important case are 

8 ft 


imponcnts 

of stress 

in 

this i 


IL 

=: 1 (id- 

-d- 

~r)> 


K» 

- „>- 

~T 



J‘ w - 

- ' (y-- 

8 V W 

-a J 

-/**)> 

u.= 


> 

If 





l 



J'mf 585 


= 4 7T ya> 



I* 3g£ 

*€t> 

1W 

1 . 
= «H» 

4ir ' 




The .r-c.oinptmi'iit of the force arming from those stresses on an 
element of the medium referred to unit of volume is 

dy*-* dz*-' 

i t .In ,t A i/n) 1 f dli da) 1 ( dy da) 


1 ( da dyi dy) If d/i 
4 tr { U da 1 da y dx ) 4 v\‘ dy 

1 An , dd dy, l id a dy, 
4 dy i h’ 4ir y h/s dx' 


d a) 1 ( dy 

ft dy\ + ^{ a 


! y) 4 tt 1 dz 

— pdr-T 

4 it 'dm dy 


ly da) 
iz + y dz \ ' 


da d d dy 
dx + dy + dz 

da dy 

dz ~ dm ~ 


s 4 7rm, 
4 IT U, 
i 4 irWi 


dft da 

-™ 4 irW, 

dm dy 

where ttx is the density of austral magnetic matter referred to 
unit of volume, and v and w are the intensities of electric 
currents pmqsmdknilar to y and z respectively. Hence, 
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Similarly 


KNK 

lit; V AM* 

ST U MSS. 

["■IS. 

.V ” 

<»m f »y 

a A. j 

( K*t until ms of 

Y ~ 

,im i ('• ii 

«y. - 

gm (20) 

Z T- 

ylll t n .i 

- r*i. / 



644,] If wo adopt the theories of Amp-jv and U **her as to 
the natures of magnetic and diamagnetic bodies, and h estnne that 
magnetic and diamagnetic p* larity arc tine t«» muteeuhir electric 
currents, wo got rid of imaginary magnetic matter, and find that 
everywhere m = o, and 


(la 

ttj' 


■4 


if A tf y 

4 / 

o if «/; 


( 21 ) 


so that tint ('(jiiationH of t‘Ii , etr<mms'ii< , f io fmw hriMtui' 

X ~ ) 

V ~ " 0 * . i( y t ■ (22) 

Z u f i » tut. / 

These are the components of the mechanical force referred 
to unit of volume of the substance. dim components of the 
magnetic force are a t ,i t y % and those of the electric current arc 
u, v s v\ These equations are ideniicid with those already 
established. (KqtmtitmH ((*g Art. non.) 

645.] in explaining the electromagnetic force by means of 
a ntato of HtrcHs in a medium, we are only following out the 
conception of Faraday*, that the linen of magnetic force tend 
to shorten themselves, and that they repel each other when 
placed Hide hy side. All that we have done in to express the 
value of the tension along the linen, and the pressure at right 
angles to them, in mathematical language, and to prove that the 
state of stress thus assumed to exist in the medium will actually 
produce the observed forces on the conductors which curry 
electric currents. 

We have assorted nothing m yet with respect to the mode 
in which this state of stress is originated and maintained in the 
medium. We have merely shewn that it is possible to conceive 
the mutual action of electric currents to depend on a particular 
kind of stress in the surrounding medium, instead of being 
a direct and immediate action at a distance. 

Any further explanation of the state of stress, by means of 
the motion of the medium or otherwise, must be regarded as 


i&jfi. Mm i. t »$, aw, nm. 
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a separate and independent part of flic theory, which may stand 
or fall without aheeling our present position. See Art. 832. 

In the first part of thin treatise, Art. 108, we showed that the 
observed electrostatic* forces may bo conceived an operating 
through the intervention of a states of stress in Llu v , surrounding 
medium. Wo havo now done the same for the electromagnetic 
forces, ami it remains to lm neon whether the conception of 
a medium capable of supporting those states of stress is consistent 
with other known phenomena, or whether wo shall havo. to put 
it aside as unfruitful. 

In a Hold in which electrostatic, as well as electromagnetic 
action is taking place, we must suppose the electrostatic stress 
described in Part I to he superposed on the electromagnetic 
stress which we have been considering, 

(540. ] If we suppose the total terrestrial magnetic force to bo 
10 British units (grain, foot, second), as it is nearly in Britain, 
then the tension along the lines of force is 0*128 grains weight 
par square foot. The greatest magnetic tension produced by 
Joule * by means of electromagnets was about MO pounds 
weight on the square inch, 

* HturtfwmM Annul* ttf* Kteclrimt it t vt*L v. t>. 187 (18*10); or Ph Humph ical Mamtzi n<> 
Doc. 1851. 
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[Th« following note, derived loan a \vli% r wiinoi W Pr«*fW*H"r ilrrk Mnswtill to 
ProfoHBor ("hryntab i» ixuiNirlitul in eii*iii*>xn»M with A t tn, > i< and f ».’!;! ; 

la Art, 389 tin* energy dun to f lit' presence of' n magnet whom* mag- 
netization componenta an* J n /> 3 , (\ , placed in a thdd wlemr magnetic 
force component# are a., gh, y x i» 

-f/J\A x a,-h f% f i \ } : ) 

wlicro the integration in confined lx* the magnet in virtue of A x% H v (* 
being zero everywhere elne* 

jiut the whole energy in of the form 

— .J \///\ t*tj -f A.) (a, f a A \ &v. { tLvdi/dz, 
the integration extending to even part of *p.u e where there are mag- 
netized bodien, and J. r //., t \ 3 denoting the eomponeufa of magnetization 
at- any point exterior to the magnet. 

The whole energy than eonm*t* of four part* : 

~i ///(■*« M i + A^W-r./yi/r, (I) 

which in count ant if the magnet izatim* of the magnet in rigid ; 

I \ t a i 4 (2) 

which in equal, hy UreenV Theorem, to 

— 1 d , « f + ki\) dfthjd z k ($) 

and - k//jV*<h * &v>)dxdydz, (4) 

which hint wo may Mippone to urine from rigid magnet i/ationa ami there- 
fore to be emixtiint. 

Hence t!m variable part of the energy of the nmveahle magnet, m 
rigidly magnetized, in the xtim of the evprea* dmia i'J) and ill), vi/.. t 
—J'//{A i tty 4 // } ,1. } 4 <\ YA dxdt/d 
Hemembering that tin* displacement of the magnet altera the value# of 
«** fix' y y * hut not thorn* of A t , /q, f \ , we find for the component of the 
force on the magnet in any direction </» 



If instead of a magnet we have it hotly magnetize*! by induction, the 
exprenriun for the force tmmt la* the name, viz., writing A t jee ku, &c„ 



hi thin expression a in put for tt t 4 « 3 , &v. t hut if either the magnetized 
body ho small or *c he anmll we may neglect a t in com pari aim with « fl 
ami the expression for the force become?*, nn in Art. 440, 

dif) * fff* ^ 4 + Y *) dxdijdz, 

Tim work done by the magnetic force* while 11 W»dy of inductive 
capacity, magnetized imluctivtdy, in earned off to infinity in only half 
of that for the wiuie hotly rigidly nmgmdi/ed to the mi me original 
strength, for m the induced magnet in earned off it \m%rn it# strength.] 
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[Objection has been taken to the expression contained in Art. 639 for 
the potential energy per unit volume of the medium arising from mag- 
netic forces, for the reason that in finding that expression in Art. 389 we 
assumed the force components a, ft y to be derivable from a potential, 
whereas in Arts. 639, 640 this is not the case. This objection extends 
to the expression for the force X, which is the space variation of the 
energy. The purpose of this note is to bring forward some considerations 
tending to confirm the accuracy of the text.] 

{The force on a piece of magnetic substance carrying a current may for 
convenience of calculation be divided into two parts, (i) the force on the 
element in consequence of the presence of the current, ( 2 ) the force 
due to the magnetism in the element. The first part will be the same 
as the force on an element of a non-magnetic substance, the components 
being respectively, 

yv—/3w } (u, v, w being components 
aw — yu , J of current, a, ft y those 
/Bu — av, (of magnetic force. 

To calculate the second force imagine a long narrow cylinder cut out 
of the magnetic substance, the axis of the cylinder being parallel to the 
direction of magnetization. 

If I is the intensity of magnetization the force parallel to x on the 
magnet per unit volume is 



or, if A, Bj 0 are the components of I, 


. da ~da n da 
A — + £---+0 — , 
dx dy dz 


a t* +b (tx- 4 ™} +g (t* + ^ 


dx ' ~ k dx 

The total force on the element parallel to a? is therefore 

y V -p W+ A d £+B(^-4vw)+C(-£+iTlv), 


or 


dx 

. da _ dB ~ dy 

v (y+±irC)-w{P+iTTB)+A-^ ; +B-j x +C i;e , 


i. e. 


7 a da ± n d/3 ±r dy 
vc-wb + A -Sxr + ° !Z’ 


dx 


dx 


the expression in the text.} 



CHAPTER XII. 


<T JfliMNT-SH 


(547. 1 A fTitUKNT-HHKKT i h an infinitely thin stratum of eon- 
clue, ting matter, bounded cm both sides hy insulating media, so 
that electric currents may flow in the sh«*et, hut cannot escape 
from it except at certain points called Electrodes, where currents 
are made to enter or to leave the sheet. 

In order to conduct a finite electric* current, a real sheet must 
have a finite thickness, and might therefore* to he considered 
a conductor of threes dimensions. In many cases, however, it in 
practically convenient to deduce the electric properties of a real 
conducting sheet, or of a thin layer of roiled wire, from those of 
a current-sheet an defined above. 

We may therefore regard a surface of liny form m a current* 
sheet. Having selected one aide of this surface an the positive 
sidc% we shall always suppose any lines drawn on the surface to 
bo looked at from the positive side of the surface. In the c use 
of a closed surface we shall consider the outside m positive. See 
Art. 294, whore, however, the direction **f the current in defined 
as seen from the vq/atire side of the sheet 

The Vu rent t */ n n rt 1 on. 

C>48„] Ltd, a fixed point A on the surface l*o chosen .as origin, 
and let a line he drawn on the surface from A to another point 
J\ Let the quantity of electricity which in unit of time crosses 
this line from left to right ho </% then <f> is called the Current* 
funedion at the point 1\ 

The current-function depends only on the position of the 
point V and is the same for any two forms of the liu© Al\ 
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provided this line can be transformed by con tin uous motion 
from one form to the other without passing through an electrode. 
For the two forms of the line will enclose an area within which 
there is no electrode, and therefore the same quantity of 
electricity which enters the area across one of the lines must 
issue across the other. 

If s denote the length of the line AP, the current across ds 

from left to right will he — ds. 

as 

If (j) is constant for any curve, there is no current across it. 
Such a curve is called a Current-line or a Stream-line. 

649.] Let \f/ be the electric potential at any point of the sheet, 
then the electromotive force along any element ds of a curve 
will he 

— ds. 


provided no electromotive force exists except that which arises 
from differences of potential. 

If \j/ is constant for any curve, the curve is called an Equi- 
potential Line. 

650.] We may now suppose that the position of a point on 
the sheet is defined by the values of $ and \j/ at that point. 
Let dsj L be the length of the element of the equipotential line ifr 
intercepted between the two current lines $ and <fi + d<f), and let 
ds 2 be the length of the element of the current line <j6 intercepted 
between the two equipotential lines \[r and \fr + d\j/. We may 
consider ds 1 and ds 2 as the sides of the element d(/>d\j/ of the 
sheet. The electromotive force — d\l/ in the direction of ds 2 
produces the current d(f> across cfej. 

Let the resistance of a portion of the sheet whose length 
is ds 2 , and whose breadth is ds Xi be 

ds 2 


where <r is the specific resistance of the sheet referred to unit of 


area, then 


whence 


ds 0 


ds 1 ___ 

d<p d\j/ 

651.] If the sheet is of a substance which conducts equally 
well in all directions, ds 1 is perpendicular to ds 2 . In the case 
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[652. 


of a sheet of uniform resistance cr is constant, and if we make 
•*//• ~ crfa, we shall have 

bs 2 bfa 


and the stream-lines and equipotential lines will cut the surface 
into little squares. 

It follows from this that if fa and fa' are conjugate functions 
(Art. 183) of (j) and fa, the curves fa may be stream-lines in the 
sheet for which the curves fa' are the corresponding equi- 
potential lines. One case, of course, is that in which fa = fa 
and fa' = —cf). In this case the equipotential lines become 
current-lines, and the current-lines equipotential lines *. 

If we have obtained the solution of the distribution of electric 
currents in a uniform sheet of arty form for any particular case, 
we may deduce the distribution in any other case by a proper 
transformation of the conjugate functions, according to the 
method given in Art. 190. 

652.] We have next to determine the magnetic action of a 
current- sheet in which the current is entirely confined to the 
sheet, there being no electrodes to convey the current to or from 
the sheet. 

In this case the current-function <f> has a determinate value at 
every point, and the stream-lines are closed curves which do not 
intersect each other, though any one stream-line may intersect 
itself. 


Consider the annular portion of the sheet between the stream- 
lines <f> and 4> + b<f). This part of the sheet is a conducting cir- 
cuit in which a current of strength 6 <p circulates in the positive 
direction round that part of the sheet for which <p is greater 
than the given value. The magnetic effect of this circuit is the 
same as that of a magnetic shell of strength b <fi at any point not 
included in the substance of the shell. Let us suppose that the 
shell coincides with that part of the current-sheet for which cf> 
has a greater value than it has at the given stream-line. 

By drawing all the successive stream-lines, beginning with 
that for which cf> has the greatest value, and ending with that 
for which its value is least, we shall divide the current-sheet 
into a series of circuits. Substituting for each circuit its corre- 
sponding magnetic shell, we find that the magnetic effect of the 


* See Thomson, Oamb. Math . Journ., vol. iii. p. 286 . 
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^ 53 *] 


current-sheet at any point not included in the thickness of the 
sheet is the same as that of a complex magnetic shell, whose 
strength at any point is 0+ <£, where 0 is a constant. 

If the current-sheet is bounded, then we must make G+<p = 0 
at the bounding curve. If the sheet forms a closed or an in- 
finite surface, there is nothing to determine the value of the 
constant C. 


653.] The magnetic potential at any point on either side of 
the current-sheet is given, as in Art. 415, by the expression 

D - =ff±<t> cos eds, 


where r is the distance of the given point from the element of 
surface dS, and 6 is the angle between the direction of r, and 
that of the normal drawn from the positive side of dS. 

This expression gives the magnetic potential for all points not 
included in the thickness of the current-sheet, and we know 
that for points within a conductor carrying a current there is no 
such thing as a magnetic potential. 

The value of £2 is discontinuous at the current-sheet, for 
if is its value at a point just within the current-sheet, 
and £2 2 its value at a point close to the first but just outside 
the current- sheet, 

* £ 2 2 = &!+ 4 

where <£ is the current-function at that point of the sheet. 

The value of the component of magnetic force normal to the 
sheet is continuous, being the same on both sides of the sheet. 
The component of the magnetic force parallel to the current- 
lines is also continuous, but the tangential component per- 
pendicular to the current-lines is discontinuous at the sheet. If 
s is the length of a curve drawn on the sheet, the component of 
magnetic force in the direction of ds is, for the negative side, 


d&i , - ... . , dil 2 da x d4 > 

— and tor the positive side, — —7-* = ~ — 471-7 — 

ds r ds ds ds 

The component of the magnetic force on the positive side 


therefore exceeds that on the negative side by At a 

given point this quantity will be a maximum when ds is per- 
pendicular to the current-lines. 


25)0 


rrKimxT-siiKi:m 


On the I ml tut inn »f Klrt trie Current* in n Sturt tf 
Infinite Cnntimtint’f, 

054"| It wiik «hf\v« iu Art, 5r<» that in uny rin-uit 

where K in the impream*d elect roin*»iiv*i force, p the *4i*rtro. 
kinetic momentum of tin* circuit. W ilm r«ed?4tu ice *.f the circuit, 
and / the current round it* If there in in* impound electro- 


motive force and no roHiatiuire, then 


II, t»r p in rouritntit. 


Now />* the elertrokinctic momentum of the rirruit, wiih 
nhrvvn in Art* f»H8 to hr ttinumrcd l*v the mi r hire integral of 
magnetic indurtion through the rirruit, lining in the mm* 
of a curront-nheet of no reidatanoe, the nurture integral of mag- 
netic induction through liny closed curve drawn on the Hurfact* 
inuat hr conHtiuit, and thin itujilir^ tlmt the norma! component 
of magnetic induction remain** vumlnnt fit every point uf the 
current-Hheet. 

(155, j If, therefore, hy the motion of tnagneh* or vnriatumH 
of currents in tin* mighhutulmmi, the magnetic field in in any 
way altered, electric rtirrriitH will h* sol up in the current -dart, 
Much that their magnetic effect, roinhiiird with that of tin* 
magnets or current* in tin 1 fir Id, will nmmtmn tin* normal 
component of magnetic indurtion nt every point uf tin? alirrt 
unchanged, If at firm there in n*» magnetic notion, nn«t no 
currents in the sheet, then the norma! component of magnetic 
induction will always ho /.« ro nt every point of the sheet 

The sheet may therefore \m regard**! m imjiervmnH to mag 
noth* induction, and the linen of magnetic induction will h* 
dull unit'd hy the sheet exactly in the name w »y it» tin 4 tiis** 
of How of nn electric current in nn infinite and uniform coin 
dueling nmm would ho deflected hy th« introduction uf n 
Hhot't of the name folio made of ii auhatnnoo of titlinife ve- 
nial aneo. 

If the sheet forma 11 closed or nn infinite utti-fitee, no magnetic 
actions which may fake plane on one tddo «(* the sheet will 
produce any magnetic effect on the oilier *id«*» 
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Theory of a Plane Current-sheet . 


656.] We have seen that the external magnetic action of 
a current-sheet is equivalent to that of a magnetic shell whose 
strength at any point is numerically equal to <£, the current- 
function. When the sheet is a plane one, we may express all 
the quantities required for the determination of electromagnetic 
effects in terms of a single function, P, which is the potential 
due to a sheet of imaginary matter spread over the plane with 
a surface-density <j>. The value of P is of course 


ffUx'dy', (1) 

where r is the distance from the point ( x , y, z) for which P is 
calculated, to the point (x\ y\ 0) in the plane of the sheet, at 
which the element dx' dy f is taken. 

To find the magnetic potential, we may regard the magnetic 
shell as consisting of two surfaces parallel to the plane of xy, the 


first, whose equation is z = \ c, having the surface-density - > and 

o 

the second, whose equation is 0 = — £c, having the surface- 


density — ~ • 

The potentials due to these surfaces will be 

and 


-P/ A 


-P ( 

c (s+; 


: ) 


respectively, where the suffixes indicate that z — - is put for z 


in the first expression, and z + 


- for z in the second. 
2 


Expanding 


these expressions by Taylor's Theorem, adding them, and then 
making c infinitely small, we obtain for the magnetic potential 
due to the sheet at any point external to it, 


«--£• < 2) 
657.] The quantity P is symmetrical with respect to the 
plane of the sheet, and is therefore the same when —0 is 
substituted for 0 . 

12, the magnetic potential, changes sign when —0 is put for 0 . 
At the positive surface of the sheet 
_ dP 

£l = — = 277 <£. 

dz 


( 3 ) 
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At the negative surface of the sleet 


Within tin* sheet, if its magnetic etl'eet* ari-e from the mag. 
netization of its substance, lie- magmtir varies con- 

timiously front *-’j r</> at Ut<* positiv.- »urfnee to at the 

negative surface. 

If the Hhoft contains electric current*, tin* magnetic force within 
it doos not satisfy tin* condition of Inn ini' a potential. The tttag. 
notic force within the shoot is, however, js-rf.-ctly determinate. 

Tin* normal component, 

,/.u .//• 

y ./; </r * (5) 

is the same on hnth shies ot the shoot and throughout its 
sul (Stance. 

If a nmi ji he the component* of tin* magnetic force parallel to 
,r »uul to y at the positive surface, ami *»', i those on the negative 

Kurfactv, , t4 , , 

a w ~ •„> sr , " - a , (li) 


«*;/ 

Within tho nhuot tho vutn\n>nvnt& vary wniinummly from 
and f i to a and f i\ 

f| « . </ li *ta it u 

"ho equations • — ■ f * j 


<lll 

iit< 

<1 U , 

it tj 

” <h 

<t., ' ) 

tip 

<111 

•lu 

dz 

<l.r 

,! </ ' 

da 

_ <IF 

<1 V. j 

djr 


" ,/• ‘ > 


which connect tho comjHmoutN F> (t\ // nf tin* vootor-jwtontial 
duo to tho curront-Hhoot with fin* wmlar jtulriiliiil il* &r« natinflecl 
if wo makii ^ ,u. „ ,, („ 

</*/ */a: 

Wo may &1ho obtain thowi vnltm* hy direct integration* thus 
for F {wo have by Art. iMtf if ^ in ovory whom oiftml to unity j> 
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llit> integration in to Iks estimated over the infinite plane 
1 since tlm first term vanishes at infinity, the expression 
il to the second term ; and by substituting 


dl P d 1 

ill/ r di/ v 

inhering that <fi de)>endH on ./ and ;//, and not on x, ?/, 




<tP 


)>y 0)- 


i the magnetic potential duo to any magnetic or electric 
eternal to the sheet, we may write 

■ fil'd:, (l«) 

( 11 ) 


.e = 


»all then have 
*//" 


F 




.//'= 0, 


( 12 ) 

( 12 ) 


dF 

ihj * dm 

miponontM of the vector-potential due to thin system. 

*et uk now determine the electromotive intenfdty at any 
.he sheet, Happening thes shoot fixed, 
and V he the com j amenta of the electromotive inttuiHity 
m m ami // respect* voly, then, by Art 5U8, wo have 

deciric rematanee of the sheet in uniform and equal to cr, 
-V SZ tru, Y s ir v t (H) 

and p are the components of the current, and if </> is 
ut-funethm, 

(lib dd) 

U - / 1 »s- 

iijj dm 

<!P 

f equation (tl) % 27t<p = — ^ 

►strive Burfacte of the current-sheet. 

[13) may Im written 

it (PI* (P / j) > jv\ ^ x l f /t 

' f',’ = f,M‘+l y )-nr> on 

2 ttdxds dxdl ' dy 


(If.) 


Hence, equations 
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[ 659 - 


where the values of the expressions are those corresponding to 
the positive surface of the sheet* 

If we differentiate the first of these equations with respect to x, 
and the second with respect to y y and add the results, we obtain 

ft + ft-o. ( 18 ) 

dx - dy~ 

The only value of \j/ which satisfies this equation, and is finite 
and continuous at every point of the plane, and vanishes at an 
infinite distance, is ^ = 0. (19) 

Hence the induction of electric currents in an infinite plane 
sheet of uniform conductivity is not accompanied with differences 
of electric potential in different parts of the sheet. 

Substituting this value of \j/ } and integrating equations (16), 

(17), we obtain jp jp' 

^ h (20 
2 dz dt dt v J 

Since the values of the currents in the sheet are found by 
differentiating with respect to x or y , the arbitrary function of 2 
and t will disappear. We shall therefore leave it out of account. 


If we also write for — 9 the single symbol P, which represents 

2 7T 


a certain velocity, the equation between P and I y becomes 
E dP = dP dr. 
dz dt + dt 


( 21 ) 


659.] Let us first suppose that there is no external magnetic 
system acting on the current-sheet. We may therefore suppose 
P / = 0. The case then becomes that of a system of electric 
currents in the sheet left to themselves, but acting on one 
another by their mutual induction, and at the same time losing ‘ 
their energy on account of the resistance of the sheet. The 
result is expressed by the equation 

p cZP __ dP 
u d^~dT 

the solution of which is P = F {x, y> (z + Rt)}. (23) 

* Hence, the value of P at any point on the positive side 


* [The equations (20) and (22) are proved to be true only at the surface of the 
sheet for which z — 0. The expression (23) satisfies (22) generally, and therefore 
also at the surface of the sheet. It also satisfies the other conditions of the problem, 
and is therefore a solution. ‘ Any other solution must differ from this by a system 
of closed currents, depending on the initial state of the sheet, not due to any external 
cause, and which therefore must decay rapidly. Hence, since we assume an eternity 
of past time, this is the only solution of the problem.’ See Professor Clerk Maxwell’s 
Paper, Royal Soc. Proc xx. pp. 160-168.] 
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of the sheet whose coordinates are x 9 y , and at a time t , is 
equal to the value of P at the point a, y, (z + Rt) at the instant 
when t = 0. 

If therefore a system of currents is excited in a uniform plane 
sheet of infinite extent and then left to itself, its magnetic effect 
at any point on the positive side of the sheet will be the same 
as if the system of currents had been maintained constant in 
the sheet, and the sheet moved in the direction of a normal from 
its negative side with the constant velocity R. The diminution 
of the electromagnetic forces, which arises from a decay of the 
currents in the real case, is accurately represented by the 
diminution of the forces on account of the increasing distance in 
the imaginary case. 

660.] Integrating equation (21) with respect to t , we obtain 

P + P' =jR^dt. ( 24 ) 

If we suppose that at first P and P' are both zero, and that 
a magnet or electromagnet is suddenly magnetized or brought 
from an infinite distance, so as to change the value of P' 
suddenly from zero to P', then, since the time-integral in 
the second member of (24) vanishes with the time, we must 
have at the first instant P = — P' at the surface of the sheet. 

Hence, the system of currents excited in the sheet by the 
sudden introduction of the system to which P / is due, is such 
that at the surface of the sheet it exactly neutralizes the 
magnetic effect of this system. 

At the surface of the sheet, therefore, and consequently at all 
points on the negative side of it, the initial system of currents 
produces an effect exactly equal and opposite to that of the 
magnetic system on the positive side. We may express this 
by saying that the effect of the currents is equivalent to that 
of an image of the magnetic system, coinciding in position 
with that system, but opposite as regards the direction of its 
magnetization and of its electric currents. Such an image is 
called a negative image. 

The effect of the currents in the sheet at a point on the 
positive side of it is equivalent to that of a positive image of 
the magnetic system on the negative side of the sheet, the 
lines joining corresponding points being bisected at right angles 
by the sheet. 



ti hues ! sun: is. 


25)6 


662, 


The action ut a point on eitle 1 * side <d the sheet, dim to the 
currents in the sheet, ninv therefore ho regarded n * due to an 
image of the magnetic system on the sine of the sheet opposite 
to the point', thin image being a positive or n negative image 
according hh the point is on the positive or the negative side of 
the sheet. 

m:\ If the sheet is of infinite eonduet h it y , It o, und the 
right-hand side of (21 1 is aero, so that the image will represent 
the effect of t he currents in the sheet ut any time 

In the east' of a real sheet , the t » histance H has some finite 
value. The image just desciibed will iherefote represent the 
effort of the currents only during the Hint instant after the 
sudden introduction of the magnetic s\ stem. 'Urn currents will 
immediately begin to decay, and the elide! of this decay will he 
accurately represented if we suppose the two images to move 
from their original positions, in the direction of normals drawn 
from the sheet, with the constant velocity ii. 

662.) We are now prepared 4o investigate the system of 
currents induced in the sheet by any sy stem, d/> of magnets or 
electromagnets on the positive side id’ the sheet , the position and 
strength of which vary in any manner, 

bet l } \ as before, he the function from which the direct action 
of tins system is to be deduced by the equations pi), pi), &c\ t 
tip* 

then j ht will he the function corresponding to the system re- 


f , 1 tiM 
presented by ^ ui. 


This quantity, which is the increment of 


M in the time bt % may be regarded h* itself representing ti 
magnetic, system. 

If we suppose that at the time t n positive image of the system 


dM . 


dt 


at is formed on the negative side of the sheet, the magnetic 


action at any point «m the positive side of the sheet due to this 
image will be equivalent to that tine to the ctments in the sheet 
excited by the change in M during the tirst uiniunt after the 
change, and the image will continue to be equivalent to the 
currents in the sheet, if, hh soon m* it is formed, it t*egins 
to move in the negative direction of 2 with the constant 
velocity It. 

-If we suppose that in every successive element of the time an 
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664 .] 


image of this kind is formed, and that as soon as it is formed 
it begins to move away from the sheet with velocity R, we shall 
obtain the conception of a trail of images, the last of which is 
in process of formation, while all the rest are moving like a 
rigid body away from the sheet with velocity R. 

663.] If P' denotes any function whatever arising from the 
action of the magnetic system, we may find P, the corresponding 
function arising from the currents in the sheet, by the following 
process, which is merely the symbolical expression for the theory 
of the trail of images. 

Let P T denote the value of P (the function arising from the 
currents in the sheet) at the point (x, y, z + R T ), and at the time 
t— r, and let P T ' denote the value of P' (the function arising 
from the magnetic system) at the point (x, y, — (z + Rr)), and at 
the time t— t. Then 


dP T _ T,dPr__dP T 

dr ~ dz W’ 
and equation (21) becomes 


(25) 


dR_dP[_ 
dr ~ dt ’ 


(26) 


and we obtain by integrating with respect to r front 

to r = 00 , _ r x dP' 

iu dT 




r = 0 
(27) 


as the value of the function P, whence we obtain all the pro- 
perties of the current-sheet by differentiation, as in equations 
(3), (9), &c * 

664.] As an example of the process here indicated, let us take 


* {This proof may be arranged as follows : let 5p r be the value of P at the time t— r 
at the point x, y,— (« + JJr), the rest of the notation, being the same as in the text. 
Then since $ r is a function of x, y, z + Rr, t—r we have 

dr ■ dz dt * 

and since by the footnote on page 294 equation (21) is satisfied at all points in the 
field and not merely in the plane, we have 

d$ T = dJFr 

dr dt 


hence 


% 


dP'r 


= fo dl 


dr; 


but since P has the same value at any point as at the image of the point in the plane 


sheet. 


Pr 




’ dP'r 
dt 


dr. J- 


hence 
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the case of a single magnetic pole of strength unity, moving 
with uniform velocity in a straight line. 

Let the coordinates of the pole at the time t be 
£= ut, *7 = 0, (= c + \x>t 

The coordinates of the image of the pole formed at the time 
t—T are 

£=ll(t — r), V = °> C= ~ + — t) + Rt), 

and if r is the distance of this image from the point (x, y, z), 
r 2 = (x—U (£— r )) 2 +y 2 + (s + C + W (t — r) + jRr) 2 . 

To obtain the potential due to the trail of images we have to 
calculate d F dr * 


If we write 


f. 


_d r 

dtj 0 r 

Q a = u 2 + ( J B-tt))2, 


dr 1 

— = — ^log {Qr + u(fic— u^) + (jR — xo) (« + c + n)i)}, 
0 r y 


+ a term infinitely great which however will disappear on differ- 
entiation with regard to t 9 the value of r in this expression being 
found by making r = 0 in the expression for r given above. 

Differentiating this expression with respect to t, and putting 
t = 0, we obtain the magnetic potential due to the trail of 
images, 


Q 


in {z + c)—\\x 


— u 3 — m 2 + R in 


a ~Q 


Qr + \ix + (Jt — \x>) (z + 0 ) 

By differentiating this expression with respect to x or 0 , we 
obtain the components parallel to x or 0 respectively of the 
magnetic force at any point, and by putting x = 0, z = c, and 
r = 2 c in these expressions, we obtain the following values of 
the components of the force acting on the moving pole itself, 

1 JL 5i + ® l 

-R — in I Q Q(Q + R — in)) 

u 2 I* 

Q(Q+ JJ-wjj ’ 

665.] In these expressions we must remember that the motion 
is supposed to have been going on for an infinite time before the 


X= - 


4 c 2 Q + R - 
_ _i_ ( » _ 
~ iC *\ Q ~ 


(These expressions may be written in the simpler forms 
X 1_ R u 
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667.] 

time considered. Hence we must not take m a positive quan- 
tity, for in that case the pole must have passed through the 
sheet within a finite time. 

If we make u = 0, and it) negative, X = 0, and 

Z— 1 ft 
4 c 2 + it) ’ 

or the pole as it approaches the sheet is repelled from it. 

If we make it) = 0, we find Q 2 = u 2 + jR 2 , 

y 1 N JR ^ 

4c*Q(Q+iT) an " 4 7*QjQ + R)' 

The component X represents a retarding force acting on the 
pole in the direction opposite to that of its own motion. For a 
given value of i£, X is a maximum when it = 1-27 jR. 

When the sheet is a non-conductor, R = oc and X = 0. 

When the sheet is a perfect conductor, R = 0 and X = 0. 

The component Z represents a repulsion of the pole from the 
sheet. It increases as the velocity u increases, and ultimately 

becomes when the velocity is infinite. It has the same 

value when R is zero. 

666. ] When the magnetic pole moves in a curve parallel to 
the sheet, the calculation becomes more complicated, but it is 
easy to see that the effect of the nearest portion of the trail of 
images is to produce a force acting on the pole in the direction 
opposite to that of its motion. The effect of the portion of the 
trail immediately behind this is of the same kind as that of a 
magnet with its axis parallel to the direction of motion of the 
pole at some time before. Since the nearest pole of this magnet 
is of the same name with the moving pole, the force will consist 
partly of a repulsion, and partly of a force parallel to the former 
direction of motion, but backwards. This may be resolved into 
a retarding force, and a force towards the concave side of the 
path of the moving pole. 

667. ] Our investigation does not enable us to solve the case 
in which the system of currents cannot be completely formed, on 
account of a discontinuity or boundary of the conducting sheet. 

It is easy to see, however, that if the pole is moving parallel 
to the edge of the sheet, the currents on the side next the edge 
will be enfeebled. Hence the forces due to these currents will 
be less, and there will not only be a smaller retarding force, but, 




nineo tho repulsive furor is least on the side next the edge, the 
polo will ho attracted towards the edge* 

Tht'Ot'K t*f .1 AO/u ,h' /u*/»f / / HfJ l h :4i\ 

Cm, | Anigo discovered * thnt a magnet phterd near a rotating 
metallic disk experiences a furor tending to make if. follow the* 
motion of tho dink, although when the di*k m at rest there Lh 
no action between it and tho magnet. 

This action of a rotating dink whs attributed to a now kind 
of induced magnetisation, till Faraday | explained it hy means 
of tho electric currrnts induerd in thr dFk <m account of its 
motion through the field uf magnet ir. force. 

To determine the distribution of these induertl currents, and 
their effect on tlm magnet, wo might make use uf tho results 
already found for a conducting sheet at rest acted on hy a 
moving magnet, availing ourselves of the method given in 
Art 000 for treating the electromagnetic equations when re- 
ferred to a moving system of axes. As this case, however, has 
a special importance, we shall treat it in a direct manner, be- 
ginning hy assuming that the pules of the magnet are ho far 
from the. edge of the disk that the effeet of the limitation of tho 
conducting sheet may he neglected. 

Making use of the same notation as in the preceding articles 
(G56 (5i)7), we find ; equations 13, § .Vjh, writing \ft for for 
the components of the electromotive intensity parallel to ,r and */ 


nmpootlvoly, 

0i( y di 

j 

- ./.#• ’ > 

(1) 


ii.r 

in's: — y 

f tit 

>N’ i 
thj ’ I 

wh«fa y i« tho 

resolved part of 

tho mn^itoiio 1’urco 

normal to 


the disk. 

If we now express u and v in terms of </*, the current* function, 


ii ij> 
/// 


#/ if* 
th ' 


m 


and if the disk is rotating ahmit the axis of : with the angular 
velocity (o, 

‘ - ® m>j. ( 3 ) 


* Atnmln, <h Chimb ft <h t'h*,fa«r, Toni* 83. Mi, 313 333. l»3«. 
1’ h'.r/i. It,,., M. 
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ibstituting these values in equations (l), wo find 


f f (jl 

d \jr 

dl , y “- r - 

" d.r ’ 

7 «/) 

</\U 

d.r * yw!J 

d// 
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( 4 ) 

(• r ») 


ultiplying (•!) l»y and (5) l»y ;//, and adding, wo obtain 


, d</' '/'/•. 


/ / d\ir 

y-» (•<• ■ i r)~ 


v d ^\. 

’ d// J 


CO 


( 7 ) 


/// •' </ 

ultiplying ( !) by // and (5) by — u-, and adding, wo obtain 

, <ltj> d<l>\ (l\lr <l\lr 
* r d // , ) — ;r , — // / 

wo now nxpmss tluwn equations in terms of rand 0, where 


become 


nation (10) m satisfied if wo assume any arbitrary function 
►’ and 0, and make ( / v 

,i V ("> 


~ v cos 0, 

;// = r niii d, 

(«) 

d </* i 

, <./ \j/ 

(9) 

<r (/( , = y«r 

•-T , , 

dr 

f/ tj> </ \jr 

tf l* =s • 

dr </d 


(10) 


</> 

* 


/x. 


( 12 ) 

bstituting these values in equation (if), it becomes 

d / 




yu)T* 


(U) 


ddiug by <r r\ and restoring tho coordinates r and ;//, this 
H'H d*X O (H) 


"X , d~x 

itx A if if 


<*) 

,; y - 


s is the fundamental equation of tho theory, and expresses 
dation between the function, and tho component, y, of 
agnetio force resolved normal to the disk. 

Q ho the potential, at any point on the positive side of tho 
duo to imaginary attracting matter distributed over the 
vit.U tho surface-density x- 
the positive surface of the disk 

<IQ 

dz 


-2ttx. 


(15) 
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.‘(02 


lionet' the first. mender of equal hm tin Hemme* 

(I' 2 X <l 2 \ ! *! |»/’V *■*** \ 

dx 2 * tiff' ~ r, 1 1 ; * lx * »n/ ; ' 

Ihit since y satisfies Laphnv'H equation ut nil points tornal 


to ihu dink. 

iPU 

ii~ (j 

i U(J 






+ 'hr 

• i. ’ 



(17) 

and equation (i f) becomes 














2 jr 




(18) 

A^ain, since (J 

is the 

potential tint’ !*♦ th»* 

*u- 

it rihut iun 

\. the 

potent ini due to 

the tli: 

4 rihut ion </*, 

*' \ 

- <ir I * * % 

*10 

vill 

i, 

if 

From 

this we obtain for 

the magnet ie putt 

uit ini due to the currents in 

the dink, 


./-tf 






a 

1 •Uhl; 

» 



(1») 


ami for the component of the jwq'uetie force m»rnml to the 
dink duo to the currents, 

d n iinj 

h ~ ~ ,h " ,lthtX ( 20 ) 

U iij, ik thi' magnetic potential iltie to external ningiwlx, ami 
if wo write .■ 

/* — / 12 -./.-. ( 21 ) 

the component ol tin* magnetic lorn* normal to the iii«k ihu* to 
the magnet M will l>o 

/x ,!;■ ‘ ( 2!i ) 

Wo may now write cjuntion { I m), remembering that 

y ~ y» •»" Vi< 

>' (/! V */‘V /' 

2 a </; 1 ~ w ,1 till, ' * M di* ' ^ 

Integrating twice with reaped to nml writing U for . 

2 w 

<«> 

If the' vttlucH of /' ami Q are expivnnrii in ternnt of t, the tlia- 
tanco Irma the axia til the ilink, ami of £ ami ( two now variables 


Hiicli that 


n , 

: t ft, 
(u 


u 


m 


0, 


( 28 ) 
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669.] ARAGO’s DISK, 

equation (24) becomes, by integration with respect to £ 

Q=ji Fdc ( 26 ) 

6,69,] The form of this expression taken in conjunction with 
the method of Art. 662 shews that the magnetic action of the 
currents in the disk is equivalent to that of a trail of images of 
the magnetic system in the form of a helix. 

If the magnetic system consists of a single magnetic pole of 
strength unity, the helix will lie on the cylinder whose axis is 
that of the disk, and which passes through the magnetic pole. 
The helix will begin at the position of the optical image of the 
pole in the disk. The distance, parallel to the axis, between 

R 

consecutive coils of the helix will be 2 u — ■ The magnetic effect 

of the trail will be the same as if this helix had been magnetized 
everywhere in the direction of a tangent to the cylinder perpen- 
dicular to its axis, with an intensity such that the magnetic 
moment of any small portion is numerically equal to the length 
of its projection on the disk. 

The calculation of the effect on the magnetic pole would be 
complicated, but it is easy to see that it will consist of — 

(1) A dragging force, parallel to the direction of motion of 
the disk. 

(2) A repulsive force acting from the disk. 

(3) A force towards the axis of the disk. 

When the pole is near the edge of the disk, the third of these 
forces may be overcome by the force towards the edge of the 
disk, indicated in Art. 667 * 

All these forces were observed by Arago, and described by 
him in the Annates de Chimie for 1826. See also Felici, in 
Tortolini’s Annals, iv, p. 173 (1853), and v, p. 35; and E. 
Jochmann, in Crelles Journal , Ixiii, pp. 1 58 and 329 ; also in Pogg. 
Ann . cxxii, p. 214 (1864). In the latter paper the equations 
necessary for determining the induction of the currents on 
themselves are given, but this part of the action is omitted in 
the subsequent calculation of results. The method of images 
given here was published in the Proceedings of the Royal Society 
for Feb. 15, 1872. 

* {if a is the distance of a pole from the axis of the disk, c its height above the disk, 
we can prove that for small values of <x>, the dragging force on the pole is m°aaj/$ c 2 R, 
the repulsive force m 2 a 2 <w 2 /8c 2 jE 2 , the force towards the axis m^aa^/icR 2 .} 
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Ppfaj'tttff ('it rant Si ft /. 

670. | Let tj> 1 >e the eunvnt-funef ion at any puinf (y 0 f a 
spherical current-sheet, ami let I* he thr potential at a giy^ 

^ point. <lur to a .shaft of imaginary 

0 y^ mat tar distributed nv«t the sphere 

with surface 'density */*, !t is ra- 
<|uired to find flit' magnetic p () . 
^ lentiul and the vert nr potential of 

tha aurratit-sltaat in terms of I\ 

Let *! denote tha MldiuM of tha 
sphere, r i h«* distance of t hr given 
F { Ki '* Uh point from thr eruhe, ami p tho 

reciprocal of tin* distance of the 
givrn point from tin* point (J on tha sphere at whirh tha current- 
function in </», 

Tho notion of tha current sheet at any point not in it* side 
Hfcanco in identical with that ot it magnet ia shell whose strength 
at any point in numerically equal to tha mr rant function, 

Tho mutual potential of ilia magnetic shall ami a unit polo 
placed at the point P is. hy Art, Ho, 

u \fi+t js - 

Since ft in a homogeneous function of tha degree t in r ami a, 


I in r am! a. 


iff* , ff* 

" | r 

an a r 




ami u /;/;!' 


Since r ami a are constant throughout thr mu fiuv integration, 

But If P i h tho potential duo to a sheet of imaginary matter 
of Hurfaco-dcuHtly r r 

and iJt, tho magnetic potential of fin* current -sheet, may he 
expressed in terms of P m tha form 

a = - i '/ {/•/■), 
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671 .] 

671.] We may determine F ; the ^-component of the vector- 
potential, from the expression given in Art. 416, 




•where £ ??, ( are the coordinates of the element dS, and l, m, n 
are the direction- cosines of the normal. 

Since the sheet is a sphere, the direction-cosines of the normal 
are 


a 


V 

m = ~ 5 
a 


a 


But 


dp ' .. dp 

■ — ( z ~0p 3 =--£> 


and 


so that 


m 


dp 

d(' 


d( 

dp __ 
drj ~ 
dp 


dz ‘ 


”3 


Similarly 


F=- d £- 
a dy 

r __ ccdP 


__ z dp y dp 
~~ a dy adz 

Multiplying by <f)dS, and integrating over the surface of the 
sphere, we find „ zdP ydP 

a dz 
_ zdP 
a dx* 

jj _y dP x dP 

~~ a dx a dy* 

The vector 2f, whose components are F y G, if, is evidently 

perpendicular to the radius vector r, and to the vector whose 

dP dP dP . . 

components are -=—3 -=— y and . If we determine the lines 
r dx dy dz 

of intersection of the spherical surface whose radius is r, with 
the series of equipotential surfaces corresponding to values of P 
in arithmetical progression, these lines will indicate by their 
direction the direction of 21 , and by their proximity the magni- 
tude of this vector. 

In the language of Quaternions, 

21 = - V.pVP. 

a 


VOL. II, 
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672.] If we assume as the value of P within the sphere 

where is a spherical harmonic of degree i, then outside the 
■sphere /Ct <+i 

?<■ 

dP dP f 

The current-function (f> is since -r— ) r =a = 4^ , given 


by the equation 




* i+1 ±AY t . 

/v * 


47 r a' 

The magnetic potential within the sphere is 

and outside £'= i - J. ( - ) Y.. 

a 1 

For example, let it be ‘required to produce, by means of a wire 
coiled into the form of a spherical shell, a uniform magnetic 
force M within the shell. The magnetic potential within the 
shell is, in this case, a solid harmonic of the first degree of the 
^ orm X2 = — Mr cos 0, 

where M is the magnetic force. Hence A = \a 2 M } and 

3 „ 

<f> =z — Ma cos 0. 

87 r 

The current-function is therefore proportional to the distance 
from the equatorial plane of the sphere, and therefore the 
number of windings of the wire between any two small circles 
must be proportional to the distance between the planes of these 
circles. 

If JV* is the whole number of windings, and if y is the strength 
of the current in each winding, 

<jf> = IJSTy COS0. 

Hence the magnetic force within the coil is 

, .47 rNy 

M = — -• 

3 a 

673.] Let us next find the method of coiling the wire in order 
to produce within the sphere a magnetic potential of the form of 
a solid zonal harmonic of the second degree, 


a = ■ 


3- A — 2 $ cos 2 0 — J). 
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<l> 


G A 
4 rr U 


(;] ooh- () ■ 


■l). 


If the whole number of windings is JV", the number between 
the polo and the polar distance 0 is | jVYin a 0. 

The windings are closest at latitude 46°. At the equator the 
direction of winding changes, and in the other hemisphere the 
windings are in the contrary direction. 

Let y he the strength of the current in the wire, then within 


the shell 


kl 


■Ny 


■ 1 ). 


Let us now consider a conductor in the form of a plane closed 
curve placed anywhere within the shell with its piano perpen- 
dicular to the axis. To detormino its coefficient of induction we 

havo to find the surface-integral of — ^ over the plane bounded 
by the curve, putting y = 1. 

Now + >>/)}, 


and 


u a 

Us 


iV' 
Bu* • 


Hence, if H is the area of the closed curvo, its coefficient of 
induction is u_ 

M « *NSs. 

tuc 

If the current in this conductor is /, there will be, by Art. 583, 
a force Z, urging it in the direction of s, where 

8 tt 


Z 


,dU 
yy Us : 




an<l, since this is independent of u\ y, s, the force is the same in 
whatever part of the shell the circuit is placed. 

(174. ] The method given by Poisson, and described in Art. 437, 
may be applied to current-sheets by substituting for the body, 
supposed to be uniformly magnetized in the direction of z with 
intensity /, a current-sheet having the form of its surface, and 
for which the current-function is 

*/- = /*• (0 
The currents in the sheet will be in pianos parallel to that of ay, 
and the strength of the current round a slice of thickness dz will 
be Ids, 


x s 
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Tho magnetic potential duo to thin current -sheet at any point 
outside it will bo 


{where V is the gravitation potential tine to tho sheet when 
the surfaco-density is unity.} 

At any point inside the sheet it will ho 

12 in Iz / ^ * (3) 

The components of the vector-potential are 

/-/•'r. «=. /f. « «. (.) 

These results can he applied to several cases occurring in 

practice. 

675.] (l) A plane electric circuit of any form, 

Let V he the potential due to a plane sheet of any form of 
which the hut face-density is unity, then, if for this sheet wo 
substitute either a magnetic shell of strength / or an electric 
current of strength I round its boundary, the values of 11 and of 
b\ (A // will he those given above, 

(2) For a solid sphere of radius *i, 

,, 4nu :i , . t 

' " r 3 r w l,#n r m K r, attT than u t (5) 

f 2 ’IT 

ami T .. (3<i 3 ■ r' 4 } whim r is less than u t (fi) 

Hence, if such a sphere is magnetised parallel to : with inten- 
sity I\ the magnetic potential will he 

. . ‘I a . u % , . . . 

11 ~ -- / z outside the sphere, { 7 } 

and 11 = ^ / z inside the sphere, <«) 

If, instead of being magnetised, the sphere is coiled with wire 
in equidistant circles, the total strength of current hetwwti two 
funall circlcH whose planes are at unit distance being /, then out* 
side the sphere the value of 12 m m before, hut within the sphere 

« « ~ fi. ( 9 ) 

Tliis is tho ettsd already tliscuHstnl in Art. <172. 

(•*) Tho <*4i8o of an ellipsoid uniformly itmgnotijw*d parallel to 
a given lino him been dismissed in Art. *:i7. 

If the ellipsoid is eoilmi with win* in parallel ami eijuidktant 
planes, the magnutio force within the ellipsoid will be uniform. 
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( 4 ) A Cylindrlc M&ynet ot Solenoid. 

(i70.| If the body in a cylinder having any form of section and 
hounded l>y planes perpendicular to its generating lines, and if 
V t in the potential at the point (x, y, z) duo to a plane area of 
Burfaw-donnity unity coinciding with the positive end of the 
solenoid, and V 2 th» potential at the same point duo to a plane 
area of Hurfaoo-deimity unity coinciding with the negative end, 
tlu'n, if the cylinder is uniformly and longitudinally magnetized 
with intensity unity, the potential at the point (a;, y, z) will be 

(10) 

If the cylinder, instead of being a magnetized body, is uni- 
formly lapped with wire, bo that there are n windings of wire in 
unit of length, anti if a current, y, is made to flow through this 
wire, the magnetic potential outside the solenoid is as before, 

il^nyW-VJ, ( 11 ) 

hut within the space bounded by the solenoid and its plane ends 
&l = ny( — ivs+ J£—T£). (12) 

The magnetic potential is discontinuous at the plane ends of 
the solenoid, but the magnetic force is continuous. 

If r,, the distances of the centres of inertia of tho positive 
and negative plane ends respectively from tho point (x, y, z), are 
very great compared with tho transverse dimensions of the 
solenoid, we may write 

n = ~> is=4, os) 

7 l r 2 

whore A is tho aroa of section. 

Tim magnetic forco outside tho solenoid is therefore very small, 
and tho force inside tho solenoid approximates to a force parallel 
to tho axis in tho positive direction and equal to in ny. 

If tho section of the solenoid is a circle of radius a, the values 
of V x and K may bo expressed in the series of spherical har- 
monics given in Thomson and Tait’s Natural Philosophy , 
Art. 540, Ex, II., 

; i»2 


l rH 


V S= 2 7r|| 


■rJ>+a+ k -- /i- 

a 2 1 . 1 a 4 
r 2.4 r* 


1 . 1 . 3 a 9 


) 


( 1 - 


l\ + ~l I r i-&0.| when r>a. (15) 

2.4.0 r l> ) 
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In tlioso expressions r is tin* tlistnure <>f the peint i/, 
front the centre of one of the cirenlnr ends t.f ih<< *>»lenoi<l, ntul 
tint zonal harmonics, 1% are those eorresjiiinilinj' to the 
angle 0 which r makes with the axis of the cylinder. 

Tito differential coefficient with respect to : of the first of thesa 

It 

expressions In discontinuous when M » hut we mml rmimnlm 

that within tlm solenoid wo muni add 1 1 * tin* magnetic foftso 
deduced from thin expression it longitudinal force 4 « n y, 

077.] hot uh now consider a solenoid ho long that in tin* part 
of space which wo consider, Urn terms depending *m tho distance 
from the ends may ho neglected. 

Tho magnetic intluction through tiny closed curve drawn 
within tho solenoid m in ny A \ where A* in tho area of tho 
projection of tho curve on a piano normal in the axis of the 
Hokmoid* 

If the cloned curve In outside tho solenoid, then, if it endoaan 
tho solenoid, tho magnetic induction through it In l n thyA> 
where A in the area of the section of tho nolemud. If the closed 
curve (loon not surround the solenoid, the magnetic induction 
through it in zero. 

If a wire he wound u‘ times round the solenoid, the coefficient 
of induction between it and tin* solenoid m 

M - f fiiuiM. ( 18 ) 

By supposing these windings to eomeide with n windings of 
the solenoid, we find that the eoHheienl of srlMuduethm of unit 
of length of the solenoid, taken nt a surtieirjti distance from iti 
extremities, in h as J n » 3 /L (17) 

Near the ends of a solenoid wo must take into normint the 
terms depending on the imaginary distribution of magnetism on 
the plane ends of the solenoid. Tho effect of these terms in to 
make tho coefficient of induction between the solenoid and ft 
circuit winch surrounds it less than the value 4 ir n A % which it 
haw when the circuit surrounds a very long solenoid at n great 
distance from either end* 

Let uh take the cane of two circular and coaxaf solemncti of 
the name length L Lei the radius of the outer solenoid be % 
and let it bo wound with wire m m to have n t windings in unit 
of length. Lei tho radius of tho inner solenoid r l# anil let the 
number of windings in unit of length he n %% then the coefficient 
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of induction between the solenoids, if we neglect the effect of 
the ends, is M=Qg, (18) 

where - 0 = 4^, (19) 

and g = Ttc*l 7 b 2 . (20) 

678 .] To determine the effect of the positive end of the 
.solenoid we must calculate the coefficient of induction on the 
outer solenoid due to the circular disk which forms the end of 
the inner solenoid. For this purpose we take the second ex- 
pression for -V 9 as given in equation ( 15 ), and differentiate it 
with respect to r. This gives the magnetic force in the direction 
of the radius. We then multiply this expression by 2 nr 2 dp, 

and integrate it with respect to fx from jut = 1 to ^ = — — • 

* ^ Vz 2 + 

This gives the coefficient of induction with respect to a single 
winding of the outer solenoid at a distance z from the positive 
end. We then multiply this by dz and integrate with respect to 
0 from 0= l to 0=0. Finally, we multiply the result by %u 2 , 
and so find the effect of one of the ends in diminishing the 
coefficient of induction. 

We thus find for M, the value of the coefficient of mutual in- 
duction between the two cylinders, 

M = 4 c% (l — 2 C^a), (21) 


where a = J 


Cj + l—r 1.3 1 Co 


+ 


1.3.5 

27176 


2.4 
4 . 5 Cj* 


2.3 c ?! 2 


(i-S) 


(- 


R p 7 V 

+ 2r f ) +&C ‘’ ( 22 ) 


where r is put, for brevity, instead of + 

It appears from this, that in calculating the mutual induction 
of two coaxal solenoids, we must use in the expression (20) 
instead of the true length l the corrected length £— 2 c x a, in 
which a portion equal to ac 1 is supposed to be cut off at each 
end. When the solenoid is very long compared with its ex- 

ternal radius, c * c* 

a = f — jt~2 - T-ZTSJ1 + & c * 
c i c i 

679 .] When a solenoid consists of a number of layers of wire 
of such a diameter that there are n layers in unit of length, the 
number of layers in the thickness dr is ndr , and we have 

O = nPdr, and g ~ nlj n 2 r 2 dr. ( 24 ) 
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If the thickness of the wire is constant* and if the induction 
take place between an external coil whose outer and inner radii 
are x and y respectively, and an inner coil whose outer and inner 
■radii are y and 0 , then, neglecting the effect of the ends, 

Gfg = I-tt 2 ln 1 2 n 2 2 {x~y)(yS-z z ). (25) 

That this may be a maximum, x and 0 being given, and y 


variable, 




(26) 


This equation gives the best relation between the depths of 
the primary and secondary coil for an induction-machine 
without an iron core. 

If there is an iron core of radius 0 , then 0 remains as before, 

but r 

= 7 tIJ n 2 (r 2 + ii TK% 2 )dr, (27) 

3 3 

= it ln z ( - — — + i-irKZ z (y— z)'). (28) 


9- 


If y is given, the value of z which gives the maximum value 
of 0 is , 12™ /on , 
— sirrr < 29 > 


When, as in the case of iron, k is a large number, 0 = -§ 3 /, nearly. 

If we now make x constant, and y and 0 variable, we obtain 
the maximum value of Gg, k being large, 

x:y:z:: 4: 3 : 2. (30) 

• The coefficient of self-induction of a long solenoid whose outer 
and inner radii are x and y, having a long iron core whose 
radius is 0 , is per unit length 

4 irj / 'n 2 (p 2 '+47rKZ 2 )dr + '7rJ n 2 (r 2 + 4'jTKZ 2 )dr^'n 2 dp, 

= %TT 2 n*(x— y) 2 (x 2 + 2xy + 3y 2 + 24:TTKZ 2 ). (31) 

680.] We have hitherto supposed the wire to be of uniform 
thickness. We shall now determine the law according to which 
the thickness must vary in the different layers in order that, for 
a given value of the resistance of the primary or the secondary 
coil, the value of the coefficient of mutual induction may be a 
maximum. 

Let the resistance of unit of length of a wire, such that n 
windings occupy unit of length of the solenoid, be pn 2 . 
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3 resistance of the. whole solenoid is 


R — 2 it pf I n A 


dr. 


(» 2 ) 

3 condition that, with a given value of li y (} may ho a 
da dtt 


num ib 


dr 


dr 


where <7 in Homo constant. 


in gives tr proportional to , ortho thickness of the wire of 

cierior coil must In* proportional to the square root of the 
h of the layer. 

order that, for a given value of Jt } <J may he a maximum 

,H=C(r+ r )• (33) 

e* if iht're in no iron core, the thick uohh of the wire of the 
or coil nhouhl he inversely an the Bcjuaro root of the radius of 
,yer, hut if there is a core of iron having a high capacity for 
eiization, the thickness of the wire should he more nearly 
,\y proportional to the square root of the radius. 


A n Kmllrm tfofr not'd. 

d] I f a solid he generated hy the revolution of a plane area 
)ut an axis in its own plane, not cutting it, it will have the 
of a ring. If this ring he coiled with wire, ho that the 
ingn of the coil are in planes passing through the axis of 
ng, then, if n is the whole number of windings, the current- 

1 

Ion of the layer of wire is «/> = ~ - nyO, where 0 is the 

of azimuth about the axis of the ring. 

IL is the magnetic potential inside the ring and SI' that 
le, then a » _ 4 * </, 4. ( J - - 2 nyO 4* (l 

de the ring, U' must satisfy Laplace's equation, arid must 
h at an infinite distance!. From the nature of the problem 
mi he a function of 0 only. The only value of Si' which 
1 these conditions is zero. Hence 

SI' s= 0, SI = — 2nyQ + (L 

t» magnetic force at any point within the ring is porpon- 
ir to the plane passing through the axis, and is equal to 

, where v is the distance from the axis# Outside the ring 


is no magnetic force. 
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If the form of a dosed curve be given by tin* coordinates ;: t r, 
and d of its tracing point an functions of s, its length from a 
fixed point, the magnetic induction through the closed curve 
may ho found by integration round it of the vector- potential, 
the components of which arc 

F zx 2 uy » t* — 2 ny** 4 , II ^ 0 . 


We thus find 



: i/r 
r tis 


if A 


taken round the curve, provided the curve is wholly inside the 
ring. .If the curve lies wholly without the ring, but embraces it, 
the magnetic induction through it is 

f »';%// , , 

2 ny , . ,*/* 2 a yif, 

Jr* r da 


where a is the linear 


quantity 




tlti t 


and the accented 


coordinates refer not to the closed curve, but to a single winding 
of the solenoid. 

The magnetic induction through any closed curve embracing 
the ring in therefore the same, ami equal t*» 2 n */«#. If the cloned 
curve does not embrace the ring, tie* magnetic induction through 
it is zero, 

bet a seeoml wire Is* coiled in any manner round the ring 
not necessarily in contact with it, m» nn to embrace it n times. 
The induction through this wire is 2 n u and therefore 
il /, the coefficient of induction of the erne coil on the other, is 
jilzz 2 a n'tt. 

Since this is quite independent of the particular form or 
position of the second wire, the wires, if traversed by electric 
currents, will experience no mechanical force acting between 
them. By making the second wire coincide with the first, we 
obtain for the coefficient of seif-induction of the ring-coil 

l 4 ~ 2 n J a. 
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682.] In a very important class of electrical arrangements the 
current is conducted through round wires of nearly uniform 
section, and either straight, or ninth that the radius of curvature 
of the axis of the wire in very groat compared with the radius of 
the transverse section of the wire. In order to bo prepared to 
deal imdhmnatumlly with such arrangements, wo shall begin 
with the ease in which the circuit consists of two very long 
parallel conductors, with two pieces joining their ends, and wc 
shall confine mir attention to a part of the circuit which is so far 
from the ends of the conductors that the fact of their not being 
infinitely long does not introduce any sensible change in the 
distribution of feme. 

We shall take the axis of z parallel to tho direction of the 
conductors, then, from the symmetry of the arrangements in tho 
part of the field considered, everything will depend on II, tho 
component of the vector- potential parallel to 

The components of magnetic induction become, by equations 

(A), dll ■ m 

= d a ■ w 

4 -- d ! r , (2) 

ax 

C a= 0. 

For tho sake of generality wo tdiall supposo tho coefficient of 
magnetic induction to l>e g, bo that a =na, b = ^/3, where a and 
(i are the oomponentu of tho magnetic forco. 
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The equations (K) of electric currents. Art. (107, give 

il A <fu 

, f . = 0, f=tO, -i vir - (3) 

083.] If the current in a function of r, the distance from the 
axis of and if we write 

x as rmmtf, and m in d, ( 4 ) 

and ft for Hut magnetic force,' in the direction in which 0 m 
meamircd perpendicular to the plane through the axis of 7, we 

have (/.-) 1 I <1 , , . . 

4 7 r«< = . 4 ft , (del. (5) 

dr r rdr ' ' 

If (! in the whole current flowing through a section hounded 

hy a circle in the plane ./•//, whose centre is the origin and whose 

radius is r, , f r , , . 

r ~ -Jrnrdr ... iftr. (6) 

Jo 

It appears, therefore, that tin* magnetic force at a given {mint 
duo to a current arranged in cylindrical *trntn» whom* common 
axis in the axis of s, depends only cm the total strength of the 
current flowing through the strata which lie between the given 
point and the axis, and not on the distribution of the current 
among the different cylindrical at ratio 

For instance, let the conductor he a uniform wire of mdiun a, 
and let the total current through it he (\ then, if the current is 
uniformly distributed through all parts of the Neetiuu, u* will be 
conataut, and (* ~ w ,nr. (?) 

The current flowing through a circular auction of radius r, 
r being Ichh than a, in iV ss mrrK Hence at any point within the 


r being Ichh than a , in iV 

as Trier 

wire, 


/*« 

V 


( * 

Outside the wire ft ss 

n * 

-»« 


In the mdmtanco of the wire there in no magnetic potential, for 
within a conductor carrying an electric current the magnetic 
force docH not fulfil the condition of having a potential 
Outside the wire the magnetic potential in 

il ZZ 2 CO. (10) 

Let uh Htippone that instead of a wire the conductor is a metal 
tube whose external ami internal radii are u t and then, if C is 
the current through the tubular conductor, 

V = n w (a t % — tt,/)* (H) 
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The magnetic force within the tube is zero. In the metal of the 
tube, where r is between a x and a 2 , 


p = 2C , 1 

a/ — a 0 2V r J 


and outside the tube, 


G 

£ = 2 

r 


( 12 ) 

( 13 ) 


the same as when the current flows through a solid wire. 

684.] The magnetic induction at any point is 6 = /*/ 3, and 


since, by equation (2), 


, dS" 

b = -w> 


H — — Jufidr. 

The value of JET outside the tube is 


( 14 ) 

( 15 ) 


A-^2/x Q (71ogr, (16) 

where /x 0 is the value of /x in the space outside the tube, and A is 
a constant, the value of which depends on the position of the 
return current. 

In the substance of the tube, 

H = A- 2 )x 0 G log a x + (<-r^+ 2<log J) 

In the space within the tube H is constant, and 


H = A — 2n 0 Cloga 1 + ixC (l + 


2< 


( 17 ) 


( 18 .) 


685.] Let the circuit be completed by a return current, flowing 
in. a tube or wire parallel to the first, the axes of the two currents 
being at a distance b. To determine the kinetic energy of the 
system we have to calculate the integral 

T=\ JJJ Hwdx dydz. (19) 

If we confine our attention to that part of the system which 
lies between two planes perpendicular to the axes of the con- 
ductors, and distant l from each other, the expression becomes 

( 20 ) 


T =\l j'J H'wdxdy. 


If we distinguish by an accent the quantities belonging to the 
return current, we may write this 


2T 

T 


=JJ Hw'dcc'dy' 4- JJ H'wdxdy + JJ Hwdxdy + JJ H'w'dx'dy'. (21) 
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Since, tlio action of the current on any point, outside the tube 
is the Mime as if the same current had been concentrated at the 
axis of the tube, the mean value of U for the section of tho 
return current is A ~ log A, and the mean value of //' for 
the section of the positive current is .!' log l>. 

Hence, in the expression for the first two terms may lie 
■written At?— 2^„ Ct t' log /», and A ’(! • ’luJ’W log f>. 

Integrating the two latter terms in the ordinary way, and 
adding the results, remembering that ft C' 0, we obtain the 
value of the kinetic energy T. Writing this i U ,J , where L is 
the eoeilieionl of self-induction of the system of two conductors, 
we lind as the value of L for length t of the system 


L 

l 


2g 0 log-. .."V 


<V'i 


+ 1m 


a («,* 


■ « v 


...log" 1 " 
4 — ti iY h u.j 



If tho conductors art) solid wires, « 3 ami u/ are zero, and 

7=2f*„l»g, f ^v+ Mm+M%* (23) 

It in only In tho coho of iron wires that wo need taka account 
of the magnetic induction in calculating Ilnur mdfdmiuottcm. In 
other canon we may make ft t)l n, and / all equal to unity* The 
amallor the radii of the wires, and the greater the distance 
between thorn, tho greater in the mdfundueihm. 


To Jim l the JirpiUaioau X 9 hd wrt n tin* Tmo J\trtionn of lfhV& 
686.) By Art. Silo we obtain for the force tending to increase 6, 

x st i 

a ah , 

= (24) 

which agreoH with Ampere*H formula, when I, an in air. 

087.) If the length of the wire* in great coin pared with the 
distance hetween them, we may mo the cmdliettmt of self- 
induction to determine the tomduu of the wires arising from the 
action of tho current. 


* { If tim wirm are Mmgnnit% %\w mdt*«*wl 1st them will cU*ttirb the 

nmgmstfe ilelit mat wn mtumt n|»j4^ Ui*> umwdittg iwNtiiii*#. J&§t»ik#tijt {%%% (W 
aed (*2$) are mly afcriutly irm wl mu p ~ ~ #i f , J 



0 Y III N n Rl <U h ( JON I ) IJ CTO US, 


319 


% in thin tension, 


Z'. 


i (p 

4 d , , 



ono of Amperes experiments the parallel conductors con- 
f two troughs of mercury connected with each other by a 
:ig bridge of wire. When a current is made to enter at the 
nity of one of the troughs, to How along it till it reaches 
xtremity of the floating wire, to pass into the other trough 
gh the floating bridge, and bo to return along the second 
h, the floating bridge moves along the troughs so as to 
,ten the part of the mercury traversed by the current. 



►fossor Tint lias simplified the electrical conditions of this 
iment by substituting for the wire a floating siphon of glass 
with mercury, so that the current flows in mercury through- 
h course. 

in experiment is Hometimos adduced to prove that two 
nis of a current in the same straight lino repel one another, 
Iiuh to shew that Amperes formula, which indicates such 
ulsiou of co 11 inear elements, is more correct than that of 
marm, which gives no action between two elements in the 
straight line; Art 520, 

b It is manifest that since the formulae both of Ampbro and 
assmann give the same results for closed circuits, and since 
tvo in the experiment only a closed circuit, no result of the 
iment can favour ono more than the other of those theories. 


;}2G 
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In fact, both formulae lend t<» the vi-ry name value c 
repulsion its that already given* in which if appear* tl 
tho distance between the piimlh'l rondtte turn, in im inip< 
elen wnL 

When the length of the conductors in imt v**ry great. eon 
with their distance apart, the form uf the value uf A fi^ 
somewhat more complicated. 

()HH, j Ah the distance between the comluetora in dimhi 
the value of L iJiniiinnhoH, The limit to thin diminution k 
tho wires are in contact, nr when I* - «i t f t # * hi this < 
Mu = M = / = 1 * 


/, = 1 "p‘ 


f r t 


Thin is a minimum when iij n/, ami then 


A • 2/ (tog I t I), 


^ :t-7720 /. 


Thin .in tho ttnallcat valuta of the self-induction of a renin 
doubled on itself, tho wholo length of the wire being 2 /. 

Since the two part# of tho wire must lie itimiliiled fret 
other, tho self-induction run never actually reach this lii 
value. By using broad Hat whips of neint instead of 
wires the self-induction may he diminished indefinitely, 


On* thv tClvvtnmtjn'v Farrr rv<fitirv*t fa pn*i in*r n fa ft 
Vttrtji n*f t ntrnmhj tilmaj u ml fund i*nmhieioi\ 

GH9, J When the current in n wire in uf varying ioiemdl 
electromotive force arising from the iiuhiction of the curt 
itself jh different in different jmrts of the motion uf tie 
being in general a function of the tl bianco from the axi* 
wire as well m of the time. If we mijjjtomt the cylti 
conductor to consist of a bundle of wires till forming part 
same circuit, so that the current in compelled to he of ti 
strength in every part of the section of the bundle, the met 
calculation which we have hitherto umnl would Im a 
applicable. If, however* we consider the cylindrical con 
m a solid mans in which electric current# are free to f 
obedience to electromotive force, the intensity of the eurrei 
not he tho mum at different distance from the axis 
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cylinder, and the electromotive forces themselves will depend on 
the distribution of the current in the different cylindric strata of 
the wire. 

The vector-potential H, the density of the current w, and the 
electromotive intensity at any point, must be considered as func- 
tions of the time and of the distance from the axis of the wire. 

The total current, C, through the section of the wire, and the 
total electromotive force, E, acting round the circuit, are to be 
regarded as the variables, the relation between which we have to 
find. 

Let us assume as the value of H, 

H =■ S+T 0 + Tjr 2 + &c. + T n r 2n + . . . , (1) 

where S, T 0 , T x , &c. are functions of the time. 

Then, from the equation 


d 2 H 1 dE 

—— -) — — _ 4 w /y; 

dr- r dr 

we find — irw = T t + &c. + n 2 T n r 2n ~ 2 + ... . 


( 2 ) 

( 3 ) 


If p denotes the specific resistance of the substance per unit of 
volume, the electromotive intensity at any point is p^u, and this 
may be expressed in terms of the electric potential and the 
vector-potential H by equations (B), Art. 598, 




dE 
dt ’ 


or 


- f)W : 


dS dT 0 dT x 9 dT n « 

ik + ii + ^f + ~di r+&c - + ~dt^ + - 


( 4 ) 

(5) 


Comparing the coefficients of like powers of r in equations 
(3) and (5), ^ dS dT 

x ~~ p^dz + dt dt' 

m __ 77 1 dT 1 
P 2* dt ’ 


m 77 1 dT n _ x 

tt “ dt 


Hence we may write 


dS 

dt 


T - T t 

-pdf" 


M> 
dz ’ 

T n = 


K n 1 d n T 
dt" ' 


( 6 ) 

(7) 

( 8 ) 

(») 

( 10 ) 


VOL. II. 
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G!)().‘] To find tho total current (\ wo must integrate v over 
the section of tho wire whoso miiiu.H is n. 


r 






(11) 


Substituting: tho value of??//* from eijuaimn (:0, we obtain 

C=-~(7\'t* + &e. + «'W i (12) 

Tho valuo of // at any point outnide tho win* depends only on 
tho total current ( \ ami not on the mode in which it in dintri- 
hutod within tho wire, lionet* wo may assume that tins valuo of 
H at the surface of the wire in . ! < \ where A is a constant to bo 
determined hy calculation from the general form of the circuit. 
Putting // r~ AC wlum r </, we obtain 

A C ^ F -b T 0 f 1\ u * 4 &c. 4 / » tl * M 4 » ♦ . • (13) 

71 <t" 


If we now write " a* n i h the value of the conductivity of 


unit of length of the wire, and we have 
0 : 


/ (IT 2 a A (FT v nn m (FT v , 
( a (il + «a *s,/#s + + 


i a .2* <ft* 4 
if 4 r/ 4 7 f 


t#*!) 3 t/r 

«• I/- 7 ' 


( 14 ) 


,/y ,, . . 

A — 7 r 4- a 4* 4- &e. 4- -f&r. 

/H ' ,// * i».2 3 «/e («!f- </r ' 


(is) 


To eliminate T from those cijuntinns wo must first reverse tho 
scries (I I). We thus find 


,rr 


. a 4. | (l 


<//’ 


,rc 


,/'r 


j/U! 


,//•> 


n " -* f &c. 


■A » n 6 1 


lit 4 


,,*FT 


iiC 


7 3 0 1 


dF 


4* &c* 


Ut ~ ' ’ 11 ” ilC 1 ii4 

Wo have also from (14) and ( 1 r>) 

From the last two equations wo find 

>/(! as. „ . Mi . ,«fr* ./ i r 
at - at> +< ' + ill dt ~ «* a «/<» + 4 •“,/*- -**•“ ,/e 

If l in tho whole length of tho circuit, /i its resistance, and K 
tlui oloctrmnotivo force duo to other enustw than the induction of 
the current on itself, 

as k 1 

at m t ’ '*“//’ 


a*c 

4 +&C. = 0 . ( 16 ) 


( 17 ) 


, v riA - , / * ,.(KJ Pipe t ft tCi . *-»*»* 0 /to\ 

h = /((, + ((it + i) (/f - A Hdf + i * IV iU~ tU IV <IV + &c * (l8) 


/* ,/ 4 /' 
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first term, H ( /, of the right-hand member of thin equation 
sses the electromotive force required to overcome the resist- 
siccording to Ohm’s law. 

< 1(1 

:> second term, l(A 4* 1) ^ * expresses the electromotive force 

i -would ho employed in increasing the clectrokinetic mo- 
,im of the circuit, on the hypothesis that the current is of 
an strength at every point of the section of the wire. 

:> remaining terms express the correction of this value, 
g from t he fact that the current is not of uniform strength 
derent distances from the axis of the wire. The actual 
u , of currents has a greater degree of freedom than the 
hetical system, in which the current is constrained to be 
iform strength throughout the section. Hence the electro- 
de force required to produce a rapid change in the strength 
o current is somewhat less than it would he on this 
hesis. 

% relation between the time-integral of the electromotive 
and the time-integral of the current is 

f Kill = It j'('<U + ((A + 1)0— ^ + &c. (19) 

he current before the beginning of the time has a constant 
(* u , and if <hn*ing thc\ time it rises to the value and 
ns constant at that value, then the terms involving the 
initial coedicientH of 0 vanish at both limits, and 

f Kdt = It I' (UH + {(A + i)((\ ~ O n ), (20) 

nne value of the electromotive impulse as if the current had 
uniform throughout the wire*. 


If tho currtttttN flowing through tlu* wire arc periodic and vary a« etW, tho 
n oorruspondmg to (18) whmt (x 1h no longer lumumt'd to bo unity may bo written 

A \ f 12 U ISO JV ) 


■{(> a +4)' 


1 

‘ 4i u* 


lie 
* tU 


. the system behaves at if the resistance ware 
i i n*pp* 




sdf-mduotbn 


12 U 
l 


180 n n 


1 

2 " 48 tl % * 


the nflwtivo r»l»tanao Is Increased wlum the currents are oscillatory, and 
^induction la diminished, As Maxwell points out, this effect is duo to the 

Y % 


iwiauja tTKii k\ i*. 


On thr (tvoiiirf mat Mrti a n*r i'jf / »r»* fi'njn rts in it Vhtnr* 

W)i, J In t’lilcu luting tin* « t it* fMium „f a cuirr^tit 
(lowing in a ulritiglit <t*«»n«luri»»r mu givi-n Miction «n th* 


/i. ■*» /,‘7t *. 


nUrmtkm In thr* di*irihuii"h »*f I hr nutpnl Wl»n ( thr murmi i> Atfryji;ath»o |f | 8BlJ 

losij^nr rtjiinlly tlinirihuOnl urn ili«* *A thr l.sjt ),«« tiiwUmo* 

to lmv« thr nmhlf** j»tul **r*«%% *1 ("ward* thr «»* /*--*•• >.t thr r«ni,|«u |.>r, hy tid»M 
m» it thr «t'!t*ih 4 o«*l*t*U air! ihmr-f-.ro thr h ' 3 J* lir Kl|r| h *y. *J’hr m#riii of 

thr BVfitrm, in Hivi»f«Uiir«’ with a *?*-u r r*! I««r «4 »h mmv t( umkvm thr t ttrrtntl tumik* 
(iiatrihutr it»r!f «n ill jit whiJr fnllillinrf th« *•»» Mi.-n that th*'- wtn.fr ()„* WWllttv 
rro«n ih* Kiiuisr Vu*-tcv i» <w» small *.« , a #n| thin trriiltiMjv 

K«»tH morr Hint limfr J*»<wrrf»|! (I* thr t ajl)» » h»rh thr liiMiuriitmn *»f thr 

in mvi-rmw! m imniwr*!. An »»»*}>< ..f r^nath*** , 4 4 ' . Ail t A h ;* ^ will «)»*»* ihattht 
« 4 f iiiituotmtt «»f it »yn« m. »t*»l ihn ■>!*>» * thr Kmrfth" Km-rgy h.r A }»|v*, n t«trr®tii I* 
dhii!HJf ) h» , *l hy timkitiK thr run mi «lm»rr n***» thr atirfarr »,f th* w#r*’ it*®k|# 

h»r thinin»rm*j«»ml» l*< H»r iwr nf thr mrrm\ - thrush tuhr«, ^**4 igj |* 

•how* till*! thv iii»Iur*th*>! f**r f*i!>< # i* !»«* than for »•.};*} »ii r # M f thr *mm rmXiBi, 

An thn nmh *4 th« t nrruitt s**wmr 4 » thr *Mr *4 th*-. tuhr !»««»! n # ^ 

flow thr«»Uj*h, w*» rut* rnidily umUr«i*u>l thr in. hi thr rr«nun*Hi tu ultwitMOlag 

ft« « »*nj»nml ttlth atumly « t*rmiU A* th** »nhjr t t* ,.»,r , 4 f Imp^nmum mm 

further rtmullM nrv tflveu hrrr, ihr »i a)»Mi m.n hr gitou n» thr 8i|irt4«iMfiiL« 

Vt*luim\ Irkw itlm* Hnyliditltt Vbit, M-* s : #. V I / j» ;r^S * 

Tltn rnlutitm lwtwm> 9 » t\w rwr#n»t «*>4 th» rj»* tr'-m. 4 itr? h.rvr | 3 viutcmimn! I*v lb 

(> „ v 

i ’4 • r# 5 ^ ,|? ’ 0) 

whurr •*" 4 #*, ami s* |ira»r!‘» nm.-thm 

Hittt’r 1 »V Ihu ?|}lh j * litittl f-r|m»Oi.j* ««) lafir.A |.y thin liol* 


whrfu fry t S * i »^ e . ■ mt** tttr Mint* »4 thr uf ihr hmfth Mill rfittl 

, , , u| thii «»f thr * »juMh*t» 

j; * 

- Cl 


2 . 4 ’4 t I . »i 

Hwion l»y Nrwkma m«th«n) «r tm4 
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current in. a parallel conductor whose section is also given, we 
have to find the integral 


ffffi 


log r dx dy dx'dy\ 


where dx dy is an element of the area of the first section, dx' dy' 
an element of the second section, and r the distance between 
these elemonts, the integration being extended first over every 
element of the first section, and then over every element of the 
second. 


Hence substituting in equation (1) this value for 


inaJ Q (ina) 
Jo (ina) J 


E 
l 1 


££ 

it a ? 


+ iCp\A + $-] r 


we get 

1 n Tf*pa\* 1 /iriipaK* «. 

1+ 12\ 0 ) 180 ' p > + " - } 

13 


v 2 /Ay ft a* 


l 


7 \ 

"^7 **•/> 


2 48 p 2 * 8640 p 1 

which agrees with (18) when p=*l. This series is not convenient if na is large, but 
in that case JV (ina) « — i / 0 (ina) ; Heine’s Kugelfunctionen, p. 248, 2nd Edition. 
Hence when the rate of alternation is so rapid that up a 2 /p is a large quantity, 

E C P ■ ' 

t ■» o — n + AipC ; 

L ‘lira r 


and since 


w 3 =4 


irpiip 


2rra‘ 


A-A 

Thus the resistance per unit length is 

\PV±}) 

ts-rra 3 ! 

and increases indefinitely as p increases. 

The self-induction per unit length is 


i*C(A + J J£-). 


A + 




27ra 2 jp 


and approaches the limit A when p is infinite. 

The magnetic force at a point inside the wire may be shown to be 

2 0 Jq (inr) _ 

~a J 0 ' (ww) 

When na is large, ... . 


so that if r •■= a—x 


(ina) ^-i- . 

V *r2 na 

3 the magnetic force at a distance x from the surface of the wire is 
2(7 


V * a(a—%) 

Tims if to be very large, the magnetic force, and therefore the intensity of the 

- we recede from the surface, so that the mne 

norfcion of the wire is free from magnetic force and current. Since p& occurs 
in t, these effects will be much more apparent in iron wires than in those made of 
non-magnetic metals. } 
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If wo now drtormim* a lino H, mmh that thin intrgral is 
to A t AJi% A\ 

whoro A x anti A , aro tlm im^ of tlm tw<» ^miaoit.u, tlm Imj 

Ji will l»o tlm mino wlmtovrr unit of h*ngth wv udop 
w hate v or Hyniom of logarithm* w«* l! wv mtgipo* 

Hoctionn divided into oloumnl* ot equal n'm\ thru tlm log*] 
of ii\ multiptiod I»y tlm nmnlw r of pair* ot idrurnot*, \\ 
equal to tlm sum of tlm logarithms o! tlm dint a mm* of a 
pairn of elements, Here H may I*’ eotmidered a* tlm groan 
moan of nil tlm di*tnne« s hot w* m |>a it a of * h nmntH. 
evident that the value of H uniat Im mirruiedttite betwei 
greatest and the least values of r. 

If lij and H fi are tlm geuumtrwii! inrun distnurrH of two ft 
A and JH from a third, (\ ami if H 4 , u h that of tlm sum 
two tiguren from ( \ limit 

(A 4 U) log H i* #* A log H t i i$ log H }3 . 

By means of thin relation wo nut d«4* ruiitm H for a eottr 
figure when wo know H for tlm part?* of the figure, 


602.] Kxam ri.i'M.* 

(1) hot H hr tlm uman dmtnnee from tlm puint U to t Is 
A IL hot (U* ho porpomlinilar to All thru 

AH(h%lt t I) ~ J/MogOJ t I'H log o/l i OHAthl 


w 



(2) For two Hunt (Fig, 12) uf lengths *i ami /» dimwit {it 
dieular to tlm extremities of n lino of length r and cm llie 
Bide of it ; 

ah(2 log H «f 3) (r a ~. fii — /i) ? ) log vA-* i~ pi - 4* r 3 Ip, 

4 (n y r*) log *Af* | r 1 4 ff# J m) log */ 

*— r (« - /<) Urn } <f " ' ^ >4 «ir tan " * 11 4 be, t&i 
r r 

* 1 III Olww Koo»i]0f « »)I Hi® *jw X AfSeriftta J 
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b 


‘ 1 % A% 

(3) For two linos, PQ and Ri S’ (Fig. 43), whose directions 
intersect at O ; 

PQ . RR ( 2 log R + 3) S log PR (2 OP. OR sin 2 0 - PR 2 cos 0) 


+ log QR (2 OQ . OR sin 2 0— QR 2 cos 0) 

- log PR (2 OP. OR sin 2 0 - PR 2 cos 0) 

— log QR(20Q . OR si tPO—QR 2 cos 0) 



Q 


1 -%. 48 . 

(4) For a point O ami a rectangular area ABOD (Fig. 44). 
Lot OP, OQ, OR, OR, ho porpondiculars on the sides, then 
AIL AD (2 log R + 3) = 2. OP. OQ log 0A + 2.0Q. ORlogOB 
+ 2 . OR . OR log 00+ 2 . OR . OP log OD 
+ OPLDO~A + OQ 2 .AOB 

+ OW.jto0+0h n .d0D. 



1 %. 44 . 

(5) it is not necessary that the two figures should be different, 
for wo may find the geometrical mean of the distances between 
every pair of points in the same figure. Thus, for a straight line 
of length a, log R = log «-f , 

R = ae"^, 

R = 0’22313«. 


or 




.‘{28 


ivuui.i.ia <‘i liiifvrs. 


(({) Fora m’tnngulnr aivn wliiw > an* <> nmi 

,r ,, /• !• 

l«*Jf It l(>g ^ (I* | ^ J»’K /y ! * t|4 


\ /l+ ^ 


* 1 tan ! • 1 t nn f| 

O U If h 

When the rectangle is n square, >vh«wr side is u, 


log ft ■ logo * ! l»»g - * vj ; 

ft iMt7nfm. 

(7) The geometrical mean distance **f a (mini from n circular 
line in equal to the greater of the two ijimnt tiles, its distance 
from the centre of the circle, and the radius »*f the circle, 

(h) II mice the geometrical mean distance *»f any figure from a 
ring bounded by two concentric circles in equal tu its geometrical 
mean distance from the centre if it in entirely nutdde the ring, 
hut if it in entirety within the ring 

Util:,"’ t. 

f| r *v 

whore u t and #e, arc the outer and inner radii of the ring, ft *$ 
in thin cane independent *4 the form of the figure within the 
ring, 

(U) The geometrical mean distance of nil pairs of points in the 
ring in found from the equation 


t"g /‘ 


* * 


:iii 3 n. 


fop” ■ n/p 3 4 o, ' iq 3 if/ 

For a circular area of radius *i, this t**ummr*i 
log /I s luge i , 
or ft re* ttr h 

ft as 0 ‘ 77 hh «4 

For u circular line it Imcoioea 

ft K *4. 

i. For an elliptic urea whose acini -axes are <*, h, 
log /f ™ log" * (> ~ }.] 

m 

09 . 1 , J In calculating tin* roofllcii'tit of i»*lf- induct ion of a coil 
of uniform Hcetion, tin* radius of curvatur« in ing groat compared 
with thfi <linu!n«iot)H uf tin* traiiavorao **olion, wo (imt determine 
tho geometrical mean of tin? dwlsinco* of tm*ry pair of points of 
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the section by the method already described, and then we 
calculate the coefficient of mutual induction between two linear 
conductors of the given form, placed at this distance apart. 

This will be the coefficient of self-induction when the total 
current in the coil is unity, and the current is uniform at all 
points of the section. 

But if there are n windings in the coil we must multiply the 
coefficient already obtained by n 2 , and thus we shall obtain the 
coefficient of self-induction on the supposition that the windings 
of the conducting wire fill the whole section of the coil. 

But the wire is cylindric, and is covered with insulating 
material, so that , the current, instead of being uniformly dis- 
tributed over the section, is concentrated in certain parts of it, 
and this increases the coefficient of self-induction. Besides this, 
the currents in the neighbouring wires have not the same action 
on the current in a given wire as a uniformly distributed 
current. 

The corrections arising from these considerations may be de- 
termined by the method of the geometrical mean distance. They 
are proportional to the length of the whole wire of the coil, and 
may be expressed as numerical quantities, by which we must 
multiply the length of the wire in order to obtain the correction 
of the coefficient of self-induction. 

Let the diameter of the wire be d . It is covered with in- 
sulating material, and wound into a coil. We shall suppose 
that the sections of the wires are in square order, as in Fig. 45, 


o 

o 

o 

o 

o 

o 


o 

o 


Fig. 45. 


and that the distance between the axis of each wire and that of 
the next is D , whether in the direction of the breadth or the 
depth of the coil. D is evidently greater than d . 

We have first to determine the excess of self-induction of unit 
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;t:u> 

of length of a eylindrie win* of diameter d over that of unit of 
length of a Ht|uare wire of Hide U, or 


-* d>g ' 

ft* f 

or 

the 

i4«|imro 

U 

f*»r tin 

’ rirrlo 


l> 



IT 

2 (log 

,t 

\ 

S ls 

•«-* * :| 

2 (log 

1) 

d 

4 

<»•! 

annum; ) 


The inductive action of the eight nearest round wires on the 
wire under consideration is lr»s than that of the eorrespondiug 
eight Hquare wires on tin* square wire in tin* middle by 2x 

(•(U'.tri)*. 

'Hu- correction* for the wires at a greater distance may bo 
neglected, and the total correction may he written 

2 (log, > d 4- «*!!HM). 

The final value of the Keif-induction is therefore 

n 

L = n’’>,V i 2 /(log. f 4 «• 1 1 h:i:< } . 

wlwro a la tho number of ami / t\w hrngtlt of tho wire, 

j)f tlm mutual induction of two rinniitfi <if tho form of tho mean 
wirti of tho (mil jtlaml at a dmtiMHv It hum oarh other, whore Ji 
in ilm moan j'eomotrioal dmlnmv l»*4 w* on }mir» of point?* of the 
Hootitm. l> in tho tlwtiinro between cmuieetittve wimn, and d the 
diameter of tho wire. 

* { To $(#4 Units rtritlh ll*4|rr> Uml Un» fttrftfi |«f iho wjnM i* tht 

lUntMiee ltr»lwp-p|* thrir flirt t?m*«« tlhlatw In fwru wirna |»l»t:w4 xidb by 

t4«li» im />» l\w mmn iti«Wnti’«’ f*»r l*r«» p|unr»» r«rtwr t*» r«r?i«r I out I x VtlK 

Hum Mu* well, Trim** H A\ h*lini*Hryh t ji, #33, 3 4*7 1 ■ 7’J. Mr. tlitw mh%» W* Kiiully 
ftKutltniUtml thin wereethe* flvtil# that M**w *’))''» m they- iiAtnl li Ii 

*j x inmm k%%um\ <»r u x umm, riw u m u\h >** , 

Fur 8 N|unr* wire* 

‘ » h mu th # i i»n i4 „ rout t tn. 

Fur 8 munil wire* 

8 h*m* tu 4 h % # $« U 4 4 i**#,* V »t t * ; 

hmwm 

Kt»W.,^ , -*OOH6a72i 

Htttl 

H t*V. I',' - ■(>»«. 

Thin ttmkm ilw tut*! *xirmal*m 

u { t*%*. *} * o UM3&}* 

It{« peetiblp however that Iti till# m»rret?l4f»fi Maxwell may linw tint! 

value# h*r the am*** tiiaUuawi*, mrrevt n» ttturo |4im?«mi «*f tlapimali tbufl tlnu#i glw® I® 
hi# jmjier, j 
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Mutjndic Potential due to a Circular Current, 

694.] Tun magnetic potential at a given point, duo to a 
circuit carrying a unit current, in numerically equal to the solid 
angle hu h tended by the circuit at that point ; boo Arts. •109, 486. 

When the circuit is circular, the solid angle is that of a cone 
of the second degree, which, when the given point is on the axis 
of the circle, becomes a right cone. When the point is not on 
the axis, the cone is an elliptic cone, and its solid angle is 
numerically equal to the area of the spherical ellipse which it 
traces on a sphere whoso radius is unity. 

This area can be expressed in Unite terms by means of elliptic 
integrals of the third kind. We shall find it more convenient to 
expand it in the form of an infinite series of spherical harmonics, 
for the facility with which mathe- 
matical operations may be performed 
on the general term of such a series 
more than counterlmlanees the trouble 
of calculating a numlrnr of terms 
sufficient to ensure practical accuracy. 

For the sake of generality we shall 
assume the origin at any point on the 
axis of the circle, that is to say, on 
the line through the centre perpen- 
dicular to the plane of the circle. 

Ixit 0 (Fig. 46) be the centre of the 
circle, V the point on the axis which 
we assume m origin, 11 a point on 
the circle. 

Describe a sphere with G as centre, and CM as radius. The 
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circle will lie on tins sphere, and will form a small circle of the 
sphere of angular radius a. 

Let GH = c , 

OC = b = c cos a, 

OiT = a = csina. 

Let A be the pole of the sphere, and Z any point on the axis, 
and let CZ = 0 . 

Let R be any point in space, and let CR = r, and ACM = 0. 

Let P be the point where CP cuts the sphere. 

The magnetic potential due to the circular current is equal to 
that due to a magnetic shell of strength unity bounded by the 
current. As the form of the surface of the shell is indifferent, 
provided it is bounded by the circle, we may suppose it to coin- 
cide with the surface of the sphere. 

We have shewn in Art. 670 that if V is the potential due to 

a stratum of matter of surface-density unity, spread over the 

surface of the sphere within the small circle, the potential to due 

to a magnetic shell of strength unity and bounded by the same 

circle is 1 d , TrN 

60 j- r 7 ). 

c dr' 

We have in the first place, therefore, to find V. 

Let the given point be on the axis of the circle at Z, then the 
part of the potential at Z due to an element dS of the spherical 
surface at P is dS 

ZP' 

This may be expanded in one of the two series of spherical 

harmonics, dSt* ^z 0 -s? 0 ) 

~ + + &c. + + &c.> > 


^{p 0+ jj? + te + j;S + fc| 


the first series being convergent when 0 is less than c, and the 
second when z is greater than c. 

Writing dS = — c 2 dfid4 >, 

and integrating with respect to 4> between the limits 0 and r, 
and with respect to //, between the limits cos a and 1, we find 


V = 2ttc j f P 0 dn + &c. + ~ f Rtdti- |-&c.L 

(v cos a ^ ■'cos a ) 

• or >= I* P 0 dv + & 0. + -J 1 + 

^ LJ co& a ^ J cos a ) • 
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By Uk‘ cliaraeU'nstie equation of //, 


l(i 4 I)/' 4 


lienee 


'* u 


d 

djj. 


f/, „y//n 

1 (l ,<;]="• 


i - b* :ii: 
i(i+ 1 ) 

This expression fails when 7 0, but since ,/<} = 1, 






( 2 ) 


(») 


Ah the function ^ occurs in every part of this Investigation 

we whall denote it by the abbreviated symbol If. The values of 
If corresponding to several values of 7. are given in Art. GOB. 

We are now aide to write down the value of V for any point 
It, whether on the axis or not, by substituting r for s, and 
multiplying each term by the zonal harmonic of 0 of the same 
order. For V must he capable of expansion in a series of zonal 
harmonics of 0 with proper cooHictants. When 0 = 0 each of 
the zonal harmonics becomes equal to unity, and tins point It 
lies on the axis, lienee the cocfhehmtH are the terms of the 
expanse n of V for a point on the axis. Wo thus obtain the 
two series 

l -nr | 1 - coh a 4 Ac. 4 if (a) 7/ (0) 4 &C.j > (4) 


V 


or V 


2,7 i 

V i 


COH a + *0. + . ,p/(u)l>(0) 4 Ac.: 

095. ) Wo may now find «, tho magnetic potential of the 
circuit, by the method of Art. 070, from tho equation 

< 5 > 

We thus obtain the two series 


j 


&C.J • (4') 


M 


2 n 1 1 — cos a + Ac. + ^ 7f(a)7/(0) + A C.j- . 


( 6 ) 


f .,a i /.< + ! «\ 

«'= 2i7Hm a «|i ^ 7 f (a) 7 J (0) + <fec. 4 i + J }tJ + 1 if («) 7/ (0) 4 Ac. j . (O') 

The series (0) is convergent for all values of r less than <:, and 
the series (O') is convergent for all values of r greater than 
At the surface of the sphere, where r — c, the two series give 
tho same value for w when 0 is greater than a, that is, for points 
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not occupied by the magnetic shell, but when 0 is less than «, 
that is, at points on the magnetic shell, 

(*/ ;r: u) I ,7. 

If we assume 0 % the centre of the circle, ilm the origin of eo- 

7T 

ordinates, we must, put a = 0 , and the series become 


-=»{' + 1', /;(»)+*!■■ i( y ui " f’*. («i 

I ** i (• | I (I) 


where the orders of nil the harmonies are odd *. 


(hi the Potential Pnenjif of tn'o ( 7 renin r ( *n reentn, 
fdHk] Let tin begin hy supposing the two magnetic shells 
which are rqui valent tt» the currents to he port inns of two 

concentric spheres, their radii being 
Cj and *\ i% of which e t in the greater 
(Kig. *17). Lei UN also HUpjX)B6 
that the axe* of the two shells 
coincide, and that « t is the angle 
Huhtended hy the radius of the 
first shell, and «, the angle sub- 
tended hy the radius of the second 
shell at the Centre ( \ 

Let he the poteniiiil due to 
the first shell at any point within 
1% 4?. if* then the work required to carry 

the second shell to an infinite din* 
taneo in the value of the surface- integral 



* The viUutt of the #olM tuigle hy s wind** ttmy \m obtain**! la * more 

tUrcot way m follows 

Tim lolhi iwiglo mibtomioil hy the rln*!w »i ihw Z lit th© mU I# muiiiy ahown 
to ho f ? mm u * 

* - ™ ■ u/ I* 

Escjmiuiiiig this tetjiruanion la harmonic*, w» ft tut 

m ** % w { (com o f 1) >f o»#a / „ «;>) * t * (/‘go} rmm - f \ * Ae.} » 

# I*t t i fe 

«'•» w | (/*«(<0 tHI * a « 1\ («Y) ' * A«. e { /*, («) *?«*« - /*j#i («> i ^ #l t * 

for tlrn eiqowloM of m for plain m the mh fur which a in Iisui ittuft 0 mul 

tlma 0 reMpetivt&ly. Thwm mmlts mu rmllf I m ah* urn to ooittakta with %hm la lb* 

fctxt* 
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extended over the second shell. ] I unco 


M 


L'dr 2lu ‘* d > J *' 


A 7 T" H 1 IV 


‘“sA! Pm^ + 

l » * 11 “ f Ju.» 


•f&c 


or, substituting the value of the integrals from equation (2), 
Art. <;!>•!, 


I 


il/'= 4 7r 2 8nr« 1 8tn 


a <vaji pn'M /rw + *<•- + - ( / + 1} ■yr(a 1 )ir(<g + &c. 

()97.'| Let us next, suppose tlmt the axis of one of tho shells is 
turned about 0 as a centre, so that it now makes an angle 0 with 
the axis of the other shell (Fig. •18). We have only to introduce 
the zonal harmonies of 0 into this expression for M, and wo fold 
for the more general value of M, 

M = -1 *» sin- «, sin- a.,r» j i ■ > if (a,) if (a.) J> (0) + &c. 

Thin in the value of tho potential energy duo to tho mutual 
action of two circular cummin of unit atrongth, placed bo that 
tho normaln through tho centres of tho 
circles meet in a point O at an angle 
tf, the distances of the cure mu forenoon 
of the circles from the point 0 being 
<\ and t of which e, in the greater. 

If any displacement dtc alters tho 
value of M , then the force acting in 
the direction of tho displacement in 

dM . 

dm 

For instance, if tho axis of one of the shells is free to turn 
about the point G\ ho as to cause 0 to vary, then the moment of 
the force tending to increase 0 is 0, where 

dftf * 
dO * 


X 



Fig. 48, 


Q 


* (Thin is candy proved by cxpreaalttg tha zona! harmonic P{ (0), which occurs in 
tho axprasslon for <w, in oquathm (0) an the sum of a series of zonal and tessera! 
harmonics, with (Ja for axis, and then using tho formula 

Mm f % itc^dn a ,} 
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Performing the differentiation, and remembering that 
^P = -sin 0P t '(0), 

where if has the same -signification as in the former equations, 

0 = — 4 7r 2 sin 2 cq sin 2 a 2 sin Qc 2 \\ C -P{ (a 2 ) f (a 2 ) if (0) + &c. 

“L c i 




698.] As the values of if occur frequently in these calculations 
the following table of values of the first six degrees may be 
useful. In this table m stands for cos 6 , and v for sin 6 . 

if = 1, 

if = 3/x, 

^=|(5 M 2 ^1) = 6(m 2 -^ 2 ), 
if = 1 m(7m 2 “3) = 10 m (m 2 — I v2 )> 




-(21/x 4 — 14p. 2 + 1) = 15 (m 4 -|mV + |-z> 4 ), 


if = “m(33m 4 — 30// 2 + 5) = 21m (m 4 ~ f M 2 ^ 2 + f^ 4 )* 

699.] It is sometimes convenient to express the series for if in 
terms of linear quantities as follows : — 

Let a be the radius of the smaller circuit, b the distance of its 


plane from the origin, and c = V a z + b 2 . 

Let A , B } and C be the corresponding quantities for the larger 
circuit. 

The series for M may then be written, 

A 2 

M = 1 . 2 . a 2 cos 6 

u 6 

A 2 B 

+ 2.3.7r 2 -^-a 2 6(cos 2 ^— \ sin 2 0) 


-f 3.4.7 r 

+ &e. 


2 A 2 (B*-iA 2 ) 


C 7 


a 2 (b 2 — i a 2 ) (cos 3 0 — | sin 2 0 cos 0) 


If we make 0 = 0, the two circles become parallel and on the 
same axis. To determine the attraction between them we may 
differentiate M with respect to b . We thus find 


dM_ 2 A 2 a 2 

db 17 C* l 


to XX KAf V B B 2 

2 ^2.3^ + 2.3.4 — 


0 


Q3 


1/12 

— b + &c. 
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7°°.] 

7 00.] In calculating the effect of a coil of rectangular section 
we have to integrate the expressions already found with respect 
to A , the radius of the coil, and B , the distance of its plane from 
the origin, and to extend the integration over the breadth and 
depth of the coil. 

In some cases direct integration is the most convenient, hut 
there are others in which the following method of approximation 
leads to more useful results. 

Let P be any function of x and and let it be required to 
find the value of P where 

r+hv 

/ Pdxdy. 

J -%y 

In this expression P is the mean value of P within the limits 
of integration. 

Let ijj be the value of P when x = 0 and y = 0, then, ex- 
panding P by Taylors Theorem, 


dP„ . dR 


r = P 0 + ^ + y 


>d 2 R 


dy 


°+lx 2 ^ +&c. 


dx 2 


Integrating this expression between the limits, and dividing 
the result by xy, we obtain as the value of P, 


J> _ E + X ( x 2^3 + 

^ + TrT v x dx 2+y dtf) 


, d 4 R 


d*P n \ 


+ ™ (** dJ + 2/4 dJ) + T ^ xiy 


d 4 P„ 


dx 4 ' * dy 4 > ' 5 7 6 ~" dx 2 dy 2 + &Q ' 
In the case of the coil, let the outer and inner radii be A + \ £, 
and A — i £ respectively, and let the distances of the planes of the 
windings from the origin lie between P + iu and P — then 
the breadth of the coil is rj, and its depth £ these quantities 
being small compared with A or (7. 

In order to calculate the magnetic effect of such a coil we may 
write the successive terms of the series (6) and (6 r ) of Art. 695 as, 
follows : — 


r B ( 2A 2 


C * 


p 2 , 

£ '8 V d" • ••) * 




G, 


3tt 


G 3 

A 2 B 
C 5 ' 


1 +- 1 - 


/ 2 , K B\,„,iB 2 -A 2 „ 

( A 2 1 ® /' u ) ^ + T m *1 


^ A 2 

J2 

A 2 


G 4 ' 

25 35 A\ 


G 4 




, / 6 6 0 OO JX \ 

1+ ?i (72 — g * + ~ g 4 ) ^ + 


5 

1ST 


iB 2 — 3 A 2 


G 4 


■n 


2 + 


4 


VOL. IX. 


Z 
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a 3 = 11 (C 4 (8JS 2 - UA 2 ) + 35 A 2 B 2 (5AL 2 -4ff)} 

+ |J£aL 2 {ji 4 — 12JAB 2 +8 jB 4 }, 

+ iV w £ 2 > 

0 2 = 2ita 2 b +I-7T6P, 

0 3 = Bira^-io 2 ) + |^(25 2 -3 a 2 ) + p 2 a 2 , 

&c., &e. 

The quantities £? 0 , ffj, Cr 2 , &c. belong to the large coil. The 
- value of a) at points for which r is less than G is 

co = — 2it + 2 G 0 ~ G 1 rP 1 (6)~G 2 r 2 P 2 (0)-— &e. 

The quantities g^g^ &c. belong to the small coil. The value 
of «/ at points for which r is greater than c is 

<*'= 9 ipPi ( d ) + 9 2 73 h (*) + &c - 

The potential of the one coil with respect to the other when 
the total current through the section of each coil is unity is 
M= G 1 g 1 P 1 ( 0 ) + G 2 g 2 P 2 (0) + &c. 

To find M by Elliptic Integrals . 

701.] When the distance of the circumferences of the two 
circles is moderate as compared with the radius of the smaller, 

. the series already given do not converge rapidly. In every case, 
however, we may find the value of if for two parallel circles by 
elliptic integrals. 

For let b be the length of the line joining the centres of the 
circles, and let this line be perpendicular to the planes of the 
two circles, and let A and a be the radii of the circles, then 

' M — 

the integration being extended round both curves. . 

In this case, 

r 2 = J. 2 -f-a 2 + 6 ? ~ 24a cos (<p — <£>'), 
e == <£~ <£', ds == ad(p } ds'z=Adi 
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if: 


n 2 7T 


-Aa cos (0 — 4>') d<j) d<f> ' 


VA* + a 2 + b*- 2Aa cos (<jb — <jf>') 

= — 47r-/j4a|^c— ^ jF-f- |sj, 

where c = , 

V{A+af + b 2 

and F and E are complete elliptic integrals to modulus c. 
From this, remembering that 

dF 1 {E-(l-c*)F}, 


dc c(l — c 2 ) 
and that c is a function of b, we find 

dM tt be 

~db~ — 




{(2— c 2 ) E-2(l-c 2 )F). 


VAa 1-c 2 

If r x and r., denote the greatest and least values of r, 
r-, 2 = (A + a) 2 4- b 2 , r 2 2 = (A — a) 2 + b 2 , 

and if an angle y be taken such that cos y = — * 


dM 


b sin ' 


db VAa 


{2F y — (1 +sec 2 y)£ r y}, 


where F y and E y denote the complete elliptic integrals of the 
first and second kind whose modulus is sin y. 

If A = a, cot y = — 5 and 
5 2a 

rJM 

— = — 2 7r cos y {2F y — (l + sec 2 y) E y }. 

The quantity — represents the attraction between two 

parallel circular circuits, the current in each being unity. 

On account of the importance of the quantity M in electro- 
magnetic calculations the values of log (M ] 4-tt >/ Aa ), which is a 
function of c and therefore of y only, have been tabulated for 
intervals of 6' in the value of the angle y between 60 and 90 
degrees. The table will be found in an appendix to this 
chapter. 



MO 


nmmiau muuKNTs, 


”702, 


aS fecund AV/uv\W*m f*>e M. 

An expression for M, which *s .homo! i men nmiv eon venient, in 

got by making e x = \ l ’ ■* in which case 
r i ‘h r ;* 


To draw the Linen of Mttijuefic 


Fo ere foe 0 < 7 /vo/ur (*u e rent. 


702. | The linos of magnetic force are evidently in planes, 
panning through flic axis of the circle* am l in each of these lines 
the value of M in constant. 


Calculate the value of K# 


mnO 


a fr«*m I^egendres 


( nit Of ^ L 

tables for a sufficient number of values of tl 

.Draw rectangular axoN of *r and 2 on the paper 1 the origin 
being at the centre of the circle and the axis of ; the axis of the 
circle) , and, with centre at. the point s ** | a (sin 0 f easee 0), 
draw a circle with radius § a {cosced- 
of this circle the value of r t will be sin (). 
this circle, 

I 


sin 0), For all points 
Hence, for all points of 


M = H 7T y/ A it 


V K a 


and A 


1 M*K, 

It 4 n* u 


Now A is the value of ,r for which the value of M was found. 
Hence, if we draw a line for which „r - A f it will cut the circle 
in two points having the given value of M, 

Giving AI a series of values in arithmetical progression, the 
values of A. will he as a series of squares. Drawing therefore a 
series of lines parallel to z % for winch x linn the values found for 
A , the points where these lines cut the circle will be the points 
where the corresponding lines of force cut the circle. 


* [Tb« HtHmntl ttxprwmltm for M may l mi tlmlin**! fmm lh« tint by umm» of lb# 
following tmniformatiou* In KUIjaio ItilfgrftU ; ■ • 


*fi — m J * * , m pm 
1 r r t 


*W*% 

X * p % ' 




if 

then 
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If wo put ‘i)i = H 717 / , and M =: wm, then 

/t = ;j: == 

Wo may call n tlio index of the lino of force. 

Tim forms of those linos are given in Fig. XVIII at the ond of 
this volume. They are copied from a drawing given by Sir W. 
Thomson in his paper on Vortex Motion h* 

703. | if the position of a circle having a given axis is re- 
garded as defined hy ft, the distance of its centre from a fixed 
point on the axis, and a , the radius of the circle, then if, the 
coeflieient of induction of the circle with respect to any system 
whatever of magnets or currents, is subject to the following 
equation, cf-AT d«M 1 <IM 

+ .... - °- « 


To prove this, let us consider the number of lines of magnetic 
force cud. hy the circle when a or ft is made to vary. 

( 1 ) Let a become a -f ha, ft remaining constant. During this 
variation the circle, in expanding, sweeps over an annular 
surface in its own plane whose', breadth is ba. 

If V is the magnetic potential at any point, and if the axis of 
y he parallel to that of then circle, then the magnetic force per- 

dV 

pemlicular to the plane of the ring is — ^ * 

To find the magnetic induction through the annular surface 

we have to integrate P tn . dV 

— / aha r ~d0* 

J 0 dy 

whore 0 is the angular position of a point on the ring. 

But this <piantity represents the variation of M due to the 

variation of a, or^'^hu. Hence 

iil dM r**dV 7 » / 9 v 

/- 5 = — / a ~y do. ( 2 ) 

da Jo dy 

( 2 ) Let ft become ft 4 * b ft, while a remains constant. During 
this variation the circle sweeps over a eylindric surface of radius 
a and length 5 ft, { and the lines of force which pass through this 
surfaces are those which cease to pass through the circle}. 

The magnetic force perpendicular to this surface at any point 

d F" 

is — v , where r is the distance from the axis. Jtlonco 

ilV tlM r*" dV ,i* 

= / a . d6. 

db Jo dr 

* Tram. U. 8. Min., vol. xxv. i>. 217 (1869). 


( 3 ) 



:;I2 
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[/O 4 . 


Differentiating equation (2) with respect to o t ami (:i) with 
respect to />, wo got 

/"“»*•/ I * r ” w . /»■ I * 

0) 


lid" 

d-M 


■£ 

l’M r"“ </' r 

<///•’ ,/n di'dt 


It). 


do. 


Hence 


</•',!/ ,1'M 

,(<r + .//.-= 


d>J 

d 

r 

hi 

1./.V 


" r d- v . 

/ <f , . at). 




tin 


!>y (-)• 


Transposing the lust term wo obtain equation (I ), 


(«) 


(Uteftelent of l tut act Ion of Ttm Ihtntflel Curies often the 
Distance heiteeen the Arm i# smalt eum paml irlth Urn 
JitulluH of either (Urelt\ 

704* J Wo might deduce tin* valuo of *1/ in this ease from the 
expansion of tho elliptic integrals already given when their 
modulus in nearly unity. Tho following method, however, k a 
more direct application of electrical principles. 


FI put ,1 j y *n U'i motion. 

Lot tt and a 4 r he the radii of tho curies and I* tin* distance 
between their planes, then the shortest distance between their 
circumferences is given hy 

We have to find the magnetic induction through the one circle 
due to a unit current in the other. 

We shall begin by supposing the two circles to lie in one 
plane. Consider a small element ft# of the circle whose radius in 
a 4 c* At a point in the plane of the circle, distant r from the 
centre of ft#, measured in a direction making an angle 0 with the 
direction of os, tho magnetic force *lue to ft# is pm-pondkmlitr to 
th plane ami equal to * 

, mnOft*. 

P 

To calculate the surface integral of tins force over tho apace 
which lies within the circle of radius a we must find tho value 
of the integral m, „ 

««h / j dO dp, 

J» 1 J >, P 



.705.] INDUCTION DUE TO A CIRCULAR CURRENT. 

where r 15 r 2 are the roots of the equation 

r 2 — 2 (a + c) sin<9r + c 2 + 2ac = 0, 


343 


viz. 


(<x 4 * c) sin 0 + -/ (a 4 - c ) 2 sin 2 0 — c 2 — 2 &c, 

- r 2 = (a-f c) sin (9— -/(a + c) 2 sin 2 0—e 2 — 2ac, 

- 2 /i c 2 + 2 ac 

and sm 2 0, = -7 ^ * 

1 (c + af 

When c is small compared to a we may put 
t x = 2 sin 
r 2 = c / sin 

Integrating with regard to p we have 

/ij. 2 /y 

2 8 s/ log( — sin 2 #) . sinflcZfl = 

Jo 1 ^ 

26s [cos 6 [ 2 — log sin 2 0 ) | + 2 log tan ^ 

= 2 6 s (log e ^— 2) 5 nearly. 

We thus find for the whole induction 

M ac = 4™(log e y- 2 ). 

Since the magnetic force at any point, the distance of which 
from a curved wire is small compared with the radius of curva- 
ture, is nearly the same as if the wire had been straight, we can 
(Art. 684) calculate the difference between the induction through 
the circle whose radius is <2 — c and the circle A by the formula 
M aA ~M ac = 4 7 to, {log e c-log e r}. 

Hence we find the value of the induction between A and a 
be ]\f Aa = 47 ra (log e Sa— log e r— - 2 ) 

approximately, provided r the shortest distance between the 
circles is small compared with a . 

705.] Since the mutual induction between two windings of 
the same coil is a very important quantity in the calculation of 
experimental results, I shall now describe a method by which the 
approximation to the value of M for this case can be carried to 
any required degree of accuracy. 

* We shall assume that the value of M is of the form 

8a 


M 


= log e ^ + i?j> 
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rA XV 2 

where A = a + A x x + A 2 — 4 A 2 — +^3 "2 + + & c - 

CL CL (XT' CL 

+ or O’- 1 ) { x n A n + x n ~ 2 y i A' n + x '/.A", + ...}+ &c., 
and B = -2 a + BjCo + B 0 + +5/^ + B s - 2 +B 3 '^ + &c., 

"Of C& CL CL 

where a and a + x are the radii of the circles, and y the distance 
between their planes. 

We have to determine the values of the coefficients A and J3. 
It is manifest that only even powers of y can occur in these 

quantities, because, if the sign of y is reversed, the value of M 

must remain the same. 

We get another set of conditions from the reciprocal property 
of the coefficient of induction, which remains the same whichever 
circle we take as the primary circuit. The value of M must 
therefore remain the same when we substitute a + x for a, and 
— x for x in the above expressions. 

We thus find the following conditions of reciprocity by equat- 
ing the coefficients of similar combinations of x and y , 

Ai = l-A v B ± = 1 — 2 — J5 X , 

A 3 = — A 2 A 3 , _Z ?3 = ^ %A 1 + A 2 B 2 B 3 , 

A z '=-A z '-A z ' 9 B z '=. A z '-B{-B'i 

( - )M„ = A 2 + (n - 2)A 3 + A, t + &c. + A ni 

(-r*»=- k + izi 4-^.+ &c - + 

• +B 2 + (n- 2)B Z + Bi + &c. + B n . 

From the general equation of if, Art. 703, 

d 2 M dm 1 

dx l + dy 2 a + x dx ~~ 5 

we obtain another set of conditions^ 

2 A 2 + 2 A! 2 =^. A x , 

2 A 2 + 2 A' 2 -f 6 A 3 4 2 A' z = 2 j4 2 ; 
n (Tb— l)A n 4 (n + 1) nA n+1 + 1.2A' n +l .2 A' n+1 = nA n , 
*(n—l)(ncb~ 2)A r n + n(n — l)A ' n+1 4 2.3 A" n 42.3 j4/' n+1 

= (^- 2 )A / W , &c. ; 

4:A 2 4 A-^ = 2i? 2 4 2J3' 2 — B-y = 4.A 2 , 

6 A 3 4 3 A 2 = 2J5' 2 4 6 JB 3 4 2 = 6 A! § 4 3 j4/ 2 » 

* {Mr. Chree finds that this equation should be 
(yi — 2) (n — 3)^L / n+(^ — 1) 0® — 2').-4n+i + 3 + S 
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-l)A „ + (2 n + 2) /I M+ , = (2 n. -1)A \ + (2 n + 2) A'„ +l 

= n ( ■«. 2) //„ + ( s + I ) u li n+l + 1.2 /*'„ +1.2 Ji ' n+ , . 

Ivin*? these equations and substituting the values of the 
dents, the series lor M becomes 


= *1 n<( 


<■{ 


i + i x + ‘ r \+*f 

a l (><r 




+ 3 xif 1 


+ *1 71 (( ■ 


rft O 

• Cd-'"'" 

u l (h/.- 


32a :i 

?/ 2 


cj 


+ &e. 

:l — G wtf 
•18 ( r' ■" 



'««* /'«•«<• <;/' u <*«// /«r «•/<•*<•& Me coefficient of xetf- 

utiidion. in a maximum, Ui« total Icvtjl/t. and tkieknm of 
to 'trice, ticintj t/iren. 


">.] Omitting the corrections of Art. 705, wo iiiul hy Art. 093 

L — -1 Ttvra [log ■ —2), 


a n is the nuinher of windings of the wire, a is the mean 
s of the coil, and It is the geometrical mean distance of the 
verse section of the coil from itself. Hoc Art. 691. If tluH 
in is always similar to itself, It is proportional to its linear 
isions, and n varies as It~. 

ice the total length of the wire is 2 it an, a varies inversely 
Hence 


dtt. dll 

= * », > 
"th It 


. da 
and - 
a 


dll 
U 9 


vo lint 


the condition that L may bo a maximum 
, Hu 7 

log H = J. 


the transverse section of the channel 
Huh (\ then, by Art. 002, 



of the coil ib circular, 


CO 


and 



t a 
' a > 


a = 3*22 c ; 


hi# mmlfc may lm obtained direotly by the method suggested in ‘Art. 704, 
the uxpftUftiotiH t>f the elliptic integral* in the expression lor M found in 
l. Hue Cayley*# Elliptic Function*, Art, 76.] 
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or, the moan radius of (ho roil should he :i*22 times the radius o 
the transverse motion of the channel of tin* roil in order thal 
such a coil may have the greatest coefficient of self induction 
Thin result was found by (bums*. 

If the* channel in which the coil \h wound linn a square turns- 
verso section, the mean diameter of the mil should he 7 timei 
the Hide of the square section of the channel, 

* H'rrkt', isrtj', Ul, v, 
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Table of the values of log — — 7 = (Art. 701). 
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The Logarithms are to base 10. 
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CHAPTER XV. 


ELECT ROM AONKTIO INSTRUMENTS. 

Galvanometers. 

707. 1 A Galvanometer is an instrument by means of which an 
oleotrio onrront is indicated or moasured by its magnetic action. 

When the instrument is intended to indicate the existence of 
a feeble current, it is called a Sensitive Galvanometer. 

When it is intended to measure a current with the greatest 
accuracy in terms of standard units, it is called a Standard Galva- 
nometer. 

All galvanometers are founded on the principle of Schweigger’s 
Multiplier, in which the current is made to pass through a wire, 
which is coiled so as to pass many times round an open space, 
within which a magnet is suspended, so as to produce within this 
space an electromagnetic force, the intensity of which is indicated 
by the magnot. 

In sensitive galvanometers the coil is so arranged that its 
windings occupy the positions in which their influence on the 
magnet is greatest. Thoy are therefore packed closely together 
in order to bo near the magnot. 

Standard galvanometers are constructed so that the dimensions 
and relative positions of all their fixed parts may be accurately 
known, and that any small uncertainty about the position of the 
moveable parts may introduce the smallest possible error into the 
calculations. 

In constructing a sensitive galvanometer we aim at making the 
field of electromagnetic force in which the magnet is suspended as 
intense as possible. In designing a standard galvanometer we 
wish to make the field of electromagnetic force near the magnet 
as uniform as possible, and to know its exact intensity in terms 
of the strength of the current. 
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7 ' 0 K. j In a standard galvanometer the nttvugfch uf the current 

lias to he determined from the three which it v\vrin on tHo SUs 
pended magnet. New the distribution of the nutguotiMm within 
the magnet, and the po-Tithm of it* centre when MtiMpended, aro not 
capable of being determine*} with any great degree uf 
Hence it In necessary that the coil dmtdd be arranged 
produce a ftehl of force which in very m -nrh uniform throughout 
the whole apace occupied hy the magnet during itw ponsibie motion 
The dimensions of the roil must therefore in general he much 
larger than those of the magnet. 

Hy n proper arrangement of *« vend mils t he field of force within 
them may he made much more tmiform than when one coil only 


accuracy, 

ho aa ir. 





m timid, and the dimension* of the isisirtmtcni timv he thus reduced 

V 

and its sensibility increased, The error* of the linear measure- 
mentu, however, introduce greater mieertaint ion into the values 
of the electrical rotiNtaikt* for small instruments than for large 
ones. It is therefore htrni to determine the electrical constants' 
of small instrument m, not hy direct uieastirenienf of their 
dimension^ hut hy an tdeetrienJ comparison with a large 
Htandnrd instrument, of which the lUtuomdottf* are more ac- 
curately known ; mm Art. 762. 

In all standard galvanometer* the coils arc circular. The 
ch&nmd in which the coil In to be wound m carefully turned.* 
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ItB breadth in made (‘-qua! to sot no multiple, n, of the diameter 
of the covered wire. A hole is bored in the wide of the channel 
where tin 4 , wire in to enter, and one end of the covered wire is 
pushed out through this hole to form the inner connexion of the 
coil. The channel is placed on a lathe, and a wooden axis is 
fastened to it; see Fig. 40. The end of a long string is nailed 
to the wooden axis at the same part of the circumference as the 
entrance of the wire. The whole is then turned round, and the 
wire is smoothly and regularly laid on the bottom of the channel 
till it is completely covered by n windings. During this process 
the string has been wound n times round the wooden axis, and 
a nail is driven into the string at the wth turn. The windings 
of the string should be kept exposed so that they can easily 
be counted. The external circumference of the first layer of 
windings is then measured and a now layer is begun, and so on 
till the proper number of layers has bison wound on. The use 
of the string is to count the number of windings. If for any 
reason we have to unwind part of the coil, the string is also 
unwound, so that we do not lose ouv reckoning of the actual 
number of windings of the coil. The nails serve to distinguish 
the number of windings in each layer. 

The measure of the circumference of each layer furnishes a 
test of the regularity of the winding, and enables us to calculate 
the electrical constants of the coil. For if wo take the arithmetic 
mean of the circumferences of the channel and of the outer lay ex*, 
and then add to this tins circumferences of all the intermediate 
layers, and divide the sum by the number of layers, we shall 
obtain tins moan circumference, and from this wo can deduce 
the moan radius of the coil. The circumference of each layer 
may bo measured by moans of a stool taps', or better by means 
of a graduated wheel which rolls on the coil as the coil revolves 
in the process of winding. The value of the divisions of the tape 
or wheel must be ascertained by comparison with a straight scale. 

7(H). | The moment of the force with which a unit current in 

the coil acts upon the suspended apparatus may be expressed by 

the Berios n . „ , /r * , 7J//M , 0 

G l (j l sin 0 + (l 2 (fo Hin 0 J!j ( 0 ) + &c., 

where the coefficients U refer to the coil, and the .coefficients g to 
the suspended apparatus, 0 being the angle between the axis of 
the coil and that of the suspended apparatus ; see Art. 700. 

von. it. A a 
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Or. 


When ilu 4 suspended apparatus 0 n thin uniformly and lorigi, 
iudinnlly magnet i/.cd bar magnet of long? h 2/ and strength unity, 
suspended by its middle. 


TO 2/, #/, -o. //, U/‘.&e. 

The values of t lit' mettiricitfs Fur a bar magnet of length 2 1 
magnetized in any other way an* smaller than when it m 
magnetized uniformly. 

710. | When the apparatus is used ns a tangent galvanometer, 
il u^t coil is fixed with its plane vertical and parallel to the direction 
of the earth's magnetic furer. The equation of equilibrium of 
the magnet is in this ease 

wtj { // cun 0 : m y sin <> : > fi g. /‘ ’ (ih t ke. \ t 

where a/f/j is the magnetic jinnnenf of tie* magnet, // the hori- 
zontal component of the terrestrial magnet ie three, and y flic 
strength of the current in the coil. When the length of the 
magnet is small compared with the rad inn «*f the coil the terms 
alter the first in (i and *j tuny be neglected, and we find 


y ■" ' cut th 

'* 

Tlu> imjjlt' UBtmlly im'n*un*<l in the deflexion, e , of the uittgttrfe 
which is the complement of d, ho that col 0 tun u t 

i he current in thus proportional t*» the tangent of the deflexion, 
and the instrument is therefore railed a Tangent f hilvanomeier. 

Another method in to make the whole apparatus mo v cabin 
about a vert iral axis, and to turn it fill the magnet is in 
equilibrium with its axis parallel to the plane of the coil. If 
the angle Indween the plane of the mil and the magnetic meridian 
in B, the equation of equilibrium U 

?m/| // sin h ss m y ; i kv. ; > 

whence y - t 11 sin ft, 

(i*\ Am. j 

Since the current in measured by the sine of the deflexion, ilia 
instrument when used in this wav in culled n Sin* 1 1 hitviuiumuUtr. 

dlu' method of Hines can he applied only when the current \nm 
steady that we can regard it as constant during the time of ad- 
justing the instrument and bringing the magnet to equilibrium, 

/I h[ We have next to consider the arrangement of the ceils 
of a standard galvanometer, 

1 he simplest form is that in which there In n single coll, and 
the magnet is suspended at its centre. 
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Lufc A l)o tho moan mdiuH of tbo coil, £ its «lopth, r; its breadth, 
and » tho number of windings, tho values of tho coefficients are 
2irn ( _ , (;'* ■»'* ' 


a 

a, = o, 


> , , i c i r X 
A C + ' ls A a ~*~A a } : 


<1. 


tr'ii ( , 


a 


/i 3 1 

4 - <>, &«. 


A~ 


K A* 


Tho principal correction is that arising from G. r 
becomes approximately 


Tho series 


<f i !h ( ' 1 ~ :t \ -i ! j* (c™ 2 0 - 1 sin- (I)) • 

Tho factor of correction will differ most from unity when tho 
magnet is uniformly magnetized and when 0=^0. In this case it 
/* 

becomes 1 — 3 ^ tJ . It vanishes when tan 0 = 2, or when tho de- 


flexion is tan or 2fi M 31'. Some observers, therefore, arrange 
their experiments so as to make tho observed deflexion as near 
this angle as possible. Tho best method, however, is to use a 
magnet so short compared with the radius of the coil that the 
correction may bo altogether neglected. 

The suspended magnet is carefully adjusted so that its centre 
shall coincide as nearly as possible with the centre of tho coil. 
If, however, this adjustment is not perfect, and if tho coordinates 
of the centre of the magnet relative to tho centre of the coil 
are v / 3 c , z being measured parallel to the axis of tho coil, 
tho factor of correction is 


(i + 


2 -\ 

A* ' 


* 


When tho radius of the coil is large, and tho adjustment of the 
magnet carefully made, we may assume that this correction is 
insensible. 


* {Tho couple on tho bar magnet when Its axis makon an angle $ with that of the 
noil is ^ | + (] 9 1 ( 22 s — (^ a f y *)) } + 3 cob 0 0 y 8 syV + y®]. 

Since f/jt + 1 (* 2 s 8 — (ir* -f y 3 )) is tho force at S, y, s parallel to tho axis of tho coil and 

8 6VvW// a 

is tho force at right angle# to tho axis. Thus when tho arrangement is used as a sine 
galvanometer the factor of correction is 

1 +* | (2s f — (& a + y 9 )) which is equal to 1- j { 2 -4- 2/ 3 ) } } - 


A a 2 
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712.) In order to get rid of the correction depending on 
(laugain constructed a galvanometer in which thin term w&« 
rendered zero hy suspending the uu^iu't, not nt the centre of the 
coil, but at a point, on tin* axis at a distance from the centre 
equal to half the .radius of the roil, The form of U x in 

t A-'xU : -M J » 

<<A O fl . 

and, nineo in this arrangement /* -J J , (t A u. 

This arrangement won hi ho no improvement on tho first form 
if wo rouhi hr sure that tit** rout tv of tho suspended magnet in 
exactly at thr point thus deSitmd, The j*osdti*m of tho contra of 
the magnet, however, is always uncertain, and this uncertainty 
introduces a factor of corretion of unknown amount depending 

on (tn and of the form f I J * ), whore j in the unknown cxcchh 

of distance of the centre of the magnet from the plane of the 

coil. This correction depends on tho first power of ~ * Hence 

Oaugaiu's coil with eccentrically snsjaanhal magnet is subject to 
far greater uncertainty than the old form. 


fit I mfttilt**# . 1 rni m/cmtuif. 

7 Id. | Helmholtz, converted < taugiunV galvanometer into a 
trustworthy instrument hy placing a second coil, equal to the 
first, at an equal distance on the other side of the magnet, 

Hy placing the coils symmetrically «»u both side** of the magnet 
we get rid at once of all terms uf even order 

Let A be the mean radius of either coil, the distance between 
their mean planes m made equal to J,nml the magnet in suspended 


at the middle point of their common axis. 

Tim uro 

<>\ = 

IUn " 1 ( , . C }, 

n vr, A *Ve ) 



«», 



o-o:,ii> H " Cup 
:t Sr A* 

3*1% 


/* « mi 

(t, rs — 0.7.172H , 

Sr a* 

wlmro n <l«nott*H tin* miml.i’i- of winding* in both cciiIh together. 
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It appears from these results that if the section of the channel 
of the </» coils be rectangular, the depth being £ and the breadth 
?/, the. value of <7 a , as corrected for the Unite size of the section, 
will be small, and will vanish, if £ a is to f as 36 to 31. 

It is therefore quite unnecessary to attempt to wind the coils 
upon a conical surface, as has been done by some instrument 
makers, for the conditions may bo satisfied by coils of rectangular 
section, which can he constructed with far greater accuracy than 
coils wound upon an obtuse cone. 

The arrangement of the coils in Helmholtzs double galvano- 
meter is represented in, Fig. 53, Art. 725. 

The field of force due to the double coil is represented in 
section in Fig. XIX at the end of this volume. 


(hUvauomvfvr of Four Coilu 

714.] By combining four coils wo may get rid of the coefficients 
fij,, (/ n , (t\> ( , and (/„. For by any symmetrical combination 
wo got rid of the coefficients of even orders. Lot the four coils 
ho parallel circles belonging to the same sphere, corresponding 
to angles </>, tt — </», and n — (K 

Let the number of windings on the first and fourth coils be n, 
and the number on the second and third pn. Then the condition 


that <7«, =* 0 for the combination gives 

n sin 2 0 J:{(0 ) 4- pn siir </> if (</>) = 0, ( 1 ) 

and the condition that O h = 0 gives 

it Hin*6Ji(0)+ pn mr<j> if (</>) = 0. (2) 

Butting H\ri A Q = a* ami si n a c/> = y, (3) 

and oxprcN«ing If and if (Art. 69 8) in terms of these quantities, 

the equations (i) and (2) become 

4 X — 5 x 1 4 '1 py — 5 pjf = 0 , ( 4 ) 

8# — 28#* 4- 2 1 + B/n/— 28 jrf 4 21 pif = 0. (5) 

Taking twice (4) from (5), and dividing by 3, we get 
ilx % - 7x li + G py 2 — 7 p>f = 0. 

Hence, from (4) and (6), 

_ x — 4 _ a? 7 — C 
i ' y 4 - 5y if 6 - 7 y 9 


an<l we obtain 


7 x - 6 


J 


32 70-6 . 
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Hot H .#• mid //an* tin* M|tmres of t In* sines of angles and mont 
therefore lie between o ami I. llmee, either x In between 0 and 
7 , in which cum* // is bet w«m 2 and I, and !/y» between x and 
or else .r in between 2 and I , in which cum* y is between o and 
*, and \/p between 0 and f*. 

(iti! tut tatmt trt t*f Tint* fW/s. 

715*] Tin* moat convenient arrangement in that in which *r = i 
Two of the coils then coincide and fotjn a, great circle of tho 
sphere whose radius is (*, The number of windings in this 
compound coil m f> I. The other two coils form unmil cue lew of 
the sphere. The radius of each of them is \ U\ Tin* distance 
of either of them from the plane of t he first is j ( \ The number 
of windings on each of these coil* in W, 

The value of (t\ in ~ **) * . 

(j> 

Thin arrangement of coils in reprtwiif.nl in Fig, no, 

Since in this three-coiled galvanometer the first form after 

(*% which has a finite 
valuta is ( #h , a large jmr- 
f n m of the sphere on 
whose surface tin* eoila 
lie forma a field of force 
sensibly uniform, 

If we could wind the 
wife over the whole 
of a spherical surface, 
as described in Art. 072, 
we should obtain a field 
of perfectly uniform 
force* It in practically 
impossible, however, to 
^ f4> * distribute the windings 

... lt , . <*»» a ajdimdcul surface 

with mdhment accuracy, even if such a coil were not liable to 
the objection that it forms a closed surface f an that it# interior in 
nmecomiblo. 

By putting the middle coil nut of the circuit, and making the 
current flow in opposite directions through the two aide coils, we 
<;Mam a. Hold oi forco which «x«?rt* 14 nearly uniform action in 
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lireetion of tho ax in on a magnet or coil suspended within it, 
ifcw axis coinciding with that of the coils ; see Art. (573. For 
is ease all the coellieimts of od<l orders disappear, and since 
M = ^71 If = 5/^(7/r — 3) = 0. 

%tico the expression ((»), Art. (595, for tho magnetic potential 
the centres of the coil becomes, there being n windings in 
of the coils, 



i, the Proper Thick mm of the Wire of a Galmnomstev, the 
External lies i dance helm) (jiven. 

(».] Let the form of the channel in which tho galvanometer 
,h to bo wound be given, ami let it bo required to determine 
her it ought to be filled with a long thin wire or with a 
icr thick wire. 

;t l bo the length of the wire, y its radius, y 4* h the radius 
o wire when covered, p its specific resistance, </ the value of 
r unit of length of the wire, and r the part of the resistance 
k is independent of the galvanometer. 
io resistance of the galvanometer wire is 

t> l 


R 


7 r y* 


to volume of tho coil is 

F=tt % + A) 2 . 

ic electromagnetic force is yO, where y is tho strength of the 
and <7 _ ;j i 

TJ is* the electromotive force acting in the circuit whoso 
■MiwwU+r, K = y{ll + v). 

te electromagnetic force due to this electromotive force is 

F 0 
L It + r* 

h we have to make a maximum by tho variation of y and L 
verting the fraction, we find that 

n 1 r 

' -i k / 
it () y* 

be made a minimum. Hence 
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non 


If tilt' volumo of tho roil romiiin* ouminut 


til 'll' 

i “ 'i j h 


0. 


[718. 


Eliminating «// ami <///» we 

P if i *' 

u *r 1 

r 1 / l l> t 

nr f* 

lienee tho thieknesw of the wire of the gul\ anmueter should 
\ HS Htmh that the external reatotnuee to it* the restotunc e of the 
galvanometer coil a* tin* diameter of tin- covered win* to tho 
diameter of tho win* limit. 


(hi Sensitive (tvlmHomrtrr*. 

717.] In the construction of a sensitive galvanometer Urn aim 
of every part of tho arrangement in u* produce the greatai 
jKiHHihlo deflexion of tho magnet hy means **f a given small 
electromotive lorn* anting Between the iderirudo* *4” tin* coil, 

Tim ourront through tho win* produce# tho greatest effect when 
it 1 h placed an m ar a# possible to tie* suspended magnet, Tho 
magnet, however, must hi* loft fro* 9 to oieillafe, ami therefore 
then* in a certain space which must ho let! empty within tho 
coil, Thin defines* flu* internal Boundary of the e«»ih 

OulHtdu of thin space each winding mu»t he pi arm! hu m to 
have the greatest possible 1 fleet on tho magnet. An the number 
of windingN the most advantagooim positiojm Itoctomo 

filled up, ho that at laat the inm^ol resistance of a new 
winding dhnintoheH the effect of the eurretii in the former 
windings more than the new winding itself add# to it. By 
making the mi tor winding* of thinker wire than the inner mm 
we obtain tin* greatest magnetic effect from 11 given electromotive 
force. 

718*] We shall HUpjKwe that the winding# of the galvanometer 
are circles, the ax in of the galvanometer piuming through the 
eentren of these circle* at right angle* to their {d&tm*. 

Let r Hin 0 l*e the raditia of one of them* circles* and r ooa 0 th® 
distance of it# rent re from tho centra of the galvanometer, th«a, 
if l m the length of a portion of wire coinciding w ith tlii# circle* 
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y current which flows in it, the magnetic force at the 
o of tho galvanometer resolved 
e direction of the axis is 
, sin 0 

>i ,, • 

vve write c~ = ;e~ sin (J, (I) 

• i 1 

LXpression becomes y „ . 

nee, if a surface he constructed, 
ar to those represented in section 
g. 51, whose polar equation is 

v ,B = .rfRinO, (2) 

,5 a?! is any constant, a gi von length 
re hunt into the form of a circular 
rill produce a greater magnetic 
when it lies within this surface 
when it lies outside it. It follows from this that the outer 
'Mi of any layer of wire ought to have a constant value 1 , of ;r, 
% ./• is greater at one place than another a portion of wire 
t he transferred from the first place to the second, so as to 
tse the force at the centre of the galvanometer, 
u whole force due to the coil in y(r\ where 

U =0> M 

integration being extended over the whole length of the 
;/•’ being considered us a function of/. 

). ) Let u be the radius of the wire, its transverse section 
i>e n y\ Let p be the specific resistance of the material 
ieh the wire is made referred to unit of volume, then the 

anee of a length l is and the whole resistance of the 

n tt // “ 




(4) 


i y i h considered a function of L 

f K J be the area of the quadrilateral whose angles are the 
ns of the axes of four neighbouring wires of the coil by a 
through the axis, then YH is the volume occupied in the 
>y a length l of wire together with its insulating covering, 
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and inelutlin^ any vacant apace ueeessanly left. between tho 
windings of tho cuil. Hence the whole volume ot the coil is 

r = r . I'yuil (5) 

whore. V is eemsidorod a function <»f /. 

lint since tho coil is a figure of revolution 

r ^ 2 n I j r ’ sin d </r d tK ^ 

or, expressing r in terms of j\ by equation (l), 

V - 2 n j j >< ” (sin t f ) 1 dj • dtK ^7) 

Now 2 {sin o f* tlO is a numerical ijuuntiiy, rail it ,V, thou 

»'=* j A> a - i,;, (8) 

where V Q is the volume of the interior space left for the 
magnet 

Lot us now consider a lay or of tho roil contained between the 
surfaces *r and *r 4 du\ 

Tho volumo of this layer is 

d r « AW* » Kb//, (f)) 

wlirre dl is tho length of wire in tins lay or. 

This gives us dl in ternm of d.r, Substituting this in oquafcioitia 
(3) and i -1 ) % wo find ,/ f 

du ^ ,v (hi) 


dll sr .v 




where f/(/ and d H represent tho portions of tin? values of (} and 
of H duo Hi this lay or of tho coil. 

Now if H ho tho given electromotive force, 

A’« y(H f rl. 

whom r is tho resistance of tho external part of tho circuit, 
indopoudoni of tho galvanometer, and tho fore** at tho centre is 

y(l /■;,/' . 

r It + r 

f ,,S 

Wo have therefore to make ^ ^ a mnxituum, by properly 

ft«yuHtii>K the Kcotion of the wire in each layer. This al«o nocca- 
Httrily involve* a variation of 1' Imeauau V dojwiula on y. 
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•Lot G () and Jt n bo the values of G and of 11 + r when the given 
layer is excluded from the calculation. We have then. 

a _ o 0 +da f . 

li+r~ M 0 + d It’ 1 > 

and to make this a maximum by the variation of the value of y 
for the given layer wo must have 

±1 = G n +dG _ 0_ y.,v 

(i ... JL'+d.lt~ li + r ' 1 ’ 

« (ill W 

dy 

Q 

Hinco dx in very small and ultimately vanishes, ~y>~ will be 

li 0 

sensibly, and ultimately exactly, the same whichever layer is 
excluded, and wo may therefore regard it as constant. We have 
therefore, by (10) and (11), 


P / j , I. ( ty \ __ It + t 

7 r'// a V 7/ ( l y) (r 


constant. 


. j \ * i i \ r t / y wnoiwuut \ / 

7T '// 2 V W 

If the method of covering the wire and of winding it is such 
that the space occupied by the metal of the wire bears the same 
proportion to the space between the wires whether the wire is 
thick or thin, then 


and wo must make both y and Y proportional to a;, that is to 
say, the diameter of the wire in any layer must ho proportional 
to the linear dimension of that layer. 

If the thickness of the insulating covering is constant and 
equal to h, and if the wires aro arranged in square order, 

Y=2(y + h), (15) 

and the condition is 

= constant. (1(5) 

y 

In this case the diameter of the wire increases with the dia- 
meter of the layer of which it forms part, hut not at so great a 
rate. 

If we adopt the first of those two hypotheses, which will be 
nearly true if the wire itself nearly fills up the whole space, then 
we may put ^ y= ^ 
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where a and /*] air constant numerical ipmut Sties, and 
and (11)J 


ay (10) 


where a is a constant depending tijmii fin* size and form of the 
free spam left inside the coil. 

I ! emus if we make the thickness of the win* vary in the same 
ratio an j\ we obtain very Hit I** advantag** by inctvn dug the ex- 
ternal size <d t he coil alter tin* externa! dimeioduns have become 
a large multiple of tin* interuul dimemdun*, 

720. J I f increase of resistance is not regarded as a defeat, m 
whan the external resistance is fur greater than that of the 
galvanometer, or when our only object is to produce 11 field of 
intense force, we may make #/ and V constant. We have then 

(t ' U’ o), 


ll 


*r 






where a is a const ant depending on the vacant space inside the 
coil. In this ruse the value of (i increases uniformly as the 
dimensions of tin* coil are increased, so that there is no Hunt to 
the value of (i except the labour and expense *4’ making the 
coil 


(hi SittijH titlnl ( W/n. 

721, j In Urn ordinary galvanometer a suspended magnet k§ 
acted on by a fixed coil. Hut if the coil can be suspended with 
sufficient delicacy, we may determine the action of the magnet, 
or of another coil on the suspended coil, by its deflexion from 
the position of etjmlihrium. 

We cannot, however, introduce the electric current into the 
coil unless there in metallic connexion between the elecircales of 
the battery and those of the wire of the coil. This connexion 
may he made in two different ways, by the Hi filar Suspension, 
and by wires in opposite directions. 

The bi filar suspension has already been described in Art. 459 
m applied to magnets. The arrangement of the upper part of 
the suspension is shewn in Fig. HI, When applied to coils, Urn 
two fibres arc no longer of silk hut of metal, and sine© tit© 
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722.] 

torsion of a metal wire capable of supporting the coil and. 
transmitting the current is much greater than that of a silk 
fibre, it must be taken specially into account. This suspension 
has been brought to great perfection in the instruments con- 
structed by M. Weber. 

The other method of suspension is by means of a single wire 
which is connected to one extremity of the coil. The other ex- 
tremity of the coil is connected to 
another wire which is made to hang 
down, in the same vertical straight 
lino with the first wire, into a cup 
of mercury, as is shewn in Fig. 56, 

Art. 726. In certain cases it is 
convenient to fasten the extremities 
of the two wires to pieces by which 
they may be tightly stretched, care 
being taken that the lino of those 
wires passes through the centre of 
gravity of the coil. The apparatus 
in tins form may be used when the 
axis is not vertical ; see Fig. 52. 

722.] The suspended coil may be used as an exceedingly 
sensitive galvanometer, for, by increasing the intensity of the 
magnetic force in the field in which it hangs, the force due to 
a feeble current in the coil may bo greatly increased without 
adding to the mass of the coil. The magnetic force for this 
purpose may bo produced by means of permanent magnets, or 
by electromagnets excited by an auxiliary current, and it may 
be powerfully concentrated on the suspended coil by means of 
soft iron armatures. Thus, in Sir W. Thomson’s recording 
apparatus, Fig. 52, the coil is suspended between the opposite 
poles of the electromagnets A" and S, and in order to concentrate 
the linos of magnetic force on the vertical sides of the coil, 
a piece of soft iron, D , is fixed between the poles of the magnets. 
This iron becoming magnetized by induction, produces a very 
powerful field of force, in the intervals between it and the two 
magnets, through which the vertical sides of the coil are free to 
move, so that the coil, even when the current through it is very 
feeble, is acted on by a considerable force tending to turn it 
about its vertical axis. 
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72.T’] Another application of tin* MHjHmded mil is to determine, 
by comparison with a tangent galv cimmeter, the horizontal com. 
ponenfc of tcrrontrial magnetism, 

The coil in maapemled ho that it i* in stable equilibrium when 
its plane is pandit*! to tin* magnetic meridian, A current y ia 
passed through tin* mil and causes it t » he deflected into a new 
position of equilibrium, making an angle H with the magnetic 
meridian. If the suspension in hilihir, the moment of tin* couple 
which product's this deflexion is FmimI and this must he equal 
to Itytf cos where // is the hot i/utilal component of terrestrial 
nm.gntd.-ism, y is the current in tin* coil, and >j m the nutn of the 
aims of all the windings of tin 4 coil. Hence 

F 

U y ■ tan tl 
If 

If A in the moment of inertia of the mil about its ax in of nm* 
pension* and T the time of n half vi brut ton* when no current m 
passing, 

FT * ss irM, 

* at 

and wo obtain // y s- inn th 

/ g*/ 

If tin* same current parses through the mil of a tangent, 
galvanometer* and deflects the magnet through $m angle tfa 

It a 1 ""*' 

where U in tin* principal constant of tin* tangent galvanometer. 

Art. 710. 


From these two equation* we obtain 

// _ * / A (i inn 0 ^ _ « 

1 V tj tan </* 1 


/ A tan t) tiut *|* 
/ ' % 


Thin method was given by R Koldriiii*rt* *. 

724, j Sir William Thomson has contiii tteted a single instrument 
by means of which the observations mjuired to determine // and 
y may be made Kimuliancotndy by the same observer. 

The coil is suspended so as to be in equilibrium with lift plan© 
in the magnetic meridian, and in deflected from thin |M*ution 
when the current flows through it. A 'Very ainiill magnet m sus- 
pended at the centre of the coil, ami ia deflected by the current 
in the direction opposite to that of the deflexion of the coil Let 


* Ue^g,, Amu esuomH, jijt, 1 Id, A tig. fli® 
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ellexion of tli« coil 1 >e 0 , and that of tho magnet </>, then the 
bio pari of the energy of the system is 

— II YU win O — 'myU sin cos < j> —F cos d. 

fo reminding with respect to 0 and </>, wo obtain tho oqua- 
of equilibrium of tho coil and of tho magnet respectively, 

— II ytj cos 0 — m yU cos (d-~ </>) + J/\sin d = 0, 
myi! cos (d *—</>) + Jim sin (/> = 0. 

>m theses equations we. find, by eliminating II or y, a quad- 
equation from which y or II may bo found. If m, the 
otic moment of the suspended magnet, is very small, wo 
n tho following approximate values, 

A(r sin 0 oos (d — </>) m(7 cos (O — cj)) 

(j cos 0 sin </) </ cos 0 ’ 

— yl sin 0 sin (/> ^ ^ 'M Hlu </> < 

f r / / COS 0 COS (d -• </>) // COS d 

these expressions <7 and r/ are tho principal electric con- 
« of the coil, A its moment of inertia, T its half-time of vibra- 
in tho magnetic monumt of tho magnet, // the intensity of 
lorizontal magnetic force, y the strength of tho current, 0 
ellexion of the coil, and </> that of the magnet, 
ice the deflexion of tho coil is in tho opposite direction to 
ellexion of the magnet, these values of II and tj will always 
al 

5.] In this instrument a small coil is suspended by two 
i within a larger coil which is fixed. When a current is 
• to flow through both coils, the suspended coil tends to place 
parallel to the fixed coil. This tendency is counteracted 
m monumt of the forces arising from the bifilar suspension, 
it is also affected by the action of terrestrial magnetism on 
impended coil. 

the ordinary use of the instrument the planes of the two 
are nearly at rigid angles to each other, so that tho mutual 
n of the currents in the coils may bo as great as possible, 
,he plane of tho suspended coil is nearly at right angles to 
magnetic meridian, so that the action of terrestrial magnetism 
bo as small as possible. 
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Let thr magnetic azimuth of the plain* of tin' fixed cuii! he a , 
anti let the angle which the ax in tit* the suspended coil makes 
with the* plane of the tixe<l roil he 0 t ft % where ft is the value 
of thin angle when tin* coil in in equilibrium and no current m 
flowing, anti 0 in the deflexion due it* tin* cunvnt. The equation 
of equilibrium in, y t being the current in tin* fixed, y, that in the 
moveable coif 


uapM //»/ y m . sin ( d f ft to) Fnintl 0 , 

Let uh suppose that the instrument in adjusted ho that a and ft 
are both very small, and that //*/>% in small euuipamt with t\ 
We have in this case, approximately, 

, , ( itj y i y , cos ft / 1 \t y sin 0* 1 *i ) tUl »r y t y : ' ( * g 3 ¥\Y* 

um(i ' F ‘ K F' / f »4 

If the deflexions when the signs of and y u are changed arts 
m follows, ffj when is t and y a 4 > 

d, „ , 


** 4 u » 

„ - „ I * 

, . , , , , , ttan d, 4 f mi d, tan d . — tan d A 

If it is tin* Hitme current which flows through both coils we may 
put y t fn ■ y a , and thus obtain the value of y. 

When the currents are not very constant it is beat to adopt 
this method, which In called the Method of Tangents. 

If the currents are ho constant that we can adjust ft, the angle 
of the torsion head of the instrument, we may get rid of the 
correction for terrestrial magnetism at once by the method of 


then we find 


*4 

F 


sines, 

I 11 this method ft is adjusted till the deflexion in zero, an that 

d ** -yt 

If the signs of y x and y $ are indicated by the huIHxc* of ft tot 
I adore, 

Fm%ft t as — Fmnft :i ^ -- fn/y t y a t llfjy.mt ui, 

Fain s» — Z* sin ,2* xz — ( hj y t y t — //*/ y g sm 


and 


Wa*'-" 


Z # 

4 (iff 


(sin ft x 4 sin /J a — sin A ;i *- sin |l 4 ). 


This is the method adopted by Mr* Latimer 4 dark in Ida ttsa 
of the instrument constructed by the Kbctrtcal Comm 
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the British Association. We are indebted t<* Mr, (dark for the 
drawing of the cleetrodynamomeier in Fig, 5:t, in which 1 
holtz’s arrangement of two coils is adopted both for the fixed 
and for the suspended coil The torsion-head of the instrument 
by which the hiiilar suspension is adjusted, is represented in 
Fig. 54. The equality of tin* tensions of the su^pmsion wires is 
ensured by their being attached to the extremities of a silk 


[725. 



t% &4. 


thread which passes over a wheel, and their distance itt regulated 
by two guide- wheels, which can lm net at the proper dbtance* 
The suspended coil can lm moved vertically by means of a aoraw 
acting on the misptmHton- wheel, ami liorixott tally in two directions 
by the sliding pieces shewn nt tint Imiicmi of Fig* 54. It w 
adjusted in azimuth by numtm of the tormati’Serew* which 
turns the torsion-head round n vertical axis (mm Art, 18 ft). The 
immuth of the susjmnded coil is aaccrtidnc*} by observing the 

* I» Its# Mtual Imlrmmntt Uw» wirtm lit# «mm»nt b* wit ftem lh# ooita 

wr« m»t ipttswl mi I m tltyilftyetl lit iW tint nr# tee! m tints* Wgtltoir » p*» 

mum to noutmUiui #m!i eUmro *1 m mmm* 


0URIW5NT-WKTGHER. 


] 


371 


don of a scale in the mirror, shewn just beneath the axis of 
impended coil. 

io instrument originally constructed by Weber is described 
s EtiMrodynmn incite Maanhextimmuvtjev. It was intended 
he measurement of small currents, and therefore both the 
and the suspended coils consisted of many windings, and 
uispcnded coil occupied *a larger part of the space within 
ixc.nl coil than in the instrument of the British Association, 
h was primarily intended as a standard instrument, with 
h more sensitive instruments might be compared. The 
riments which he made with it furnish the most complete 
rimental proof of the accuracy of Ampfcre’s formula as 
ed to closed currents, and form an important part of the 
robes by which Weber has raised the numerical detec- 
tion of electrical quantities to a very high rank as regards 
si on. 

ober s form of the eketrody name meter, in which one coil is 
uuled within another, and is acted on by a couple tending 
irn it about a vortical axis, is probably the best fitted for 
ate measurements. A method of calculating the constants 
ch an arrangement is given in Art. 700. 

0.] If, however, wo wish, by means of a feeble current, to 
ace a considerable electromagnetic force, it is bettor to place 
mspended coil parallel to the 
coil, and to make it capable of 
m to or from it. 

o suspended coil in Dr. Joule/s 
nt- weigher, Fig. 55, is horizontal, 
apable of vertical motion, and the 
between it and the fixed coil is 
sated by the weight which must 
Ided to or removed from the coil 
lor to bring it to the same relative 
ion with respect to the fixed coil 
it has when no current passes, 
e suspended coil may also be fastened to the extremity of 
horizontal arm of a torsion-balance, and may bo placed 
een two fixed coils, one of which attracts it, while the other 
* it, as in Fig. 56. 

arranging the coils as described in Art. 729, the force 

B b % 
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acting on the suspended coil may !*e made nearly uniform within 
a small distance of the position of equilibrium. 

Another coil may ho fixed t*» the other extremity of the arm 
of the torsion-balance ami placed between two fixed coils. If 
the two suspended coils are similar, hut with tin* current flowing 



Fii*. :.rt, 


in opposite three* ion*, the effect of terrestrial magnetism on the 
position of the arm of the tursiusi-haiiimm will he completely 
eliminated, 

727, | If the suspended coil is in the shape of a long solenoid, 
and is capable of moving parallel to its axis, nn m to pass into 
the interior of a larger fixed solenoid having the same axis, then, 
if the current in in the name direction in both tmlenoids, the mm- 
pernled solenoid will he sucked into the fixed mm by 11 force which 
will ho nearly uniform m long m untie of the extremities of the 
solenoids are near one another, 

75 iB„] To produce a uniform longitudinal force on a small coil 
placed between two equal coils of much larger dirurnstoxtA, we 
should make the ratio of the diameter of the large coils to the 
distance between their planes that of 3 to i/il, If we mml the 
Hftino current through these coils in opposite dimstiona, then, in 
the expression for «*. the terms involving odd powers of r dis- 
appear, and since Nuv*a ^ t and mmh% m §, the term involving ? 4 
disappears also, and we have, by Art, 7 1 3 , as the variable part of a, 

T v'fruy 1 3 ( 4 PM - V £ n ( 0 ) + &0.[ * 
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which indicates a nearly uniform force on a small suspended coil. 
The arrangement of the coils in this cast) is that of the two outer 
coils in the galvanometer with three coils, described at Art. 715. 
See Fig. 50. 

729.] If wo wish to suspend a coil between two coils placed 
so near it that the distance between the mutually acting wires is 
small compared with the radii of the coils, the most uniform 
force is obtained by making the radius of either of the outer coils 


exceed that of the middle one 


t>y 


, , of the distance betwoon the 

•/u 


planes of the middle and outer coils. This follows from the 
expression proved in Art. 705 for the mutual induction betwoon 
two circular currents *. 


* {In thin i'iuic, if M in tho mutual potential energy of the iiiHide and one of the 

outside will*, then, twin# the notation of Art. 705, the variation in the force for u 
displacement if will, since tho coils arc symmetrically placed, he proportional to 
<PM/dy*, The moat important term in this expression is d 3 log r/dy'\ which vanishes 
when 8**»y*. j 
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ELECTROMAGNETIC OBSERVATIONS. 

730.] So many of the measurements of electrical quantities 
depend on observations of the motion of a vibrating body that 
we shall devote some attention to the nature of this motion, and 
the best methods of observing it. 

The small oscillations of a body about a position of stable 
equilibrium are, in general, similar to those of a point acted on 
by a force varying directly as the distance from a fixed point. 
In the case of the vibrating bodies in our experiments there 
is also a resistance to the motion, depending on a variety of 
causes, such as the viscosity of the air, and that of the suspension 
fibre. In many electrical instruments there is another cause of 
resistance, namely, the reflex action of currents induced in con- 
ducting circuits placed near vibrating magnets. These currents 
are induced by the motion of the magnet, and their action on the 
magnet is, by the law of Lenz, invariably opposed to its motion. 
This is in many cases the principal part of the resistance. 

A metallic circuit, called a Damper, is sometimes placed near 
a magnet for the express purpose of damping or deadening its 
vibrations. We shall therefore speak of this kind of resistance 
as Damping. 

In the case of slow vibrations, such as can be easily observed, 
the whole resistance, from whatever causes it may arise, appears 
to be proportional to the velocity. It is only when the velocity 
is much greater than in the ordinary vibrations of electro- 
magnetic instruments that we have evidence of a resistance 
proportional to the square of the velocity. 

We have therefore to investigate the motion of a body subject 
to an attraction varying as the distance, and to a resistance 
varying as the velocity. 
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731.] The following application, by Professor Tait * of the 
principle of the Hodograph, enables us to investigate this kind 
of motion in a very simple manner by means of the equiangular 
spiral. 

Lot it be required to find the acceleration of a particle which 
describes a logarithmic or equiangular spiral with uniform angular 
velocity co about the pole. 

The property of this spiral is, that the tangent PT makes 
with the radius vector PS a constant angle a. 

If v is the velocity at the point P, then 

v.sin a = co . SP. 

Hence, if wo draw ISP' parallel to PT and equal to SP, the 
velocity at P will be given both in magnitude and direction by 

v = - A SP'. 

SUL a 


K 



Hence P' will bo a point in the hodograph. But SP' is SP 
turned through a constant angle w — a, so that the hodograph 
described by F is the same as the original spiral turned about 
its pole through an angle v — a. 

The acceleration of P is represented in magnitude and direction 
by the velocity of F multiplied by the same factor, • 


* Proc. II. S. Min., Deo. 16, 1867. 
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if \\v perform i»n Si*' tit** name operation of turning it 
through an angle n a into tin* poMtion Si*'\ the acceleration of 
J* will In* cijual in magnitude and direction to 


where SI*" in rcptut to SV iuru««tl through ntt angle 2 * 2«. 

If wo draw VP eijunl and parallel to SV'\ tin* uceeleratum 

will ho , /7\ which wo mny into 

nnr u 

<«• . . , . «*»■" , „ , « 

Is umi . Vh , 

MU” U Mil'll 

The first of these component* in 11 rout ml acceleration towardt* 
S proportional to tho distance, 

Thu aeoond in in n direction opposite to t h«* velocity, and mxvt* 

nr M»U a cos it 

I n — 2 eon a/ S — 2 r. 


thin acceleration urn v ho written 


Tho iiecdomUon of tin* particle in tlior«*fuivruitiptniitiii*.i u f two 
juu-tw, tiu> limt uf which w .hi.' t,. nn iittracLivi. f..m* # ,r, directed 
toward* A”, mill propurt tonal tu tho dimatn*.*, and tin* .H.-ounti is 
• 2 ki\ n rtwHlniift’ tu tin* motion proportional tu tin* velocity, 
where 


g * , , and k 

Mil ll 


if in theno expi^-saions %ve make #t ■■ tho orhii lirootxirH a 

(nrc.lt*, Hint w« have ^ „i,d k » o. 

ilctico, il tile force at unit diatanoi* mnnimi the witiit*, ;* ft t) , anti 

w Ti? «„ o aiii f * f 

<ir tho angular velocity in different spirals with t ho same law uf 
attraction k proportional to the aim* of th«* tingle of tint apiraJ, 
742. | It wo now consider tin* motion of a point which is the 
projection of tho moving point t* on tho horizontal lino XY % wa 
ihall find that ita dktanc** from S ami it* volooity are tho hori- 
zontal com {amenta of those of /’, Hence Um umilnratiou of 
thk point k &1 h<j an attraction towards S„ oijtial t« §& time* its 
distance from *V, together with a retardation equal to ii times 
I to velocity* 
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W e have therefore a, comploto construction for the rectilinear 
motion of a point, subject to an attraction proportional to the 
distance from a fixed point, and to a resistance* proportional to 
the velocity. The motion of such a point is simply the hori- 
zontal part of the motion of another point which moves with 
uniform angular velocity in a logarithmic spiral. 

? 33."] The equation of the spiral is 

7* rrr (Jfl 

To determine the horizontal motion, we put 
<l> = tof y x = a + r sin </>, 

whore a is the value of x for the point of equilibrium. 

If we draw HMD making an angle a with the vertical, then 
the tangents HX, DY> UZ, &c, will be vortical, and X, Y, Z, &c. 
will bo the extremities of successive oscillations. 

734. ] The observations which are made on vibrating bodies 
are— 

(1) The scale-reading at the stationary points. Those are 
called Elongations. 

(2) The time of passing a definite division of the scale in the 
positive or negative direction. 

(3) The scale-reading at certain definite times. Observations 
of this kind are not often made except in the case of 
vibrations of long period * 

The quantities which we have to determine are— 

(1) The scale-reading at the position of equilibrium, 

(2) The logarithmic decrement of the vibrations. 

(3) The time of vibration. 

# To determine the Heading at the Position of Equilibrium 
from Three Consecutive Elongations . 

735. ] Let x v x p x z be the observed scale-readings, correspond- 
ing to the elongations X, Y, Z, and let a be the reading at the 
position of equilibrium, 1$, and let r x be the value of $Ii, 

x x —a = r, sin a, 

a =s — r x sin a a~ troota , 
a = r x sin a#~* w **\ 

* See Gauss and W. Weber, JtesuUate da magmtlschen Vereim, 1830. Chap. II, 

pp. 34-00, 
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From those values wo find 

(a:,— cr) (•*•;. -»*> 
whence »*• — 

When (loos not differ *»uch 
approximate formula 

o 1 * 2. 


[7.17- 


= (■>' 

tr.-.'-e, 

from wo may use as an 


To < Irtfi'inhir l fif /•■ ttjnrithmie ! he rente it t, 

736.] The logarithm of tlm ratio of the amplitude of a vibration 
to that of tlm next following is called Urn hogarithmic 1 Iccrciuwit. 
If wo write i> for thin ratio, 

1 A h»g»P- 

U ';| — *'V 

f, is called the common logarithmic decrement, ami A the 
Napierian logarithmic decrement. It i* mnnifeat that 
A as L log„ in ss a cot a. 

Honco * ~ »»t 1 _ • 

W 

which determines the angle of the logarithmic spiral 

In making a special determination of A we allow the hotly to 
perform a considerable number of vibrations, If e t in the ampli- 
tude of the first, and c* that of the » ih vibration*. 



If wo suppose the accuracy of olmerviiiioit to l*e the mine for 
small vibrations its for large mu**** then* to obtain tin* boat value 
of A, wo should allow the vibrations to submit* till the ratio of 
to e n becomes most nearly equal to *\ the Imm of tin* Napierian 

logarithms. This gives for n tlm nearest whole iniinlwr to * 4 U 

Since, however, in most cases time in vitbmble* it m Iwnt to take 
the second set of observations Indhre thiuUminulion of amplitude 
has proceeded so far, 

787.] In certain mses wo may lmv« to determine tlm jmsitum 
of equilibrium from two cotim»outivn tdmig&Uotif*, Urn logarithmic 
decrement being known from a ajmciitl e*jmrimetit» We have then 

j\ 4 c 4 ol 

ft ss 

I tif 
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Time of Vibration. 


Having determined the scalo-i*oading of the point of 
brium, a conspicuous mark is placed at that point of the 
or as near it as possible, and the times of the passage of 
uirk are noted lor several successive vibrations, 
us suppose that the mark is at an unknown but very 
distance x on llm positive side of the point of equilibrium, 
hat t x is the observed time of the first transit of the mark 
positive direction, and L, /.„ Ac. the times of the following 
ts. 


P be the time of vibration { i, o. the time between two 
mtivo passages through the position of equilibrium}, and 
i.p &c. the times of transit of the true point of equilibrium, 


J[ + 

i r 


L = l { + 


x 






■»i &c. are the successive velocities of transit, which we 
lUppoHc uniform for the very small distance x. 
is the ratio of the amplitude of a vibration to that of the 
n succession, i 


and 


x x 

= — p — 
% ‘h 


hroo transits are observed at times f x , t a , wo find 


X 


t 


2 t,j 4* j 

a ' 


v i (p + j f 

> time of vibration is therefore 


T = l (f 3 — i !j)— \ | (^—2^ + 1 3 ). 

! tinio of tho second passage of the true point of equili- 

t is — lys 

/y = J (t t + 2^ + /,,) — i 2t.j + l a ). 

“co transits arc sufficient to determine those throe quantities, 
ny greater number may bo combined by tho method of 
nquaim Thus, fer five transits, 

2/ ll + t i — t i ~2t 1 ) — t l 0 (t l — 2t !l +2t a —2( t + t r ,)~ 1 ( 2 ~ ~i ) ' 

i time of tho third transit is, 

i (t l + 2 £, + 2 1 3 + 2 < 4 + *“ l (ti ~ ^ h + 2 t 3 — 2 f 4 + < 6 ) j— y| 2 * 

>.] The same method may be extended to a series of any 
er of vibrations. If the vibrations are so rapid that the 
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time of every transit cannot be recorded, wo may record the, 
lime of every third or every fifth transit, taking care that the 
directions of succcHsivc transits are opposite. If the vibrations 
continue regular for a long time, we need not observe during the 
whole time. Wo may begin by observing 11 sufficient number of 
transits to determine approximately the time of vibration, T, 
ami the time of the middle transit, l\ noting whether Una transit 
in in the positive or the negative direct ion. We may then either 
go on counting the vibrations without recording the times of 
transit, or we may leave the apparatus un watched, We then 
observe a second scries of transits, and deduce the time of 
vibration T and the time of middle transit I*\ noting the 
direction of this transit. 

If T and T\ the times of vibration as deduced from the two 
nets of observations, are nearly equal, we may proceed to a 
more accurate determination of the period by combining the 
two scrim of observations. 

Dividing l* by *l\ the quotient ought to be very nearly 
an integer, oven or odd according as the transits l* ami F are 
in the same or in opposite directions. If this is not the case, 
the series of observations is worthless, but if the result is very 
nearly a whole number u, we divide /*" • I* by n, and thus find 
the mean value of T for the whole time of swinging, 

740. | The time of vibration T thus found m the actual mean 
time of vibration, and is subject to corrections if we wish to 
deduce from it the time of vibration in infinitely small arcs and 
without damping. 

To reduce the observed time to the time in infinitely small 
ares, we observe that the time of a vibration from rest to rest of 
amplitude v is in general of the form 

r-r»( i + 

whom k ft coollleitmt, which, in the muti* of tin* ordinary pen- 
dulum, jh t, 1 ,. Now the amplitude!* of tin* #ucw*a»ivo vibrotioiiH 
arc r, c/i *, i'f> ", ho Unit the whole time of a vibrations in 


■«r« •' 

\ f ,1 



who 0 T i« the time deduced from the observation*. 


Hencoi to Had tin* time T t in iulitutoly small arcs, we have 



« ?-rr 
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TIMM Oh' VIBRATION. 


To <>n<l tlui tim<> 7 ’, whou thorn in no damping, wo have Art. 71)1 

nr rn 

J „ — : / j KUi a 


741. J The equal ion of Urn rectilinear motion of a body, attracted 
to a fixed point I by a force proportional to the distance} and 
resisted by a force varying as the velocity, is 


d\v 

dr 


+M-f t +«*(*■ 


• a) = o, 


( 1 ) 


where .r is Urn coordinates of the body at the time /, and a is the 


coordinate of the point of equilibrium. 

To solve thin equation, let 

= <' '**'!/ ; (2) 
then 4- (w 8 - At a ) ;// = 0 ; (3) 

the solution of which is 

?/ r= (J e os ( or ~~ W f, 4 a), when & is loss than ; (4) 

;// = /I +7//, when /** is equal to «> ; (5) 


an<l 1/ = ( cos ]*(■%/ A‘ a — 1 4 a), when k is greater than <*>. (G) 

The value of x may 1 >e obtained from that of jy by equation (2). 
When Ic is less than «>, the motion consists of an infinite series of 
oscillations, of constant periodic time, but of continually de- 
creasing amplitude. Ah k increases, the periodic time becomes 
longer, and the diminution of amplitude becomes more rapid. 

When k (half the coefficient of resistance) becomes equal to or 
greater than <*>, (the square root of the acceleration at unit 
distance from the point of equilibrium,) the motion ceases to be 
oscillatory, and during the whole motion the body can only 
once pans through tins point of equilibrium, after which it 
reaches a position of greatest elongation, and then returns 
towards the point of equilibrium, continually approaching, but 
never reaching it. 

Galvanometers in which the resistance is so great that the 
motion is of this kind are called dead beat galvanometers. 
They are useful in many experiments, but especially in tele- 
graphic signalling, in which the existence of free vibrations 
would quite disguise the movements which are meant to bo 
observed. 

Whatever be the values of k and <*>, the value of a, the scale- 
reading at the point of equilibrium, may be deduced from five 
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tk<* formula 
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lima, by 


7 ( rs 7/) 4 v {/'t r J ) 4 * 7 r — / w) 

( /> — 2y 4 c) (c — 2* * t) (7 — 2 r * *) a 


O/i Me Ohaevvutit*n <\f the (itifnt uometee. 

742.] To measure a constant current with the tangent galvano- 
meter, the instrument is adjusted with the piano of its coils 
parallel to tin* magnetic meridian, and tin* xem reading is taken. 
The current in then math* to pass through the coils, and the 
deflexion of tin* magnet corresponding to its new position of 
equilibrium is observed. hot this he denoted hy *ji. 

Then, if II k the horizontal magnetic force, U the coefficient 
of the galvanometer, ami y the strength of the current, 

7 II tan 4k ( 1 ) 

if the coefficient of torsion of the suspension fibre is rMH (see 
Art, 452), wo must use- the corrected forum la 

// 

y =s < t (tan */> 4 n|* sec tf>). (2) 


Ha t value uf the lh tie 


rum. 


742. | In some galvanometers tim number of windings of the 
coil through which the current flows can he altered at pleasure. 
In others a known fraction of the current can be diverted from 
the galvanometer hy a conductor called a Shunt. In either cane 
the value of <7, the effect of a unit 'Current on the magnet, is 
made to vary, 

.Let us determine the value of tt t for which n given error in the 
observation of the deflexion corresponds to the smallest error of 
the deduced value of the strength of the current. 

Differentiating equation (I), we find 
tty U , i 

U*t* i 

hlmun&tmg u % . — sm *2«/>. 

fly *& y 

Thin in » maximum fur a jfivon valuu of y whan th« duflexion 
ia 45". Tli« valuw of G ahould therefore l* adjusted till Gy u 


( 3 ) 

(0 
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»h nearly equal to If as in possible ; so that for strong currents it 
is better not to use too ntmitivo a galvanometer* 

On the Bed Method of applying the Current. 

744,") When the observer is able, by means of a key, to make 
or break the connexions of the circuit at any instant, it is 
advisable to operate with the key in such a way as to’ make 
the magnet arrive at its position of equilibrium with the least 
possible velocity. The following method was devised by Gauss 
for thin purpono. 

Suppose that the magnet is in its position of equilibrium, and 
that there is no current. The observer now makes contact for a 
short time, so that the magnet is sot in motion towards its new 
position of equilibrium. He then breaks contact. The force is 
now towards the original position of equilibrium, and the motion 
is retarded. If this is so managed that the magnet comes to rest 
exactly at the now position of equilibrium, and if the observer 
again makes contact at that instant and maintains the contact, 
the magnet will remain at rest in its new position. 

ff wo neglect the effect of the resistances and also the 
inequality of the total force acting in the new and the old 
positions, then, since we wish tho new force to generate as much 
kinetic energy during the time of its first action as the original 
force destroys while tho circuit is broken, we must prolong tbe 
first action of the current till the magnet has moved over half 
the distance from the first position to the second. Then if the 
original force acts while tho magnet moves over the other half 
of its course, it will exactly stop it. Now the time required to 
pass from a point of greatest elongation to a point half way to 
tho position of equilibrium is onc-third of the period, from rest 
to rest. 

The operator, therefore, having previously ascertained the time 
of a vibration from rest to rest, makes contact for one-third of 
that time, breaks contact for another third of the same time, 
and then makes contact again during the continuance of the ex- 
periment. Tho magnet is then either at rest, or it’s vibrations are 
so small that observations may be taken at once, without waiting 
for the motion to die away. For this purpose a metronome 
may bo adjusted so as to beat throe times for each vibration of 
tho magnet. 
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The rule in somewhat mart* complicated when the ms i stance h 
of sufficient magnitude («» bo taken into minimi, lutt in this caw 
the vibrations die away so Inst that it is unnecessary to apply 
any corrections to the rule. 

When the magnet is to be restored to its original position, the 
circuit is broken for one-third of it vibration, made again for an 
equal time, and finally broken. This leaves the magnet at rest 
in its former position. 

If the reversed reading is to he taken immediately after the 
direct one, the circuit is broken for tin* time of a single vibra- 
tion ami then reversed, 'Hus brings the magnet to rest in the 
reversed position. 


Mm #tt remrnt /*// (hr Ft m/ Sint mj, 

745. ] Wh<m there is no time to make more than one observa- 
tion, the current may be measured by the extreme elongation 
observed in the first swing of the magnet. If there is no re- 
sistance, the permanent deflexion </* is half the extreme elongation. 
If the resistance is mud* that the ratio of one vibration to the 
next is />, anti if t\, is the zero reading, and t\ the extreme 
elongation in the first swing, the deflexion, */*, corresponding 
to the point of equilibrium in 

1/1 - fl *‘ l#< V 
1 I i 

In tins way the deflexion may be calculated without waiting 
for the magnet to come to rest in its position of equilibrium, 

7o mu hr it Sr nr h «#/* ( 

741k] The lies! way of making a considerable number of 
measures of a constant current is l*v observing three elongations 
while the current in in the positive direction, then breaking 
contact for about the time of a single vibration, so as to lot the 
magnet awing into the position of negative deflexion, then 
reversing the current and observing three successive elongations 
on the negative Hide, then breaking contact fur the time of a 
single vibration and repeating the observations on the positive 
Hide, and ho on till a sufficient number of otmervations have been 
obtained. In tins way the errors winch may arise from a change 
in the direction of the earth'# magnetic force during the time of 
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observation are eliminated. The operator, by carefully timing 
the making and breaking oi contact, can easily regulate the 
extent of tlm vibrations, so as to mako thorn sufficiently small 
without being indistinct. The motion of the magnet is graphi- 
cally represented in Fig. 58, where the abscissa represents the 
time, and the ordinate the deflexion of the magnet If 0 V ..0 C) 
ho the observed algebraical values of the elongations, the de- 
flexion is given by the equation 

H </> = 0 X + 2 (h + 0 a ~~ 0 A - 2 0 r> - 0 o . 
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Method of MnUl)>lic(dioiu 

747.] In certain cases, in which the deflexion of the galva- 
nometer magnet is very small, it may ho advisable 1 , to increase 
the visible effect by reversing the current at proper intervals, so, 
m to set up a swinging motion of themagriot. For thisp impose 
after ascertaining the time, r I\ of a single vibration fi. e. one 
from rest to rest} of the magnet, the current is sent in the 
positive direction for a time r J\ then in the reverse direction for 
an equal time, and ho on. When the motion of the magnet has 
become visible, we may mako the reversal of the current at the 
observed times of greatest elongation. 

Lot the magnet be at the positive elongation 0 O9 and lot the 
current be sent through the coil in the negative direction. The 
point of equilibrium is then — </>, and the magnet will swing to 
a negative elongation 0 V such that 

-~'l> (<!> + $ i) — (0 o 4* </>), 
or — (d) l = 0 o + (p 4 l) </>* 

Similarly, if the current is now made positive while the 
magnet swings to 0, x , 

pQ* «= —&i + (p+ !)</>, 

or p l 0, A = 0 {) + (p + 1 ) 2 </> ; 

and if the current is reversed n times in succession, we find 


vol. n. 


0 c 
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whence wo may iitnl t/> in tin* form 


1 

f 1 t 


1 

#» 


a number ho great that ,e may be neglected, the ex- 
pression becomes 


If 


n is 


</> 


- 1 
* i 


The applies! ion of this method in «*\net measurement requires 
iui accurate knowledge of /», the ratio of one vibration of the 
magnet to the next umler 1 1 1 * % inlluence of tin* resistances which 
it experiences, The uncertainties arising from the difficulty of 
avoiding irregularities in the value of generally outweigh the 
advantages of the large angular elongation. It is only where 
we wish to establish tin* existence at it very small current by 
causing it to produce n visible movement of the needle that this 
method is really valuable. 

On the Menmt remrni of T rumor nt On r rents, 

74K/j When a current lasts only during u very small fraction 
of the time of vibration of the galviuiomei**r-inagnet, the whole 
quantity of electricity transmitted by the current may ha 
measured by the angular velocity communicated to the magnet 
during the passage of the current, and this may be determined 
from the elongation of the first vibration of the magnet. 

If we neglect the resistance which damps the vibrations of the 
magnet, the investigation becomes very simple. 

Let y be the intensity of the current at any instant, and Q the 
quantity of electricity which it transmits, then 



0) 


Let M he the magnetic moment, A the moment of inertia of the 
magnet and suspended apparatus* ami il the angle the magnet 
makes with the plane of the coil, 

A "l + M II nin tf « MU y com tf . (2) 


If tlm time of thi’ pannage of t!u» current in very small, wo may 
integrate with ronpeet to t during thin nhort tiino without re- 
garding the change of tf, nod wo find 


dO 

di 


MU eoa tf. 


f o / Y‘H 


•f f * ss M ti(J COS 0 n 4* t 


( 3 ) 
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749 -] 

T1,iH h1,mwh 1 lml ; Um I MW ™go wf quantity Q produces an angular 
momentum MUQ cos 0 n in tho magnet, -where 0 a is the value of 6 
at tli.' instant of passage of the current. If the magnet is 
initially in equilibrium, wo may put 0 {) = o, (7= o. 

q'lm magnet then swings freely and roaches an elongation 6.. 
If there is ju> resistance, the work done against the magnetic 
loree during this swing is M II (l —cos 0,). 

Tho energy communicated to tho magnet by the current is 


Equating these quantities, we find 

dt - 2 A <■ 

wlmnei! A' 

dt A/ 


„ MU, 

2 A (1~ COS0J, 


whence ( — 2 / Mil . , 

dt - V A sm i 0i 

= M fQhy(3). (5) 

But if T bo tho time of a single vibration, of tho magnet from 
rent to rest, 

r=I V / , MU’ ^ 

11 T 

and wo find Q = 2 win J 0 V (7) 


whore .// in tho horizontal magnetic force, 0 the coefficient of 
tho galvanometer, T tho time of a single vibration, and 0 l the 
first elongation of tho magnet. 

749,] In many actual experiments tho elongation is a small 
angles and it is then easy to take into account the effect of re- 
sistance, for we may treat tho equation of motion as a linear 
equation. 

Let the magnet he at rest at its position of equilibrium, let an 
angular velocity v bo communicated to it instantaneously, and 
let its first elongation bo 0 X . 

The equation of motion is 

0 = GV w * ttftw ^sin (8) 

^ = Ca) l sec (3e ^ lUn P cos (o> x tf + /3). (9) 

. . .. , dO 


When t = 0, 0 = 0, and ■ 


Cco l = v. 


0 c 2 
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When + ft 


Hence 


Now hy Art. (Til) 


and by equation (f>) v ^ 


0 = 

(V ( 


a) tan ft 

- 

1 COM ft = 


V 

(I 

a) tan a 

0, = 

- e 


7 COM /*L 


a>j 




Mil 


•II) 

A 


, o/ J = aq'HOC 8 



A 

ir 

tan 

/* = 

■ > 

7T 

^ 


Honor 

and 


QU v ; r 4*A ,j n uut l 

J* w A 

ii ■/', 


t") 

which given the first elongation in terms of tire quantity of 
electricity in the tramuout current, and convemdy, where 1\ 
in the ol served time of it Mingle vibration tut affected by the 
actual resistance of damping. When X in small we may urn? 
the approximate formula 

Q **!l V ’(i + iAMV 07) 

(l 7f 

Mvtln**! of* Uet'ml , 

750,] The method given above HUpptmen the magnet to lw at 
rent in its position of equilibrium when the transient current w 
panned through the coil If we wish to repeat the exjmrimenf 
wo must wait till tlm magnet in again at rent. In certain mm% 
however, in which wo am able to produce transient mirretit.fi of 
equal intensity, and to do so at any desired instant, the follow* 
ing method, described by Weber*, In tlm mmt convenient for 
making a continued series of observations. 

Suppose that wo mi the magnet swinging by mentis of n tran- 
sient current whose value m Q u , If, for brevity , write 

jfjf tjji " ^ * #i # { li) 

then the first elongation 

Hi ss KQ U « a t {my), (III) [ 

* Umm & Weber, M§mUmt§ dm Mupi&ih&km ¥§mm t llltt, |*< §S, | 
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The velocity instantaneously coinmunicated to tins magnet at 
starting is d/f r 

'» ' .( Vi i • ( 20 ) 

Wlmn it returns through tin* point of equilibrium i n a , nc oativc 
diri'cition its velocity will In* 


The nest, negative elongation will lie 


(t, 


V 




( 21 ) 


( 22 ) 


When the magnet returns to the point of equilibrium, it,« velocity 
will he. r„ r u r ^o;i) 

Now let. an instantaneous current, who-..- total ipiuntity is 
.. (J, he transmitted through the coil at the instant when the 
magnet, is at the zero point. It will change t h.- \ eloe.it y r„ into 
r.,— i\ where ,)/t; 

. V' (2d) 


If Q is greater than 
and eipial to 


(i. 


\ f I M ^ Ur W 


Mi; 


(V 


\ rlnrit \ 




will 1 h‘ nogativo 


Tho mot inn of tlm lungimt will tlum h** n-\* j ** » 1 , ?m»] tin' noxt 
elongation will ho hogut ivr, 

0 A A* (V V,r *‘j A\* * **,'■ \ (25) 

TltO nmgunt is thou allow* >1 t*» omit* t»* it * | *« * if i \ » rlmgatioU 

/> 4 i- 4 «/, ' M A'V *V *5 (25) 

ami wlmn it again rrnrhr* f hr point »*f ♦••jmhl *i nnu a positive 
current whom* qunntiH n* T h> trim imtfr l Thi , throws tho 
magnet lmc*k in tho poutivr «lirrrti«*u t** tin p^uinr elongation 

*t kit § O r \ (27) 

or, calling tin* tho flint rloiimt hm **f n >u 1 •-< i !«■*■• ol'fhur, 

|f a A\*( I r • j i <* <- * (28) 

lYoOetnling iuthia WttV. hv uh wi V mg I vn* *•!■ mm | iunl — , 

then Bending a negative min or ami ««)•■>. i * ;in; tut* < Imgat iuna 

— ami f » then Heading n p*miin ** mi r* ni . a mi » * m, wr obtain 

a BOfioS cnimi#tiug nf Hrla of h»u* rloiigaUrji in «-s\iO| uf wlboh 

,/ A 
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laKCTHOM AfiXi; Hi* ol'SKtiV -XTIt'NS. 


If n HorioH of chingiitionH Imv tiliM-rwiI, thru we 

los'arithiuic dwromrnt from tin- «’>iuut i<m 



S(") -C) ' 

ami Q from tlm oijuatum 



Tito motion c*f tin* magtmt in tlm motion! «»f rmiil t: 
(‘ally rrpmwntod in Fig. 50, wlioro tlm u bar mm mpm 
tiiim, and tins ordinate the dotfnxicm of tlm maguet at tl 
Son Art 700, 


Methtxl **f 

75 Lj If wo junto tin* immmnt runvnt \mm every t 
tho magnet panses through tlm zero point, mid nlwn 
to incnaiHo tlm vtdoritv of tlm magtmi* tlimi, if iK it 
Urn himcoHnivo «dongat hum, 

■ • KQ -c A d |s 
r# 4 „ i Kii- *‘*9 r 

The ultimate value to which the elongation Utuln nftr 
many vibmtimm m found by putting wlmnn 

If A in Bitmll* the value of Urn ultimate elongation 
large, but nimm thin involve* a long continued exjmrifim 
careful determination of A* and mime n miudl error in 
ducca a largo error in tlm determination of Q % tlm n 
randy imoful for numerical determination, and ahoid 
nerved for obtaining evidence of tlm cxUtcneo nr non* 
of ourronta too tut tall to i«? ohnerved directly. 

In all experiments in which immdeni eurmtlti i 
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to act on the moving magnet of the galvanometer, it is essential 
that the whole current should pass while the distance of the 
magnet from the zero point remains a small fraction of the 
total elongation. The time of vibration should therefore be 
largo compared with the time required to produce the current, 
and the operator should have his eye on the motion of the 
magnet, so as to regulate the instant of passage of the current 
by the instant of passage of the magnet through its point of 
equilibrium. 

To estimate the error introduced by a failure of the operator 
to produce the current at the proper instant, we observe that 
the client of an impulse in increasing the elongation varies as 

cos (</> ft)* 

and that this is a maximum when c/>=(). Hence the error 
arising from a mistiming of the current will always lead to 
an under-estimation of its value, and the amount of the error 
may be estimated by comparing the cosine of the phase of the 
vibration at the time of the passage of the current with unity. 

* { I have not Nucotmrfcd in verifying tins expression ; using the notation of Art. 748. 
I find that tho elongation when the impulse h applied at </> bears to the elongation 
produced by tho name impulse whom </> ^ 0 tho ratio 
A <oj , 

i I ' 

whore tfi hm boon assumed to bo ho small that it« square** and higher powers may be 
neglected, J 



CH A ITF.lt XVII. 


roMI’AHISON nr «’t*i!,S, 


K.i'pcn tut* utt ti Ihtrrm *»f t hr hir^t ran! (\ umitt 

t*j ii ( w/, 

752 . j W k have naan tit Art. 717 tlmt in n sensitive gj 
meter the renin should hr of mutt!! mtliu*, and should 
many windings of flu? wire. It won!*! ho extremely < 
to determine the electrical constant* of mirft a roil h y 
measurement of iU form it ml Utiiiotonotni, even if \v« 
obtain actum* to ovary winding of the wire tit order to ? 
it But in fart the greater number of the winding* are n 
completely hidden by the outer windings, but %ve are us. 
whether the pressure of the outer winding* may m 
al farad tin 4 * form of the inner one* after ilia roiling of tint 

It in bailor tharafura to determine tip* electrical comtl 
the coil by direct electrical comparison with n atiintli 
whoHc constant* ara known. 

Si nan tha dimension* of ilia .wtitridard roil uniat he daft 
by actual measurement, it uniat l*e made «f coiiaidarnl 
ho that ilia utiiivuidalila arror of meaiotrefitesii of its d 
or eimiinfamiea may he m small m possible compared % 
quantity maamiraik Tim channel in which ilia coil m 
should Im of rectangular section, and tha ditiiatiaknw 
section should ba small compared with tha radius of t 
This m rnmmmny, not ho much in order h* diminish i 
ruction for tha mm of the section, m to prevent any nne 
about Urn position of those windings of the coil wh 
hidden by the external windings *, 

* I.Afgtt m« mnnrilhnm fnailt* will* n tJiiifSfe utf 

4 i*etIi*U ring <»f rnmnUytM# thMianjM, wliM* m ««iltM«*n|}y nil it l« mmkM 
wtllimtl wtiy nt!j»}M»rl. Thin i» n«»l m |4mi for * «nut*tjir«i 
Mbu%Um nf It® otinwat within Urn emiittMter tfoj*#i»4n m Urn r«laUv«ui 
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The principal constants which we wish to determine are — 

(1) The magnetic force at the centre of the coil due to a 
unit-current. This is the quantity denoted by G x in Art. 700. 

(2) The magnetic moment of the coil due to a unit-current. 
This is the quantity g x . 

753.] To determine (? 1 . Since the coils of the working galva- 
nometer are much smaller than the standard coil, we place the 
galvanometer within the standard coil, so that their centres 
coincide, the planes of both coils being vertical and parallel 
to the earth’s magnetic force. We have thus obtained a differ- 
ential galvanometer one of whose coils is the standard coil, for 
which the value of G x is known, while the constant of the other 
coil is (?/, the value of which we have to determine. 

The magnet suspended in the centre of the galvanometer coil 
is acted on by the currents in both coils. If the strength of the 
current in the standard coil is y, and that in the galvanometer 
coil /, then, if these currents flowing in opposite directions pro- 
duce a deflexion b of the magnet, 

H tan b = (1) 

where H is the horizontal' magnetic force of the earth. 

If the currents are so arranged as to produce no deflexion, we 
may find G x by the equation 

Gi=Y G i - (2) 

We may determine the ratio of y to y in several ways. Since 
the value of G x is in general greater for the galvanometer than 
for the standard coil, we may arrange the circuit so that the 
whole current y flows through the standard coil, and is then 
divided so that y flows through the galvanometer and resistance 
coils, the combined resistance of which is R ly while the re- 
mainder y — y flows through another set of resistance coils whose 
combined resistance is jR 3 . 

of its various parts. Hence any concealed flaw in tlie continuity of the metal may 
cause the main stream of electricity to flow either close to the outside or close to the 
inside of the circular ring. Thus the true path of the current becomes uncertain. 
Besides this, when the current flows only once round the circle, especial care is 
necessary to avoid any action on the suspended magnet due to the current on its 
way to or from the circle, because the current in the electrodes is equal to that m 
the circle. In the co ns truction of many instruments the action of this part of the 
current seems to have been altogether lost sight of. 

The most perfect method is to make one of the electrodes in the form of a metal 
tube, and the other a wire covered with insulating material, and placed inside the 
tube and concentric with it. The external action of the electrodes when thus arranged 
is zero, by Art. 683. 



O >M PA lust *N (»!*' nuts. 


We have then, !»v Art. 270, 


(y— >’) « 

/‘t ♦ «, 

/. . * 


«, ♦ «... 


If' then 1 is any uncertainty about the actual tvsistuHei 
galvanometer 4*1 >5 1 (on uerount, wiy* <»f an unerr 'taint y ? 
temperature) \vr may n« !« I montane** mil* to it t so that th 
alien of the gal vnnoinetrr it*. elf forma hut a muhII part, of 
thus inf rod tires hut lit! Ir umvrtuinty into the th ml mud 
7.YI. | 7 o tlrtr rm i at »/ t , 1 hr nm^lirt in moment of a .mi, 
dun to a unit- eurivnt flow mg through it, tin* magnet h t 
ponded at the rent re of the standard rod, hut t ho sti 
Is moved parallel to itself uh*ng tlm eommoit axis of he 
till tho name ounvut, flowing in opposite direr! man ru 
roils, no lunger deflects the magnet. If the d min nee 
the centres of the roils in t\ we have Itow (Art. 7()u) 


2 :l \ +:r';t 1 

r J r* r 


By repeating tin* experiment with the small eoil on il; 
Hite hide of the standard rod, and measuring the dinianee 
the positions of the small eoil, we eliuiiniit.e the umvrtfi 
in the determination of the position of the centres of the 
and of the small roil, and we get rid **f the terms in */ Jt < 
If the standard eoil In no arranged that we ran w 
current through half the mtmlwr of windings ho as 
ti different value to (# |t \ve may determine n m w value 1 
thtiBj m in Art 4M, we may eliminate the term involvi* 
It ii« often possible, however, to determine »/ a hy direct t 
ment of the small noil with sutliciout necuimey to make 
able in calculating tin? value of the correction to ho up 
<j x in the eipmtion I 


1 '/, 

( t 1 I * m I 

2 1 r 4 


mr (fWr ? f 2 if)i hy Art, 700. 


where 
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Comparison of Coefficients of Induction. 


755.] It Is only in a small number of cases that the direct 
calculation of the coefficients of induction from the form and 
position of the circuits can bo easily performed. In order to 
attain a sufficient degree of accuracy, it is necessary that the 
distance between the circuits should bo capable of exact measure- 
ment. Hut when the distance between the circuits is suffi- 
cient to prevent errors of measurement from introducing large 
errors into the result, the coefficient of induction itself is neces- 
sarily very much reduced in magnitude. Now for many experi- 
ments it is necessary to make the coefficient of induction largo, 
and we can only do so by bringing the circuits close together, 
so that the method of direct measurement becomes impossible, 
and, in order to determine the coefficient of induction, wo must 
compare it with that of a pair of coils arranged so that their 
coeffidient may he obtained by 
direct measurement and calcu- 
lation. 

This may be done as follows : 

Let A Mid a he the standard 
pair of coils, B and b the coils to 
be compared with them. Con- 
nect A and B in one circuit, 
and place the electrodes of the 
galvanometer, 0 9 at P and Q, 
so that the resistance of FAQ 
is It, and that of QBF is 8, K 
being the resistance of the galvanometer. Connect a and b in 


c 



one circuit with the battery. 

Let the current in A bo x, that in B, y, and that- in the gal- 
vanometer, i-y, that in the battery circuit being y. 

Then, if M l is the coefficient of induction between A and a, and 
M 2 that between B and b, the integral induction current through 
the galvanometer at breaking the battery circuit is 




8 


1 4 * 


K 

R 


M x 

It 



( 8 ) 


By adjusting the I'esistancos JR and 8 till there is no current 



ruMPAiusnx or mn.s. 


iVM) 

through ihe galvanometer at junking or breaking the 
circuit-, the ratio of J/,, to M t nmy he determined by nt< 
that, of S to /t . 

* [The expression (H) nmy he proved ns follows ; Let- 
iV and 1' he the eoetlieients of self induct ion of the coils , 
and the galvanometer respectively. The kinetic energy 
system in then approximately, 

l L v i'* f \ L f h 5 IV* //)' f i E t * d/ r r>-*| M 2 //y 

The dissipation function /\ he, half tlie rate at, wt 
energy of the currents is wasted in heating the coils, is (? 
Rayleigh's Thmrtf q/ S*>innf t vol, i. p. 7 H) 

/i* t h/r*^ t i ii ~yv'K !■ 

where in the resist anre of the battery ami battery coil? 

The equation of current* corresponding to any varia 
then of the form ,/ ,/y* ,ff ,/$* 

</f i/.r * i/.r *** 

when* £ in the corresponding electromotive force. 

Hence wo have 

/<t*r -f V(j' ;/) \ M t y I IU 4 K ti— y) - T 
Ljf V (./ - i/} f M. a y t Ay A* (jp -yd 0, 
These equations can he at oner integrated in regard to 
nerving that r % J\ y, y, y are zero initially, if wo write »r 
wo find, on eliminating //» an equation of the form 
/!. t /k §C: Uy \ Ey, 

A short tilin' after battery conflict the current y w 
hecomt' steady and the current i will have died away* 

Ci - Ey. 

Thin given the expression f«) above* and it shews th 
the total quantity of electricity pacing through the f 
meter m zero we must have A* *•: tq nr M : , H • 4/, S as 
equation (H f ) further shewn that if there in no current whn 
the galvanometer vve must also have /I ■ (\ or M 2 A ( — M x / 

* [The lm‘rnUgmlh*ii In »t|tt»r<* tnhen fr*#m Mr, m»|w* u 

t’lvrk MakwoU'k l.oUtire*, n Inirreiti m l-tdan jwri < 

iMIvurwl !»v th» Vr**fv*m*r, 1st Mr. IU«mii»g*» n».im i lm $4nn **f i 
immt 44fVr» from that givim in ihv Ira In hutinji thr |i«n»rf »twi nnl 
InUwhftttiM.) 

t i t } **W» th*»«s»i»»l Ithm .!/, - 31, — § 1# the u* 

m ihn *«?«♦ of tlio uttlvftiioiiipfpf |*y iliti tr»ii*i*si! rurr^ntt* |»r« 

ilsmrminlftn wUh wnnim'y whialtitr lijwro U nr k not n * khk * «f Urn 
oluniim; tbo oirtmii, | 
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75^*] s KTj I'VI ND UOTI ON. 

Compart mm of a Coefficient of Felf -Induction with a Coefficient 
of Mutual Induction. 

790. ) In the branch AF of Wheatstone's Bridge let a coil be 
inserted, the coefficient of self-induction of ■which wo wish to 
find. Let us call it I . 

In the connecting wire between A. and the battery another 
(-oil in inserted. The coefficient of mutual induction between 
thin coil and the coil in A F in M. It 
may be measured by the method 
described in Art. 755. 

if the current from A to F in oj, 
and that from A to 11 in ;//, that from 
Z to A, through li, will be x + y. 

Tlio (external electromotive force from 
A to F in 

A -*= 1 ‘* +I \u +M C + % (•» 

The external electromotive force 
along A // is 

A ~~ if = Qy. (10) 


If the galvanometer placed between F and If indicates no 
current, either transient or permanent, then by (9) and (10), 


since H — Fxx o, 

l'x = Qy ; 

(xi) 

and 


(12) 

whence 


(13) 


Since L is always positive, AT must bo negative, and therefore 
the current must how in opposite directions through the coils 
placed in V and in H . In making the experiment we may 
either begin by adjusting the resistances so that 

JPti = QJt, (H) 

which is the condition that there may be no permanent current, 
and then adjust the distance between the coils till the galvano- 
meter ceases to indicate a transient current on making and 
breaking the battery connexion ; or, if this distance is not 
capable of adjustment, wo may get rid of the transient current 
by altering the resistances Q and 8 in such a way that the ratio 
of Q to 8 remains constant. 




